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■^The  book  deals  with  basic  data  on  the  general  theory  of 
vibrations  of  linear  and  nonlinear  systems,  their  application 
to  calculation  of  vibrations  of  parts,  units  and  systems  of 
aircraft  engines.  Given  are  contemporary  methods  for  calcula¬ 
tion  of  vibrations,  which  are  developing  in  connection  with 
the  use  of  high  speed  computers;  the  method  of  initial  para¬ 
meters,  the  method  of  dynamic  rigidities,  the  methods  of  dis¬ 
crete  models  and  the  integral  method.  The  book  represents  a 
text  book  for  students  specializing  in  the  strength  of  aircraft 
engines;  it  can  be  useful  also  to  engineers  of  the  aircraft 
industry.  .[AMOI52516-3 
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This  book  presents  basic  information  on  the  general 
theory  of  vibrations  of  linear  and  nonlinear  systems  and 
shows  its  application  to  vibration  design  of  components, 
assemblies,  and  systems  of  aviation  engines. 

In  the  first  part  of  the  book  ("Linear  Vibrations") 
we  examine  multimass  systems,  rods,  and  beams  operating 
under  various  ctonditions,  rapidly  rotating  turbomachinery 
shafts  and  rotors,  rotating  blades,  circular  plates  and 
disks.  In  the  second  part  ("Nonlinear  Vibrations")  we  pre¬ 
sent  the  basic  methods  for  determining  the  stability  of 
periodic  vibrations  of  mechanical  systems. 

In  the  book  we  examine  the  modern  methods  of  vibra¬ 
tion  analysis,  developed  in  connection  with  the  applica¬ 
tion  of  high-speed  computers.  These  methods  include: 
the  initial  parameter,  dynamic  stiffness,  discrete  model, 
and  integral  methods. 

The  book  is  Intended  as  a  text  for  students  special¬ 
izing  in  aviation  engine  structural  design.  It  may  serve 
as  an  aid  in  both  curricular  and  diploma  design  for  stu¬ 
dents  of  the  corresponding  specialities  in  the  aviation 
colleges,  for  the  initial  preparation  of  graduate  students, 
and  may  also  be  useful  to  engineers  in  the  aviation  in¬ 
dustry  in  the  analytical  and  design  work.  There  are  ten 
tables,  173  figures,  and  1*8  references. 

Reviewers:  I.  A.  Birger,  Dr.  Tech.  Sci.,  M.  L.  Kemp- 
ner.  Dr.  Tech.  Sci.,  and  the  aviation  engine  structures 
department  of  Kuybyshev  Aviation  Institute. 

'  Editor  K.  Ya.  Zaytseva,  Eng. 
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FOREWORD 

The  present  text  consists  of  the  lecture  course  on  aviation 
engine  vibration  theory  and  analysis  presented  by  the  author  for 
many  years  at  Moscow  Aviation  Institute,  and  is  intended  for  student? 
specializing  in  engine, dynamics  and  structures. 

The  questions  of  dynamic  strength  in  aviation  engines  are  of 
great  importance  because  of  the  engine  design  characteristics  and 
operating  conditions.  Therefore,  the  book  has  a  broader  purpose  than 
the  basic  objective  stated  —  it  may  serve  as  an  aid  on  specialized 
questions  for  students  in  all  the  specialities  related  with  engine 
construction,  and  also  for  the  initial  preparation  of  graduate 
students . 

The  book  consists  of  two  parts.  In  the  first  part  we  present 
the  fundamentals  of  the  theory  and  methods  for  vibration  analysis  of 
linear  systems;  in  the  second  part  we  examine  the  vibrations  of  non¬ 
linear  systems,  their  peculiarities,  and  the  basic  methods  for  analy¬ 
sis  and  calculation  of  nonlinear  systems. 

In  the  presentation  of  the  material,  preference  is  given  to 
the  new  questions  of  engineering  theory  of  vibrations  which  have  been 
developed  in  recent  years  and  are  not  adequately  covered  in  the 
existing  literature.  Therefore,  the  material  in  Chapters  IV,  V,  and 

VI  and  in  the  second  part  of  the  book  is  presented  in  greater  de- 

» 

tail.  The  presentation  of  the  basic  questions  covered  in  previous 
texts  is  somewhat  abbreviated;  this  applies  particularly  to 
Chapters  I,  II,  and  III. 

Various  analysis  methods  are  examined  in  the  book.  The  appli¬ 
cation,  of  high-speed  electronic  computers  has  had  a  major  influence 
on  the  development  of  analysis  methods  in  recent  years.  Therefore, 
we  shall  examine,  in  addition  to  the  earlier  methods,  the  more  exact 
and  modern  methods  developed  on  the  basis  of  computers.  These 
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methods  are  illustrated  by  examples  which  are  worked  out  in  • 
detail. 

The  book  is  intended  for  students  in  the  upper  courses.  There¬ 
fore  it  is  assumed  that  the  reader  is-  familiar  with  the  fundamentals 
of  higher  mathematics,  theoretical  mechanics,,  theory  of  elasticity 
and  resistance  of  materials  as  covered:  in  the  usual  college  programs 
for  the  mechanical  engineering  specialities. 

During  the1  preparation  of  the  manuscript.  Professor  G.  S. 
Skubachevskiy,.  Dr..  Tech.  Sci.,  has  been  of  great  assistance  and  has 
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NOTATIONS 


A,  A1>  A2  -  amplitudes  of  free  vibrations j  amplitude  coeffi¬ 

cients  in  general  solutions; 

B,  B^,  B2  -  amplitudes  of  forced  vibrations;  amplitude  coeffi¬ 

cients  in  general  solutions; 

C,  -  constant  coefficients  of  general  solutions  of 

differential  equations; 

cp»  c  -  static  stiffness  coefficients  (subscripts  indicate 
directions  of  displacements  or  forces  acting); 

cls  —  quasi-ilastic  coefficients; 

elm  -  dynamic  compliance  coefficients; 

E  -  modulus  of  elasticity  of  the  first  kind; 

0  -  modulus  of  elasticity  of  the  second  kind; 

g  —  gravity  force  acceleration; 

H  -  amplitude  of  disturbing  harmonic  force; 

h  -  disturbing  force  amplitude  referred  to  unit  mass ; 

i  -  imaginary  unit; 

subscript  i  -  mass  number,  displacement  direction; 

J,  Je,  Jp  —  mass  moments  of  inertia  of  disks  or  other  system 
elements  (subscript  denotes  disk  number  or  name 
of  axis  about  which  moment  of  Inertia  is  taken) ; 

subscript  J  —  vibration  mode  number; 

K  —  dynamic  stiffness  coefficient; 

k  -  frequency  of  natural  vibrations  of  single-mass 
system; 

k  -  frequency  coefficient  for  rods,  shafts,  beams 
with  continuously  distributed  mass; 

l  —  pendulum  length; 
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M  -■  moment; 

m,  Bj  -  point  mass  (subscript  denotes  mass  number); 

n  -  number,  subscript; 

2n  -  yiscous  friction  force  coefficient; 

P  -  external  force; 

P»  Pj>  Pv  -  frequency  of  natural  oscillations  (subscript  denotes 
sequential  frequency  number); 

Q,  ~  periodic  disturbing  force; 

q,  q5,  qA  -  generalized  coordinates; 

T  -  Kinetic  energy;  vibration  period; 
t  -  time; 

S(kC);  T(k£);  U(k5);  V(k5)  -  Krylov  functions; 

W  -  plate  deflection; 

x  —  point  coordinate;  section  coordinate; 

Y  -  vibration  amplitude; 

Yj (x)  -  rod  deflection  function; 

y  -  coordinate  of  point  during  vibrations;  displacement; 
rod  deflection; 

z  -  coordinate; 

ala  -  infl^er-ce  coefficients; 

A  —  determinant  of  system  of  homogeneous  equations; 

Ais  ~  to  element  of  determinant  a  ; 

'  \ 

$  -  angular  acceleration  of  circular  frequency  or  shaft 
rotational  velocity; 

C  -  axis  notation; 

h  — ;  axis  notation;  coordinate  of  point  in  £,  n,  C  moving 
axes  system,  rotating  about  the  c  axis; 
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6  -  angle  of  rotation  of  rod  section  as  a  result  of  bending 
deformation; 

v  -  in  subscript  -  sequential  number  of  frequency  and  natural 
vibration  mode  of  multimass  systems,  rods,  shafts,  and 
plateq; 

5  —  axis  notation;  coordinate  of  point  in  K,  n,  C  moving  axes 
system,  rotating  about  the  S  axis; 

n  -  potential  energy; 

p  -  density  of  material  or  substance; 

a  -  stress; 

x  —  vibration  period;  time; 

4>  —  angle  of  rotation;  angle  of  deflection  (pendulum); 

>|)  —  inelastic  resistance  coefficient 

u>  -  disturbing  force  frequency;  forced  vibration  frequency; 

a)  -  shaft,  rotor,  disk  rotational  velocity; 

Q  -  angular  frequency  of  disturbance;  angular  velocity  of 
disturbance  vector. 


INTRODUCTION 


Vibrations  are  an  unavoidable  companion  of  the  operation  of 
aviation  engines,  regardless  of  their  class,  type,  or  size.  Vibra- 
tions  create  additional  dynamic  loads  on  components,  force  the 
structural  material  to  work  in  fatigue,  and  are  the  cause  of  many 
engine  problems  and  failures.  The  presence  of  vibration  reduces 
engine  reliability.  Therefore, the  reduction  of  vibration  is  a  very 
important  and  urgent  problem  in  modern  engine  construction. 

At  the  present  time  the  questions  of  vibration  theory  and  dy¬ 
namic  strength  of  machines  occupy  a  large  number  of  people  in  the 
scientific  research  institutes,  experimental  design  bureaus  of  the 
factories,  and  in  the  higher  educational  institutions..  The  activity 
of  these  specialists  is  directed  toward  developing  effective  means 
to  eliminate  vibration  and  create  reliable  structures.  In  view  of 
the  complexity  of  the  questions  associated  with  vibration,  both 
theoretical  and  experimental  studies  play  a  major  role  in  the  de¬ 
velopment  of  theee  techniques. 

We  note  that  the  application  and  development  of  electronic 
computers  have  made  it  possible  to  carry  out  integrated  mathematical 
studies  of  the  problems  associated  With  vibration  using  computa¬ 
tional  methods. 

At  the  present  time  a  large  number  of  calculations  are  made  in 
the  engine  design  process.  This  makes  it  possible  to  select  the 
best  solutions  with  regard  to  the  construction  of  engine  components 
and  avoid  many  of  the  difficulties  Associated  with  vibrations. 

These  characteristics  of  the  present  status  ?>f  the  question  and 
problem  in  the  field  of  vibration  theory  and  analysis  require  that 
the  aviation  engine  mechanical  engineer  have  thorough  and  Integrated 
preparation  in  all  the  subjects  associated  with  vibrations.  Good 
preparation  of  the  engineere  will  avoid  many  of  the  difficulties 
in  the  experimental  and  production  stages  and  will  reduce  the  un- 
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necessary  expenditure  of  material  resources  and  human  effort  in  the 
process  of  creating  new  aviation  engine  designs. 

The  objective  of  the  courses  on  "Aviation  Engine  Vibration 
Theory  and  Calculation", and  of  the  present  volume  intended  for  use 
in  these  courses,  is  to  improve  the  preparation  of  the  specialists 
and  equip  them  with  the  latest  engineering  methods  for  the  calcula¬ 
tion  and  analysis  of  vibrations. 

The  discipline  "Vibration  Theory"  is  divided  into  two  major  inde¬ 
pendent  divisions  -  "Linear  Vibration  Theory"  and  "Nonlinear  Vibration 
Theory".  This  division  is  to  a  certain  degree  a  methodological  ap¬ 
proach.  It  is  determined  by  the  characteristics  of  the  problem 
formulation,  the  form  of  the  equations  which  are  used  to  study  the 
systems,  and  by  the  analytical  methods. 

The  linear  systems  are  those  whose  vibrations  are  defined  with 
adequate  completeness  and  precision  by  linear  equations.  The  linear 
equations  reflect  only  approximately  the  system  vibration  process 
and  are  applicable  for  small  deflections  from  the  stable  equilibrium 
position.  However,  they  do  permit  the  use  of  very  advanced  mathe¬ 
matical  apparatus  which  has  been  developed  for  linear  equations  and 
make  it  possible  to  obtain  a  quite  complete  picture  of  small  vibra¬ 
tions  of  systems,  and  also  to  develop  very  advanced  computational 
methods . 

The  systems  for  which  nonlinear  equations  are  used  to  describe 
the  vibrations  and  properties  are  considered  nonlinear  systems.  The 
nonlinear  equations  yield  a  more  correct  and  complete  picture  of  the 
system  vibrations.  In  the  nonlinear  vibration  section  we  examine 
many  complex  and  important  questions  which  are  of  great  practical 
value.  These  include  the  problems  of  system  stability,  effects  of 
real  small  deviations  from  systejn  linearity  on  the  vibrations,  com¬ 
plex  questions  of  self-excited  vibrations,  the  conditions  for  the 
.  occurrence  of  parametric  resonance,  and  so  on. 

The  problems  associated  with  nonlinearities  of  the  real  systems 
are  taking  on  increasing  importance  In  modern  science  and  engineer- 
9  ing.  Therefore  the  section  on  nonlinear  vibrations  is  presented  in 
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greater  detail  in  the  text.  This  section  includes  the  necessary 
minimum  of  theoretical  information  on  nonlinear  vibrations  and 
examines  in  general  form  several  examples  which  are  particularly 
Important  at  the  present  time  in  engine  design. 

The  studies  and  development  of  vibration  analysis  methods  are 
based  on  the  differential  equations  which  represent  the  process 
being  studied  with  a  certain  precision,  within  the  limits  of  the 
assumptions  adopted. 

There  are  several  ways  to  formulate  the  vibration  differential 
equations.  In  many  obvious  cases  the  vibration  equations  are  formu¬ 
lated  on  the  basis  of  the  d’Alembert  principle  as  the  equations  of 
equilibrium  of  all  the  forces  acting  on  the  individual  elements  of 
the  system.  A  more  general  approach  is  to  formulate  the  vibration 
equations  with  the  aid  of  the  Lagrange  equations.  The  latter  are 
examined  in  detail  in  courses  on  theoretical  mechanics  and  express 
the  motion  in  generalized  coordinates . 

We  recall  that  the  LaQrange  equations  for  holonomic  systems 
with  ideal  constraints  with  a  finite  number  k  of  degrees  of  freedom 
are  written  in  the  following  form 


where  q^  —  are  the  generalized  coordinates,  whose  number  for  a 

given  system  must  equal  the  number  of  degrees  of  free¬ 
dom  of  the  system; 

T  —  is  the  system  kinetic  energy,  expressed  in  generalized 
coordinates ; 

-  is  the  generalized  tovci,  corresponding  to  the 
coordinate  q^. 

For  conservative  systems,  in  which  Qj  is  a  function  only  of 
the  generalized  coordinates,  the  Lagrange  equation  has  the  form 


!  «r  \ _ «r  ..  an 


where  n  —  is  the  potential  energy  of  the  system. 
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Any  k  independent  quantities  which  define  uniquely  tne  system 
position  at  a  given  time  can  be  selected  as  the  generalized  coor¬ 
dinates  . 

In  vibration  problems  the  following  are  usually  functions  of 
the  potential  energy:  potential  energy  of  elastic  deformation, 
position  energy  of  the  mass  in  the  gravity  force  field,  work  of  the 
centrifugal  force  field.  In  certain  problems  we  may  encounter 
potential  functions  of  the  electromagnetic  or  electrostatic  field 
forces . 

The  Lagrange  equations  lead  to  second-order  differential  equa¬ 
tions  of  motion.  Usually,  with  account  for  all  the  details,  the 
equations  are  nonlinear  and  their  integration  involves  major  diffi¬ 
culties.  Then  the  equations  are  linearized  by  discarding  terms  of 
second  and  higher  orders  of  smallness  in  the  coordinates  and  velo¬ 
cities. 

The  linear  equations  thus  obtained  reflect  only  approximately 
the  system  vibration  process  and  are  applicable  for  small  deflec¬ 
tions  from  the  stable  equilibrium  position.  In  this  case  the  dis¬ 
carded  terms  will  not  be  of  significant  importance.  Moreover,  the 
linear  equations  give  a  quite  complete  picture  of  the  system  small 
vibrations  and  make  it  possible  to  obtain  important  practical  con¬ 
clusions. 

Other  widely  used  and  effective  methods  for  the  solution  of 
vibration  problems  are  the  variational  methods  —  based  on  the 
Ostrogradskiy-Hamilton  principle.  These  methods  avoid  the  necessity 
to  formulate  and  solve  the  differential  equations  of  motion. 

In  many  cases  the  solution  of  problems  by  the  variational 
methods  leads  to  final  results  faster  and  more  simply. 

The  mathematical  formulation  of  the  Ostrogradskiy-Hamilton 
principle  is  studied  in  courses  on  general  mechanics. 
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PART  I 

LINEAR  VIBRATIONS 


CHAPTER  I 


SYSTEMS  WITH  A  SINGLE  DEGREE  OP  FREEDOM 


Systems  with  a  single  degree  of  freedom  are  those  whose  posi¬ 
tion  at  any  time  t  is  completely  defined  by  a  single  generalized 
coordinate  q(t).  Some  varieties  of  such  systems  are  shown  in 
Figure  1.1,  a,  b,  c,  d,  e. 


Figure  1.1.  Systems  with  a  single  degree  of  freedom 
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The  generalized  coordinate  q  is  the  defining  coordinate.  The 
other  system  coordinates  are  related  with  q  -—  for  example,  the 
x,  y  coordinates,  the  section  rotation  anglee  in  bars  and  beams, 
and  so  on.  The  coordinate  coupling  equations  depend  on  the  concrete 
form  of  the  system.  For  example,  for  the  pendulum  (Figure  1.1,  b) 
they  are  expressed  by  the  formula 

x-Zcos^p; 

where  the  angle  $  is  the  generalized  coordinate. 

A  particular  system  can  be  considered  a  system  with  a  single 
degree  of  freedom  only  under  several' qualifications  and  assumptions. 
The  most  general  assumptions  are  the  following:  for  all  systems  the 
elastic  elements,  such  as  a  spring,  pendulum  support  filament,  bar, 
beam,  shaft,  are  considered  to  be  weightless.  The  pendulum  filament 
is  considered  ideally  stiff  in  tension.  Concentrated  masses  are 
taken  to  be  point  masses  with  zero  moments  of  inertia.  In  the  scheme 
shown  in  Figure  1.1, a,  the  center  of  gravity  of  the  disk  lleB  pre¬ 
cisely  on  the  axis  of  rotation,  and  it  remains  fixed  during  torsional 
vibrations.  The  systems  shown  in  Figures  1.1yd  and  -1,1, e,  can  be 
considered  systems  with  a  single  degree  of  freedom  only  in  the  case 
of  small  deflections,  when  the  projections  of  the  displacements  on 
the  y  axis  can  be  neglected  and  these  displacements  are  not  signifi¬ 
cant  for  the  vibrations  being  examined. 


1.1.  Free  Vibrations  of  System  Without  Friction 


The  email  vibrations  of  the  system  about  the  static  equilibrium 

position  are  described  hy  the  -differential  equation 

f  % 

*  f+cf—O, 


•  v  ■ 

where. c  -  is  the  elastic  element  stiffness  coefficient} 

m  -  is  the  mass  of  the  vibrating  body,  considered  to  be  con¬ 
centrated  at  the  center  of  inertia. 

The  equation  expresses  equilibrium  of  the  Inertial  and  elastic 
forces . 
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For  systems  of  the  type  shown  in  Figure  1.1 ,c  the  differential 
equation  of  free  torsional  vibrations  has  the  form 

/$+c f-0, 

where  c  -  is  the  torsional  stiffness  of  the  bar; 

J  -  is  the  disk  moment  of  inertia. 

For  small  pendulum  vibrations  the  equation  will  be 

mP$+ihgty—Q. 


All  the  equations  are  of  the  same  type  and  reduce  to  the 
harmonic  oscillator  general  differential  equation 


$+**«- 0, 

2 

where  k  is  the  ratio,  respectively. 


(1.1) 


*»-• 4-;  (1.2) 

It  will  be  shown  later  that  k  is  an  important  parameter  of  the 
system  —  the  circular  frequency  of  the  system  natural  vibrations. 


There  are  several  different  forms  of  the  solution  of  the  har 
monic  oscillator  equations. 


We  seek  the  solution  in  the  form 

h*  r:r  substituting  this  solution  into  (1.1)  we  obtain  the  character' 
it  ’  c  equation,  from  which  we  find 


then  the  general  solution  of  (1.1)  will  be 

f-'C/*  +cr'“;  (l._0 


We  find  the  constants  C-^  and  C2  after  specifying  the  initial  con¬ 
ditions. 

For  /»0,  $#-*0  we  obtain 

ci“c»— 1.*. 


1 

'..SV 


& 

■M 

3t 


•?* 
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The  product  Ce  1  is  a  vector  whose  modulus  is  C  and  direction 
with  respect  to  the  reference  axis  is  defined  by  the  angle  kt.-  Thus 
the  solution  (3.. 3)  (Figure  1.2, a)  is  the  sum  of  two  identical  vec¬ 
tors,  positioned  symmetrically  with  respect  to  the  angle  reference 
line  and  rotating  in  opposite  directions  with  the  angular  velocity  k. 
The  latter  is  called  the  natural  oscillation  circular  frequency  and 
depends,  in  accordance  with  (1.2),  on  the  mass,  elastic,  and  geo¬ 
metric  characteristics  of  the  system. 

Knowing  k,  it  is  easy  to  find  the  frequency  of  the  natural 
oscillations  per  second 

In  the  more  general  but  less  \  l  f 

frequently  used  initial  condition  /  k  *Nl 

/  \  /  | 

case  /  \  /  •  if,  jy  \ 


the  coefficients  C1  and  C2  take 
the  form 


Cl * 

C, 


Figure  1.2.  Vector  representa¬ 
tion  of  harmonic  vibrations 


They  are  complex  conjugate  numbers  and  are  represented  in  the  form 
of  vectors 


where  the  vector  modulus  is 


c~j 


!+(4-)’: 


(1.4) 


the  angle  of  the  initial  vector  position,  associated  with  the 
initial  conditions,  is 


(1.5) 


In  this  case  the  general  solution  (1.3)  takes  the  form 


(1.6) 


■r"'  ■ 


It  is  represented  with  the  aid  of  vectors  (see  Figure  i.2,b).  The 
vector  form  is  more  pictorial  and  in  many  complex  problems  yields 
simpler  solution  techniques. 

The  vector  form  of  the  solution  can  be  replaced  by  the  trigono¬ 
metric  form.  In  accordance  with  the  known  relation 


i- («'<"“»  +*-,(W-*,l  =coi (kt- •), 


(1.6)  takes  the  form 


where  A  «  2C. 


y— Acos(kt— I),- 


(1.7) 


The  Solution  (1.7)  satisfies  the  original  differential  equation 
(1.1).  If  we  take  the  general  initial  conditions,  we  find  easily 


■/  <>+{%■)'■ 


(1.8) 


and  the  angle  0  is  defined  by  (1.5). 

Another  version  of  the  trigonometric  form  of  the  solution  is 

q**AiCoskt+Ais\nkt,  (1-9) 

in  which  A,  and  A2  are  easily  found  from  the  initial  conditions. 


1.2.  Free  Vibrations  of  Systems  with  Friction 

Under  real  conditions  vibrations  always  take  place  in  the  pre¬ 
sence  of  friction  forces.  As  a  resUlt  of  energy  absorption  by  the 
friction  forces  and  its  transformation  into  heat,  the  free  vibra¬ 
tions  gradually  decay  and  finally  terminate. 

Friction  forces  can  be  divided  into  two  forms:  the  friction 
forces  which  arise  in  the  material  of  the  elastic  parts  of  the  sys¬ 
tem  during  their  deformation,  and  the  friction  forces  which  arise 
from  interaction  of  the  vibrating  parts  of  the  system  with  the  am¬ 
bient  medium.  The. latter  include  the  forces  of  surface  friction, 
hydrodynamic  resistance,  and  so  on. 
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The  mechanism  of  friction  force  action  is  very  complex,  and 
many  techniques  for  expressing  the  laws  of  friction  force  action 
lead  to  nonlinear  problems.  We  shall  examine  two  forms  of  friction 
forces  within  the  limits  of  the  linear  problems. 

1.2.1  Resistance  Proportional  to  Velocity 

The  Vogt  formula  is  widely  used  in  linear  vibration  theory; 
in  accordance  with  this  formula  the  friction  force  is  taken  to  be 
proportional  to  the  vibration  velocity 

*— W.  (l.io) 

where  5  -  is  the  friction  force  coefficient  and  is  a  small  positive 
quantity. 

This  relation  is  valid  to  some  degree  for  external  friction, 
but  is  not  suitable  for  expressing  the  internal  friction  forces, 
which  are  the  fundamental  resistance  during  vibrations.  Numerous 
experiments  have  shown  that  internal  friction  is  independent  of  the 
deformation  velocity  and  depends  on  the  hysteresis  losses  in  the 
material.  The  latter  are  associated  with  the  magnitude  of  the 
deformation,  i.e.,  with  the  amplitudes  of  the  vibrations.  The  use 
of  the  Vogt  formula  makes  it  possible  to  study  the  action  of  fric¬ 
tion  forces  in  the  linear  problem  formulation,  which  is  of  theoreti¬ 
cal  interest.  The  results  thus  obtained  in  cases  of  small  friction 
forces  do  not  contradict  experiment. 

The  linear  equation  of  vibrations  of  a  system  with  friction 
has  the  form  , 

(1.11) 

Referring  to  unit  mass,  we  obtain 

#+2n$+*V-0;  (1.12) 

taking  the  solution  of  the  equation  in  the  form 

we  obtain  the  characteristic  equation 
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(1.13) 


from  which  we  find,  assuming  n  <  k 

The  general  solution  of  (1.12)  takes  the  form 

q  =*  e~*‘  (C,  *“•*  -f  Cjc-***1), 


(1.14; 


where 


*!«.**-**; 


(1.15) 


k1  is  the  natural  vibration  circular  frequency  of  the  system  with 

friction.  As  a  result  of  the  smallness  of  n,  the  friction  alters 
the  natural  frequency  of  the  system  very  little j  in  practice  this 
change  is  less  than  1JS. 

We  find  the  constants  and  C2  for  the  initial  conditions 

t-  0;  $i-0; 


we  obtain  accordingly 


c,"“ rf,(,~,ar)8  c,=“Tft(1+^)* 

The  constants  C1  and  C2  are  complex  conjugate  numbers,  whose  modu¬ 


lus  is 


l+(%r 


(1.16) 


the  initial  position  of  the  vectors  is  defined  by  the  angle  3 
(Figure  1.3) 


w  *.*  (1.17) 

After  finding  C^,  C2  and  the  angle  B,the  vector  form  of  the  solu¬ 
tion  (1.14)  can  be  written  in  trigonometric  form 
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AS#*,* 


fl-ac*"*'  co*  (*!<-».  Cl .  18 ) 

The  law  of  motion  of  a  system  with  damping  is  shown  in  Figure'  1.3. 

The  free  vibrations  of  a  system  with  friction  decay  with  time. 
The  system  deviations  from  the  equilibrium  position  approach  zero 
asymptotically.  The  decay  of  the  deviations  follows  the  geometric 
progression  law. 

The  ratio  of  any  two  successive  deviations  is  constant  and  is 
called  the  damping  coefficient 


where  T  -  is  the  period  of  the  damped  vibrations  and  equals 

(1.20) 

The  natural  logarithm  of  the  damping  coefficient  is  termed  the 
logarithmic  decrement  of  the  vibrations 

.  (i.2i) 

2.  *i 

The  larger  its  magnitude,  the  faster  the  vibrations  decay.  (In 
some  handbooks  the  amplitude  reduction  is  taken  over  an  entire 
period  rather  than  half  the  period.  Then  the  logarithmic  decrement 
of  the  vibrations  will  be  twice  as  large:  4  ■  2 nir/kj.) 


Figure  1.3.  Law  of  motion  of  system  with  damping 
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The  damping  coefficient  and  the  logarithmic  decrement  remain 
constant  in  the  course  of  the  entire  time  of  vibration.  They  can 
be  found  from  an  oscillogram  of  the  damped  vibrations,  taking. the 
ratio  of  the  amplitudes  of  neighboring  cycles. 

In  practice,  because  of  the  complexity  of  the  action  of  the 
friction  mechanism  and  the  energy  dissipation  process,  the  vibration 
amplitude  decay  does  not  follow  the  geometric  progression  law.  In 
this  case  the  average  value  of  the  vibration  decrement  is  determined. 

Damped  vibrations  differ  significantly  from  harmonic  vibra¬ 
tions.  Each  half  of  the  period  (see  Figure  1.3)  divides  into  two 
parts  which  are  not  identical.  The  time  for  system  motion  from  the 
position  of  maximal  deflection  to  the  equilibrium  position  is  great¬ 
er  than  the  time  for  its  motion  from  the  equilibrium  position  to  the 
next  maximal  deflection.  The  moment  of  passage  through  the  equili¬ 
brium  position  is  shifted  with  relation  to  the  midpoint  of  the  half¬ 
period  by  the  angle  0.  Using  the  formulas  presented  above  we  can 
calculate,  for  example,  that  for  a  damping  coefficient  n  “  1.1,  the 
angle  0  of  shift  of  the  initial  position  reaches  1°40’,  and  the 
ratio  n/kj^  «  0.029* 

1.2.2.  Resistance  of  the  Coulomb  Friction  Type 

According  to  the  Coulomb  law  the  dry  friction  force  is  pro¬ 
portional  to  the  specific  pressure  on  the  rubbing  surfaces  and  is 
independent  of  the  sliding  velocity. 

The  magnitude  of  the  friction  force  is  determined  by  the  fric¬ 
tion  coefficient,  which  has  two  values:  the  coefficient  of  kinetic 
friction  and  the  coefficient  of  static  friction.  The  first  is  al¬ 
ways  smaller  than  the  second.  The  magnitude  of  the  coefficients 
depends  on  the  contacting  materials,  the  quality  and  condition  of 
the  rubbing  surfaces. 

The  action  of  dry  friction  during  vibrations  is  detected  by 
the  nature  of  the  damping.  To  illustrate  the  principle  we  shall 
examine  the  system  shown  in  Figure  1.4.  The  kinetic  friction  force, 
which  is  a  constant  quantity,  acts  in  the  direction  opposite  the 


velocity.  At  the  Instant  the  mass 
comes  to  rest  this  force  changes 
sign;  therefore  the  equation  of 
motion  is  valid  only  in  the  c'  >  a 
of  half  the  period. 

We  vrite  the  equation  for  the 
motion  segment  from  one  extreme 
deflection  position  to  the  oppo¬ 
site  extreme  deflection  position. 
In  this  segment  the  friction 
force  has  a  positive  sign 


— mj— 


(1.22) 


Figure  1.4.  Diagram  of 
system  with  Coulomb 
friction. 


where  R  -  is  the  constant  friction  force. 

The  particular  solution  of  this  equation  will  be 


The  general  solution  has  the  form 


f  m4|Cos  W+iMtt  M+fc 


(1.23) 


(1.24) 


For  the  given  initial  conditions 


we  obtain 


(1.25) 


the  system  motion  law  in  the  course  of  the  half-period  is  a  co¬ 
sinusoid  whose  axis  is  shifted  in  the  direction  of  the  initial  de- 
flection  by  the  magnitude  qR,  and  the  amplitude  of  the  cosinusoid 

is  qQ  -  qR.  Plotting  this  part  of  the  curve  (Figure  1.5),  we  see 

that  the  system  deflection  in  the  opposite  direction  is  less  than 
the  initial  deflection  by  the  amount  2qR: 
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Motion  in  the  reverse  direction 
leads  to  change  of  the  friction 
force  sign;  therefore  the  motion 
law  remains  valid  and  the  curve 
of  the  next  half-period  can  be 
plotted  using  the  same  rule. 

The  axis  of  the  cosinusoid  is  now 
shifted  in  the  negative  deflec¬ 
tion  direction  by  the  amount  qR. 

After  plotting  the  cosinusoid 
with  the  amplitude 

q* — 3<7*, 

we  see  that  the  new  deflection  is  less  by  2q^  and  so  on. 

Hence  we  see  that  the  maximal  deflection  decay  follows  the 
arithmetic  progression  law,  i.e.,  each  subsequent  deflection  is  less 
than  the  preceding  by  the  amount  2qR.  The  line  connecting  the  points 

of  maximal  deflection  on  the  vibration  diagram  is  a  straight  line. 

The  vibration  amplitude  decay  process  will  continue  until  the 

next  deflection  becomes  less  than  qD  . 

R0 

where  RQ  is  the  static  friction  force. 

In  this  case  the  static  frictibn  force  is  greater  than  the 
spring  reaction  force  and  the  latter  cannot  move  the  mass  from  the 
state  of  rest — the  vibrations  terminate.  The  system  does  not  reach 
»  the  equilibrium  position.  For  this  reason  vibrations  with  partici  - 

pation  of  the  dry  friction  force  are  called  stopping  vibrations. 

We  see  from  the  general  solution  (1.25)  that  the  free  vibra- 
*  tion  frequency  of  the  system  with  dry  friction  is  equal  to  the 


Figure  1.5-  Law  of  motion  of 
system  with  Coulomb  friction 
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frequency  of  the  system  without  friction.  In  other  words,  dry  fric¬ 
tion  forces  have  no  effect  on  the  free  vibration  period. 


Forced  Vibrations  of  System  Without  Friction  . 

Forced  vibrations  arise  when  external  forces  which  vary  in  ac¬ 
cordance  with  a  definite  law  in  the  course  of  time  act  on  a  system. 

We  shall  examine  the  properties  of  a  system  with  forced  vibra¬ 
tions  and  its  laws  of  motion  as  a  function  of  the  form  and  nature 
of  the  excitation. 

1.3.1.  Vibrattbns  tinder  Action  of  Harmonic  Force.  General  Solution 
of  the  Differential  Equation.  Free,  Accompanying  Forced 
Vibrations 

The  differential  equation  of  motion  for  this  case  has  the  form 


f+tff**Acoa  mi, 


(1.26) 


where  h  -  is  the  amplitude  dt  the  acting  force*  referred  to  unit 
mass; 

w  -  is  the  excitation  Circular  frequency. 

The  particular  solution  of  the  equation  will  be 


f —Boon  i it, 


(1.27) 


where  B  -  is  the  amplitude  of  the  forced  vibrations*  equal  to 


(1.28) 


this  formula  is  valid  for  w  f  k‘. 

The  general  solution  of  the  equation  has  the  form 

f-tfiCOS  kt+ CjSih  kt+Bcoi  tei; 


(1.29) 


and  constants  and  Cg  are  determined  from  the  initial  conditions 
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t-#tf  $.-#« 

and  C2  are  easily  determined  by  substituting  these  initial  values 

into  (1.29) »  after  which  the  solution  takes  the  form 

•  • 

fa»0oCos*f-f-£8-  $!n*/—  BcosW-f  BcotuJ;  (1.30) 

the  first  two  terms  represent  independent  free  vibrations.  They  are 
defined  only  by  the  initial  conditions  qQ  and  qQ.  If  the  system  was 

in  the  state  of  rest  at  the  initial  moment, these  vibrations  are  not 
present . 

The  third  term  also  represents  free  vibrations,  but  their 
occurrence  is  associated  with  the  sudden  application  of  an  external 
force.  Their  amplitude  equals  the  amplitude  of  the  forced  vibra¬ 
tions,  and  their  frequency  equals  that  of  the  free  vibrations. 

These  are  called  accompanying  vibrations.  The  forced  vibrations 
combine  with  the  accompanying  vibrations  to  yield  nonharmonic  vibra-  , 
tions  of  variable  amplitude  of  the  beat  type. 

If  at  the  initial  moment  the  system  is  given  an  initial  dis¬ 
placement  equal  to  the  amplitude  of  the  forced  vibrations,  i.e., 
the  condition 

<“0;  $,«0, 

is  satisfied,  the  forced  vibrations  will  take  place  without  the 
accompanying  vibrations. 

The  forced  vibration  frequency  equals  the  frequency  of  the 
disturbing  force.  In  accordance  with  (1.28)  the  forced  vibration 
amplitude  depends  on  the  amplitude  of  the  disturbing  force  and  on 
th'e  difference  of  the  squares  of  the  frequencies  of  the  natural  and 
forced  vibrations  (Figure  1.6).’  If  o>  <  k  the  force  and  the  dis¬ 
placement  caused  by  it  are  in-phase,  i.e.,  they  have  the  same  sign. 

For  <ii  >  k  the  disturbing  force  and  the  resulting  displacement  are 
4 opposite  in  sign,  i.e.,  they  are  in  opposite  phases.  The  state 
w  *  k,.when  the  disturbing  force  frequency  equals  the  natural  vi¬ 
bration  frequency  of  the  system,  is  termed  resonance. 
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its  particular  solution  is  the  function 

or  *«£cos^~ i)  .  (1.32) 

This  solution  contains  the  time;  this  means  that  the  vibrations 
become  anh-rmonic  at  resonance.  The  maximal  deviations  from  the  . 
equilibrium  position  increase  in  proportion  to  the  time  (Figure  1.7) 
The  vibration  function  has  a  phase  shift  by  the  angle  ir/2  relative 
to  the  disturbing  force  function. 


Figure  1.6.  Fo?v  4  vibration  Figure  1.7.  Vibration  ampli- 

amplitude  versus  r?equency  t'ude  growth  at  resonance 


The  solution  (1.32)*  containing  the  factor  t,  is  termed  the 
secular  term  in  the  general  solution; 

*  When  the  frequency  u  is  close  to  the  natural  vibration  fre¬ 
quency  k,  forced  vibrations  take  place  in  the  form  of  beats.  To 
clarify  this  phenomenon  we  use  the  general  solution  (1.30),  assuming 
that  qQ  *  0;  qQ  «  0}  then 

co$«U—co»kt). 
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« 

Here  the  first  terra  represents  the  forced  vibrations,  and  the  second 
term  represents  the  accompanying  vibrations.  The  value  of  B  is 
defined  by  (1.28). 


We  represent  the  forced  and  accompanying  vibrations  as  the  pro¬ 
jections  of  two  vectors  of  equal  magnitude  B,  rotating  with,  the  an¬ 
gular  velocities  w  and  k  (Figure  1.8). 


At  the  initial  time  the 
vectors  B  occupy  opposing  posi¬ 
tions  ar d  the  deflection  q  ■  0. 

As  a  result  of  the  small  dif¬ 
ference  in  the  angular  velocities 
a)  and  k,  the  angle  between  the 
vectors  changes  slowly.  In  the 
course  of  some  definite  time  one 
vector  performs  a  complete  revo¬ 
lution  relative  to  the  other. 

This  time  is  called  the  beat 
period  and  equals 


Figure  1.8.  Beat  vector 
diagram 


(1.33) 


The  resultant  of  the  vectors  is  the  vibration  amplitude  during 
the  beats.  The  vibration  amplitude  changes  slowly  as  a  result  of 
change  of  the  angle  y.  Its  maximal  value  is  2B  and  the  minimal 
val~a  is  zero. 


The  vibration  frequency  during  the  beats  is  equal  to  the  aver¬ 
age  velocity  of  the  vectors 


2 


(1.34) 


Figure  1.9  shows  the  nature  of  the  beats  for  different  rela¬ 
tionships  between  the  forced  and  natural  frequencies. 

The  closer  the  values  of  the  frequencies  w  and  k  to  one 
another,  the  longer  the  beat  period  and  the  larger  the  values 
reached  by  the  maximal  vibration  amplitudes.  The  amplitude  growth 
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process  ir.  the  beginning  of 
each  beat  period  becomes  more 
and  more  similar  to  the  nature 
of  the  amplitude  growth  at 
resonance. 

The  beat  phenomena  are 
observed  on  oscillograms  for 
forced  vibration  frequencies 
close  to  resonance. 


Figure  1.9.  Beating  as  a  function 
of  ratio  of  forced  and  natural  fre¬ 
quencies 


1.3.2.  Vibrations  Under  Action  of  Periodic  Anharmonic  Force 

Decomposition  of  disturbing  force  into  Fourier  series.  If  a 

system  is  acted  on  by  a  periodic  force  Q  (t)  whose  variation  law 
differs  from  the  harmonic  law,  such  a  force  can  be  decomposed  in  a 
well-known  fashion  into  a  trigonometric  Fourier  series 

'  «•  • 

Q W— y *—1,2,...  (1.35) 

The  individual  terms  of  this  series. are  called  harmonics  of  the 
disturbing  force.  Each  harmonic  differs  in  the  amplitude  Hg  and  the 

shift  angle  6  .  which  are  determined  in  the  decomposition  process. 
The  system  vibration  differential  equation  takes  the  form 

g-r  (1*36) 

K*S 
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The  constant  first  term  of  (1.35)  is  not  taken  into  account.  It  is 
a  constant  force  which  yields  the  constant  deflection  defining  the 
static  equilibrium  position.  The  displacement  q  given  by  (1.36) 
yields  the  position  of  the  system  relative  to  this  equilibrium  posi¬ 
tion. 


The  general  solution  of  (1 . 36 )  will  be 

tf—C,co*A/-{-C,sIn  A/+2  Bt  cos(W-f8,), 
«-! 


where 


B. 


»— * 


(1.37) 


(1.38) 


if  at  the  initial  time  q^  ■  0  and  qQ  *  0,  then 

(1.35) 

<-! 

m 

c»“Z**T,,nl- 

(1.40) 

4-1 


In  the  general  case  of  a  periodic  force  the  forced  vibrations 
of  the  system  are  the  result  of  superposing  the  vibrations  from 
each  harmonic  of  the  disturbing  force,  taken  separately.  As  we 
have  noted  above,  the  accompanying  vibrations  take  place  with  the 
frequency  of  the  natural  vibrations  of  the  system.  Their  amplitude 
and  phase  angle  are  the  result  of  combining  the  initial  deflections 
from  all  harmonics  of  the  disturbing  force  and  are  defined  by  ,he 
formulas 


C-iKd+C*,; 

tg8«& ; 


(1.41) 


4 

H 

V*T 

j* 

I 


then  the  general  solution  of  (1.37)  will  be 

?«Ccos(«-4)-|-2Sfcos(*W+8#).  (1.42) 

^•1 
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If  for  any  of  the  harmonics  k*nm»  this  harmonic,  having  the 
large  amplitude  Bn,  will  stand  out  from  the  general  sum.  Therefore, 
we  can  assume  that 


qmin-—Butos(kt+bu) +fl«cos(«arf+ 6*); 
we  obtain  the  beats  caused  by  the  nth  harmonic. 


(1.43) 


If  one  of  the  harmonics  of  the  disturbing  force  has  a  frequency 
equal  to  the  system  natural  vibration  frequency,  i . e . ,  /«#—*. ,  then 
in  the  general  solution  (1.42)  there  appears  the  forced  vibration 
secular  term 

_ _ V  J./U  IIA 


«ta(«+ V. 


(1.44) 


It  shows  that  in  the  course  of  time  the  vibration  amplitudes  grow 
without  limit,  characterizing  resonant  vibrations. 


v, 


fmm-: 

t  i 

isTV 


1.3.3*  Forced  Vibrations  with  Kinematic  Excitation 

In  many  cases  forced  vibrations  of  the  system  arise  as  a 
result  of  harmonic  or  periodic  vibrations  of  the  system  support 
points  rather  than  under  the  action  of  any  external  periodic  force. 

Let  us  examine  a  bar  on  two  supports  with  a  mass  at  the  mid¬ 
point  . 

The  bar  supports  perform  harmonic  vibrations,  whose  amplitude 
and  frequency  are  given 


at. 


(1.45) 


The  kinetic  and  potential  energies  of  the  system  are  defined 
by  the  functions 

T - Y  m«*  a?d  1* -  y  c  (t  — 

substitution  of  these  functions  into  the  Lagrange  equation  yields 
the  vibration  differential  equation 

.mf+'c(+-qmymOi 

substitution  herein  of  (1.45)  leads  to  the  equation 
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j+^»4*flicos  at. 


(1.46) 


This  equation  is  identical  in  form  to  (1.26).  Here  the  role  of  the 

force  amplitude  value  h  is  played  by  the  product  k  BQ  —  the  given 

kinematic  excitation  amplitude  times  the  natural  vibration  frequency 
squared. 

Consequently,  all  the  solutions  of  (1.46;  and  (1.26)  will  be 
identical.  The  quantitative  relations  are  obtained  by  replacing  the 

2 

quantity  h  by  the  product  k  BQ  in  the  formulas . 

If  the  kinematic  excitation  frequency  equals  the  system  natural 
vibration  frequency,  resonant  vibrations  will  occur.  If  there  is  a- 
small  difference  of  the  frequencies,  vibrations  will  take  place  in 
the  form  of  beats. 

What  we  have  said  is  equally  valid  for  kinematic  periodic  ex¬ 
citation.  In  this  case  the  support  motion  law  must  be  represented 
in  the  form  of  a  Fourier  series,  and  we  must  examine  the  action  of 
each  harmonic  separately.  All  the  formulas  previously  obtained  for 
periodic  force  excitation  may  be  used  for  this  purpose. 


A 


* 


1.4.  Forced  Vibrations  of  System  with  Friction 


Proportional  to  Velocity 


1.4.1.  General  Solution  of  the  Equation  of  the  System 

We  examine  a  system  with  friction  proportional  to  the  velocity., 
subjected  to  the  action  of  a  harmonic  force.  The  differential  equa¬ 
tion  pf  such  a  system  will  be 

$+2/!$+*ty-/icosu/;  (1.47/ 

the  general  solution  of  the  equation  will  be 

9-Ce-»‘cos(*,f— t)+ft;  (1.48) 
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the  first  term  represents  free  damped  vibrations;  the  second  term 
represents  forced  vibrations.  The  amplitude  C  and  the  phase  angle 
6  of  the  free  vibrations  are  determined  from  the  given  initial 
conditions.  In  view  of  the  fact  that  the  free  vibrations  decay,  we 
shall  not  take  the  first  term  into  account  in  the  general  solution. 


The  forced  vibrations  are  defined  by  the  solution 

9*-Sdos(*)J—p). 


(1.49) 


Substituting  this  solution  into  the  differential  equation 
(1.47),  we  obtain 

B(Jfl— **)cbs(«tf — p)— 2nmB  *Ih(W— p)—*co«W; 

Expanding  the  cosine  and  sine  of  the  difference  using  well-known 
trigonometric  formulas  and  then  combining  terras  with  the  common 
factor  cos  u>t  and  sin  tot,  we  obtain  two  equations 

B  (**— <**)cosp*f  B2nmtlo^k 
B  (*»-«?)  sin?-  £2/*{coip~0. 

The  amplitude  and  phase  angle  of  the  forced  vibrations  are  deter¬ 
mined  from  these  equations 


tgP- 


(1.50) 

(1.51) 


The  solution  obtained  shows  that  forced  vibrations  of  a  system 
with  friction  take  place  in  accordance  with  a  harmonic  law. 

Figure  1.10  shows  the  amplitude  versus  the  ratio  of  the  forced 
and  natural  vibration  frequencies. 

< 

For  to  ■  0  the  system  deflectioh  equals  the  static  deflection 
for  all  n 

a  JJ, 


The  friction  has  a  particularly  large  influence  in  the  resonant 
region.  The  greater  the  friction  the  smaller  the  vibration  ampli¬ 
tudes  B.  However,  it  should  be  emphasized  that  the  amplitudes  of 
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larger  than  the  static  amplitudes 
in  the  region  up  to  resonance  and 
in  a  considerable  portion  of  the 
region  beyond  resonance. 

The  peaks  of  the  curves  lie 
to  the  left  of  unity.  The  fre¬ 
quency  ratios  corresponding  to 
the  peaks  can  be  found  from  the 
formula 


T-/ (1.52) 

as  a  result  of  the  smallness  of 
n  the  shift  of  the  peaks  i3 
slight. 


Figure  1.10.  Amplitude  versus 
ratio  of  forced  and  natural 
vibration  frequencies 


Far  from  resonance,  friction 

has  very  little  effect  on  the  vibration  amplitudes.  Therefore 
friction  may  be  ignored  when  making  a  vibration  analysis  of  systems 
far  from  resonance. 

As  a  result  of  friction,  the  forced  vibration  function  (1.49) 
is  shifted  relative  to  the  disturbing  force  function  by  the  angle  $. 
We  represent  them  as  projections  of  the  vectors  h  and  B  on  the 
vertical  axis  (Figure  1.11).  The  shift  angle  B  2  s  connected  with 
the  friction,  but  depends  strongly  on  the  relationship  of  the  fre¬ 
quencies  u  and  k.  In  the  region  u<  k  (see  Figure  1.11,  a)  the 
angle  B  is  less  than  ir/2;  for  u  *  k  (see  Figure  1.11,  b)  it  equals 
ir/2,  and  beyond  resonance  (see  Figure  1.11,  c)  it  is  greater  than 
ir/2.  The  existence  of  the  shift  angle  indicates  that  forced  vibra¬ 
tions  of  the  system  are  performed  with  expenditure  of  energy  to 
overcome  friction  forces. 

The  work  of  the  disturbing  force  during  a  period  equals 


kqkco»*tdt; 


(1.53) 
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Figure  1.11.  Vector  representation  of  forced 
vibrations  of  system  with  friction 


Substituting  herein  (1.49)  and  performing  the  integration,  we  obtain 

I*~xA0sin  (1.54) 

If  8  *  0  or  8  *  w,  the  disturbing  force  work  equals  zero.  If 
id  ■  k 

sin  p— 1; 

The  moat  work  Is  expended  at  the  frequency  corresponding  to  the 
amplitude  peak,  which  is  defined  by  (1.52). 

The  work  of  the  friction  forces  equals 

R?*™  — *|W*J  (1.55) 

substitution  herein  of  (1.49)  and  integration  yields 

(1.56) 

For  steady-state  forced  vibrations  the  work  balance  during  a  period 
is  defined  by  the  equation 
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L*+Ij»— 0;  Cl.  57) 

hence,  in  accordance  with  (1.54)  and  (1.56),  we  obtain 

A  sin  p—2nBtt-AA.  (1.58) 

This  equation  represents  equality  of  the  friction  force  amplitude 
and  the  disturbing  force  component  performing  the  work  (see 
Figure  1.11). 

1.4.2.  Vibration  Source  Isolation 


The  disturbing  force  which  causes  forced  vibrations  of  the 
system  is  transmitted  through  the  elastic  elements  to  the  supports. 

The  force  transmitted  to  the  supports  is  defined  by  the  elas¬ 
ticity  of  the  elements  and  the  friction  which  develops  in  the 
elements 


P-cq+lli 

substituting  herein  (1.49),  we  obtain 

P-cB  cos  (w/— P)— Sjm  sin  («*<— p); 


(1.59) 


By  the  replacement 


cB"Pa  cos  A;  B£a-.PA  sin  A 


the  formula  is  reduced  to  the  form 


P.~f*A  CO*  (ut — P+8) , 

where  —  is  the  amplitude  of  the  force  transmitted  to  the 
supports} 

\ 

A  —  _ls_tthe  phase  angle; 

Pa=cB  i/i+7^?; 


(1.60) 


•  » 


(1.61) 


(1.62) 
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Substituting  (1.50)  into  (1.61),  we  obtain  the  final  form  of .the 
formula  for  the  amplitude  of  the  force  acting  on  the  supports 


■HOSTS' 

K  (**  +  .*)* +  <*»•)* 


(1.63) 


i.e,,  the  force  transmitted  through  the  elastic  suspension  to  the 
supports  is  equal  to  the  product  of  the  excitation  force  H  by  the 
dynamic  force  coefficient  n. 

Figure  1.12  shows  n  as  a  func 
tlon  of  frequency  and  the  friction 
coefficient.  For  w  *  0  and 


(«/*)**Vrifthe  quantity  r>  *  1;  in 

the  range  from  zero  to  («*/*)■*  V? 
the  coefficient  n  is  larger  than 
one, but  its  value  diminishes  with 
increase  of  the  friction i  for 

(»/*)>  VT  the  coefficient  n  becomes 
less  than  one,  but  its  magnitude 
increases  with  increase  of  the 
friction. 


Figure  1.12.  Coefficient  of 
dynamic  force  transmitted  to 
supports  in  the  elastic  sup¬ 
port  case 


These  curves  show  that  in 
order  to  isolate  the  vibration 

source  and  reduce  the  dynamic  forces  on  the  supports  the  elastic 
suspension  must  be  designed  so  that  its  natural  frequency  is  no  more 
than  70X  of  the  exciting  force  frequency.  The  introduction  of  damp¬ 
ing  devices  into  the  system  in  thiq  case  is  not  advisable,  since 
this^leada. to  increase  of  the  forces  transmitted  to  the  supports. 

If  it  is  not  possible  to  pro videia-;8oft... suspension,  then  the 
mounting  of  thermit  should  be  as  rigid  as  possible  in  order, that 
the  .coefficient  n  not  exceed  one  significantly.  In  this  case'  the 
introduction  of  damping  devices  is  not  mandatory,  since  their 
effectiveness  is  not  high.  ‘ 

If  the  exciting  force  frequency  changes  over  a  wide  range 
during  operation  and  the  occurrence  of  resonant  vibrations  is 
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possible,  then  damping  devices  must  be  introduced  into  the  elastic 
suspension  in  order  to  reduce  the  amplitudes  of  the  resonant  vibra¬ 
tions,  which  leads  to  reduction  of  the  forces  transmitted  to  the 
supports . 


1.5.  Forced  Vibrations  of  System  with  Internal 


Inelastic  Resistance 

The  primary  form  of  energy  losses  during  vibrations  is  energy 
expenditure  on  overcoming  internal  resistance  in  the  material. 

Plastic  deformations,  in  addition  to  the  elastic  deformations,  occur 
in  the  elastic  elements  of  the  system  when  they  are  loaded.  The 
energy  expended  on  creating  microplastic  deformations  is  not  returned 
when  the  load  is  removed.  If  the  external  load  applied  to  the  system 
has  a  cyclic  nature,  there  are  definite  irreversible  energy  expendi¬ 
tures  during  each  load  variation  cycle. 

The  losses  due  to  inelastic 
resistance  during  a  complete  defor¬ 
mation  cycle  are  defined  by  the  , 

so-called  hysteresis  loop  (Figure 

1.13);  these  losses  are  proportional  /jSjjgzT 

to  the  area  of  this  loop.  ^ 

For  an  individual  element  or 
3pec'men  the  area  of  the  hysteresis 
loop  diagram  depends  on  the  mate¬ 
rial  properties,  the  magnitude  of 

the  deformations,  and  depends  very  t  Figure^l.l3^Hystere  j.s 
little  on  the  deformation  rate  over 
quite  a  broad  rate  variation  range. 


The  material  properties  with  regard  to  energy  absorption  in 
inelastic  resistance  during  vibrations  are  evaluated  by  the  absorb 
tion  coefficient 

(1.64) 
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where  LR  -  is  the  energy  absorbed  by  the  material  during  a  deforma¬ 
tion  cycle  and  is  proportional  to  the  hysteresis  loop 
area; 

n  -  is  the  system  potential  energy  for  the  same  amplitude. 

This  connection  between  the  losses  and  the  potential  energy  is 
very  convenient,  since  it  permits  estimation  of  the  losses  as  a 
fraction  of  the  magnitude  of  the  potential  energy.  This  relation  is 
applicable  to  the  ent4*"  system,  and  to  its  individual  segments  and 
elements . 

Expei-imental  specimen  loading  and  unloading  diagrams  make  it 
possible  to  determine  the  coefficient  ip.  At  the  same  time  they  show 
that  the  inelastic  Resistance  losses  increase  faster  than  the  de¬ 
formation  amplitude  squared.  Therefore  the  absorption  coefficient  ip 
strxetly  speaking,  is  not  constant,  but  increases  with  increase  of 
the  amplitude 

..  zzyA"-',  M>1 

where  y  and  m  are  the  coefficients  which  depend  on  the  material 
properties.  The  greater  the  plasticity  of  the  materials,  the  larger 
these  coefficients .  However,  for  deformations  lying  within  the 
elastic  limits  the  variation  of  ip  for  a  given  specimen  is  very  small 
and  is  not  taken  into  account  in  linear  problems. 

The  values  of  the  absorption  coefficients  ip  for  some  materials 
are  shown  in  Table  1.1  (see  [37]  and  [12]). 

For  materials  having  low  inelastic  resistance  an  approximate 
estimate  of  the  coefficient  ip  can  be  made  on  the  basis  of  the  damped 
vibrations. 

We  write  the  energy  balance  equation  for  two  nelghDoring  states 
differing  in  time  by  one  period' 

n,=*n (1.65) 

the  potential  energies  at  the  beginning  and  end  of  the  cycle  are, 
respe jtively 
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n, cAi\  n,+l— j-c*i+i; 

substituting  these  values  into  (1.65),  we  obtain 

(1.66) 

After  recording  the  oscillogram  of  the  damped  vibrations  and 
determining  from  this  record  the  amplitude  ratio  of  two  neighboring 
vibrations,  we  can  use  this  formula  to  find  the  absorption  coeffi¬ 
cient  i|». 


TABLE  1.1. 


Item 

no. 

Material 

4> 

1 

Steel  3 

0.01  -  0.03 

2 

Aluminum 

0.03  -  0.044 

5 

Soft  cold-drawn  steel 

0.01 

4 

Cold-drawn  aluminum 

0.0067 

5 

Cold-drawn  copper 

0.01 

6 

Cast  tungsten 

0.033 

We  note  that  in  the  beginning  of  the  oscillogram  the  damped 
vibration  amplitudes  decrease  more  rapidly  than  at  the  end  of  the 
recording. 

In  spite  of  its  small  magnitude,  inelastic  resistance  has  a 
significant  influence  on  the  forced  vibration  amplitudes  in  the 
resonant  region. 

The  Sorokin  formula  (see  [36])  Is  used  in  vibration  analysis  of 
systems  with  accc^rt  for  inelastic  resistance 

a. 67) 


FTD-HC-23-?-‘~70  27 


^k- 


W‘TU.?W.TtT , ?v? 


which  represents  the  overall  internal  resistance  force.  This  force 
is  expressed  in  complex  form:  the  real  part  is  the  elastic  resist¬ 
ance  force,  and  the  imaginary  part  is  the  inelastic  resistance.  The 
inelastic  xecistance  is  to  be  considered  as  a  vec'  or  proportional  to 
the  elastic  force,  rotated  through  the  angle  ir/2  relative  to  the 
latter. 

Using  the  Sorokin  formula,  we  write  the  differential  equation 
of  forced  vibrations  of  the  system  in  the  form 


(1.68) 


The  right  side  -  the  disturbing  force  -  is  taken  here  in  complex 
form,  which  corresponds  to  the  form  of  the  left  side  of  the  equation. 

The  particular  solution  of  this  equation  should  also  be  taken 
in  complex  form 


(1.69) 


-’-A"-  I 


Substituting  this  solution  into  the  differential  equation,  we  obtain 


(*-•*+<£  **)«-* 


hence 


(*>-•*) »  + 


(£«)*' 


(1.70) 


The  quantity  B  is  a  complex  number  and  is  expressed  by  a  vector 
shifted  by  the  angle  (3  relative  to.  the  disturbing  force  vector  H 
(Figure  1.14). 

Calculating  on  the  basis  of  (1.70)  the  modulus  of  the  vector  B 
and  the  phase  angle  B,  we  obtain  the  final  form  of  the  Solution 
(1.69) 


®  f 


.  . 
-  r  2x  **-•* 


(1.71) 


(1.72) 
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The  formulas  show  that  the  forced  vibration  amplitude  of.  a  sys= 
tem  with  inelastic  resistance  depends  on  the  disturbing  force  fre¬ 
quency  and  the  coefficient  ij/.  The  largest  amplitude  is  obtained  at 
resonance  w  ■  k.  In  this  case  the  phase  angle  0  becomes  equal  to 
ir/2. 

Figure  1.14  shows  the  relative  0 

position  of  the  vectors  of  the  * 

forces  acting  on  a  mass  during 

vibrations.  . 


The  inelastic  resistance 


force 


RA*=*~lJLCB 

2s 


(1.73) 


is  rotated  through  the  angle  ir/2  ' 

relative  to  the  displacement 
vector. 

It  is  not  difficult  to  verify 

that  the  work  expended  during  a  of  system  with  nor.clastic 

period  on  overcoming  this  resist-  resistance 

ance  is  proportional  to  the  maximal 
deflection  potential  energy. 

1.6.  Solution  of  Forced  Vibration  Equation  in 
Eefinite  Integral  Form 


1.6.1.  General  Method  for  Constructing  Solution  in  Defir  i  Integral 
Form 

It  is  not  always  convenient  or^  even  possible  to  solve  the 
forced  vibration  differential  equation 


$+***-Q(0 


(1.74) 


by  representing  its  right  side  in  the  form  of  an  infinite  Fourier 
series.  For  example,  if  Q  (t)  is  a  function  having  discontinuities 
or  is  given  in  the  form  of  systematic  impulses,  the  decomposition 
of  such  functions  into  a  trigonometric  Fourier  series  can  be  per- 
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formed  only  very  arbitrarily  because  of  the  slow  convergence  of 
the  series . 

In  such  cases  the  solution  can  be  obtained  in  the  form  of  a 
definite  integral,  which  yields  the  system  deflection  at  a  given 
time  t  as  the  result  of  the  action  of  the  disturbing  force- during 
the  entire  time  segment  from  the  beginning  up  to  t. 

If  the  disturbing  force  Q  (t)  is  an  arbitrary  function,  the 
solution  can  be  obtained  by  the  arbitrary  constant  variation  method. 
To  do  this,  in  the  general  integral  of  Equation  (1.74)  without  the 
right  side 

g«C,cos«+C|Sln«  (1.75) 

we  consider  and  C2  to  be  time  functions,  which  we  choose  so  as 
to  satisfy  the  complete  equation  (1.74). 

Differentiating  (1.75),  we  obtain 

f  «*£tco s  M+6t»\nki-\-k{—Ct»lnMt-\-CtC0ikf^ 

Since  there  are  two  unknown  functions,  in  the  process  of  seeking 
the  solution  we  can  take  an  additional  condition  which  the  func¬ 
tions  and  C2  must  satisfy. 

We  take  the  additional  condition 

Ci  cos  (1.76) 

then  we  obtain 

$—*(-6,  sin  tt-f  £,«*«)-  **(C,  cos  kt+C,  sin  kfy 

substituting  q  and  q  into  (1.74),  after  transformations  we  obtain 

*  ( — Cf,  sin  kt + C*  cos  &)■»  Q  (0- 

Solving  this  equation  together  with  (l.?6),  we  find 

e.—JL-QtOslntt;  (J,»JLQ(<)cosa; 

integrating,  we  obtain  the  unknown  functions 
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C,«CS~ IjQWsInttrfi;  Ci=Cl+±-^Q(t)co»kl  dtt  (1.77) 

•  • 

tt  * 

where  C  1  and  C  2  -  are  the  initial  values  of  the  functions  and 

C2  for  t  ■  0; 

t  -  is  the  instantaneous  upper  integration  limit. 

The  resulting  Formulas  (1.77)  are  functions  of  the  time  x  which  in¬ 
clude  the  given  initial  conditions . 

Substituting  (1.77)  into  the  general  solution  (1.75)  and  re¬ 
placing  in  the  latter  t  by  the  value  of  x  corresponding  to  the  upper 
integration  limit  *e  obtain 


JLj  Q(/)sta*Mfj  cosJH-f 
-j-jcj-f  Q(f)coaM<ftj  stnJfcr; 


+[<*+?  ^  Q(/)cot*/<ftj  rin*r; 

The  quantities  sin  k^  and  cos  kT  can  be  put  under  the  integral  sign, 
since  when  integrating  with  respect  to  t  they  are  constant  factors . 
Then  the  solution  reduces  to  the  form 

?=»cf  cos  *T+C»  «tn  kt+  y  J  Q(0«Jn  *  (t  -f)dt.  (1.78) 

This  solution  is  the  general  law  of  motion  of  the  system  under  tne 
inf'uencc  of  an  arbitrary  disturbing  force  in  the  form  of  the  super¬ 
position  of  the  free  vibrations  given  by  the  initial  conditions  on 
the  general  displacement  caused  by  the  dynamic  application  of  an 
external  disturbance.  We  obtain  the  displacement  velocity  by  dif¬ 
ferentiating  (1.78)  with  respect  to  x 

q=*k(-d[$lTikx+Ctc<*kx)+-j  ~ J  Q(0slnft(T-l)<«; 
the  derivative  of  the  Integral  equals 
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T-l  ~rFaf’-fP'  - 


J  Q(0»in*(T-0^=5  £[Q(0«In*(x -<)]<«+ 

+W(0*ln*(t— OV-** 

upon  substitution  of  the  limit  t  ■  x,  the  expression  in  the  square 
bracket  vanishes. 

The  velocity  formula  finally  takes  the  form 


q*=k(— C|iln*t  +  CSco$  *t)-f j  Q(<)coi*(t-|)rf<. 


(1.79) 


If  at  the  initial  moment  of  time  (x«0)q»q0;q*q0,  then 


q  _ 

C\  *  qQi  C#2  *  and  (1.78)  takes  the  form 

.  « 

^=*fo<os*T+-^-  tlo*t+—  /)<//. 


(1.80) 


W  r  ':;^V 
;>K, 


K‘  ,i&\‘ 


We  shall  examine  some  applications  of  the  formulas  obtained. 

1.6.2.  Case  of  Periodic  Loading 

General  form  of  solution.  If  the  disturbing  force  is  a  con¬ 
tinuous  periodic  function,  the  forced  vibrations  will  also  be 
periodic.  The  vibration  periodicity  conditions  will  be 


where  T  -  is  the  disturbing  force  period. 


(1.81) 


We  find  the  periodic  solution  of  the  differential  equation 

with  the  aid  of  the  general  solution  (1.78)  and  its  derivative 
(1.79). 

We  select  the  constants  and  C*2  on  the  basis  of  the  fact 

that  the  solution  must  be  periodic.  The  solution  will  be  carried 
out  for  the  first  period,  assuming  that  for  x  «  0  and  x  *  T  the 
quantities  q  ■  qQ  and  q  •  qQ. 
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We  write  the  periodicity  equations 


7#=C^=Ctco«*r+C;«in*r+-~-  J  Q(f)*\nk(T—i)dt; 

9o=**Cj*=*(— Cj»in*r+C,co«*70+  (1.82) 

+Jq(0coM(t,-0‘#: 

Shifting  the  unknowns  C*x  and  C*2  to  the  left,  we  obtain  the  system 
of  nonhomogeneous  algebraic  equations 

T 

(m(1  -cos  *n-cliln*r=-^  Q W*ta k(T—f)dt, 

■  '#  r 

Cjs!n*r  +  Cj(l— cos  J  Q{f)cotk(X-~t)dt, 

We  write  the  integrals  on  the  right  in  the  form  of  the  following 
suras 

T  T 

sin  krj  Q{t) cos */<//— cos  kT  j  Q(t) sin 

r  r 

cos  krj  Q(<)cos*/<ft+sta  *r  J  Q(/)slnW«tt. 


Denoting 


l  •  5 

fQ(Osta«rf/=S;  yQ(/)  Cos  ktdt=C, 

we  can  write  the  system  of  equations  in  the  form 

Ci(l— cos  *r>— pasta  *r=*l-(C  sin  *r— 5  cos  *7^ 
C»s!n  *r+C^(l-cos*r)=i~-  (Ccos*7’-^5sln*D. 


(1.83) 


(1.84) 


Substituting 


we  find  Cr1  and  C*2: 


»is»r  „,„*r 
1—  eotJtT.  ^  2  * 
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c^*5r(5'fCdsrf‘):  (i.85) 

Substituting  these  coefficients  into  the  general  solution 
(1.78),  we  obtain  the  solution  for  the  periodic  functions  in  the 
form 

f  “w[(5+Cdg^)  C0?*T“"  (c“SdgT) 

u.86, 

This  is  the  final  form  of  the  periodic  solution  of  the  forced  vibra¬ 
tion  equation  in  definite  integral  form.  It  is  sufficient  to  con¬ 
struct  the  motion  law  for  a  single  period,  i.e.,  in  the  time  inter¬ 
val  t  from  zero  to  T.  The  subsequent  periods  will  be  a  repetition 
of  the  constructed  period.  The  necessary  condition  for  this  is 
periodicity  of  the  function  Q  (t).  Any.  point  of  the  given  function 
Q  (t)  can  be  selected  as  the  Initial  time  for  constructing  the 
solution. 


1.7.  Determination  .of  Forced  Vibration  Amplitudes 


upon  Pas  sage,  through  Res  onanc  e 


As  we  have  shown  previously at  resonance  the  vibration  ampli¬ 
tudes  gradually  increase,  reaching  large  values  in  the  course  of 
time . 

Operation  of  machines  and  assemblies  in  the  resonant  regime  is 
not  permitted.  Therefore v  It  is  nebessary  to  pass  through  the  re¬ 
sonant  frequency  by  smoothly  varying  the  operating  speed  to  the 
nominal  value  which  is  safe  with  regard  to  vibration.  Nevertheless, 
passage  through  resonance  is  accompanied  by  increase  of  the  vibra¬ 
tion  amplitudes.  This  increase  depends  on  the  rate  at  which  reson¬ 
ance  Ap  passed  and  the  power  of  the  exciter.  If  the  forced  vibration 
frequency  increased  slowly,  the  vibration  amplitudes  will  reach 
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large  values.  High  accelerations  and  considerable  power  of  the 
driving  source  are  necessary  for  rapid  passage  through  resonance. 

Let  us  determine  the  connection  between  the  resonance  passage 
rate  and  the  vibration  amplitudes  which  develop  for  an  ideal  system 
with  a  single  degree  of  freedom 

where  Q  (t)  -  is  a  function  of  variable  periodicity. 

To  make  the  problem  definite  we  take  the  excitation  function 
in  the  form 

Q(0=A  cos  .  (1.87) 

i.e.,  the  amplitude  value  of  the  function  remains  constant  in  the 
course  of  time,  while  the  frequency  increases  monotonically  with  the 
angular  acceleration  e,  beginning  with  the  initial  value  wQ. 

We  seek  the  system  displacement  at  any  time  t  with  the  aid  of 
the  definite  integral  (I.78). 

Prior  to  initiation  of  the  frequency  increase,  the  system  per¬ 
forms  forced  vibrations  with  the  frequency  o)Q: 

At  the  initial  time  ( t  =  0 )  the  system  position  is  defined  by  the 
displacement  and  velocity 

•  *>=0- 
Correspondingly , 

Ci  —it*  c*«o. 


Then  (1.78)  is  written  as 


q—q0coskx+-y  ^  Q(/)sln  k(x~~t)dt\ 
« 
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substituting  (1.87)  herein,  we  obtain 

« 

q^qtCOikt+JL  Jcoi^-~  *<*+v)  *tok(T—f)d(.  (1.88) 

This  is  the  basic  formula  for  determining  the  system  displacement, 
at  any  time  t. 

After  making  trigonometric  transformations  and  introducing  new 
variables,  (1.88)  takes  the  form 


J  alnx^x+aln^  c&xVx- 

*  *  »  *» 

— cos^j  I*  co»jsM*|, 

H  4  f 


(1.89) 


where 


(1.90) 

(1.91) 


The  integration  limits  xT»  Xq.  and  Zq  are  determined  from 

(1.90)  and  (l.?l)  after  substituting  therein  t  »  x  and  t  *  0. 

For  t  »  0  the  quantity  x0  has  a  large  negative  value.  For 

t  *  (k  —  wQ)/e  we  obtain  x  *  0;  at  this  moment  the  forced  vibration 

frequency  a  reaches  the  natural  vibration  frequency— —the  system 
passes  through  resonance:  , 

•=•*+«*=*.  ‘  (1.92) 

( 

For  t  >  (k  -«0)/e  the  quantity  x  is  positive,  i.e.,  when  passing 

through  resonance  the  coordinate  x  changes  sign  from  negative  to 
positive.  The  moment  of  passage  through  resonance  is  the  origin 
of  the  x  coordinate. 

-  -  Let  us  examine  the  integrals 
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* 


|,$Jnx*</xancljEtco»xVx. 
x*  x« 


(1.93) 


2  2 

The  functions  sin  x  and  cos  x  are  symmetric  about  the  coor¬ 
dinate  x  *  0*  This  circumstance  is  used  in  calculating  the  .inte¬ 
grals  in  question 


(1.9  4) 


c  orre  s  pondingly 


m 


(1.94) 


Since  the  coordinate  x0  Is  negative  by  definition,  the  upper  limit 
(  -  Xq)  is  positive  and  the  integral  has  a  positive  value. 


Integrals  of  the  form 

cosx**x 

cannot  be  expressed  with  the  aid  of  elementary  functions 

Within  narrow  limits  the  calculation  of  the  integrals  can  be 
carried  out  by  numerical  methods.  Over  wide  limits  their  calcula¬ 
tion  is  made  with  the  aid  of  the  Fresnel  infinite  integral 


j  stax***:  j 


JsInx^x^JcTOx^X^Yl/r*  (1.95) 

6  o  * 


The  upper  limit  (  —  Xq)  of  the. first  integral  of  the  right 

side  of  (1.94)  is  always  a  large  number.  Therefore  the  *  \lue  of  the 
integral  differs  very  little  from  the  limiting  value.  T  ,en  the 
calculation  of  the  integrals  (1.94)  can  be  made  in  the  f ^ rm  of  the 
sums 
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f 8,n  jr  l/r+f  slnx*rfx;  (1.96) 

*•  r  • 

$  cosxVx^-l  i/i  +^co»x*<«.  (1.97) 

x»  *  • 

During  passage  through  resonance  the  vibration  amplitudes 
reach  maximal  values  near  resonance.  mherefore  the  upper  limit 
XT  of  the  integrals  is  small.  It  suffices  to  examine  values  of  this 

limit  up  to  3  -  4.  The  values  of  the  integrals  in  these  limits  are 
shown  in  Figure  1.15. 


The  other  two  integrals  of  (1.89) 

J  sin **</*;  ^  cos ifldt 

always  have  large  integration  limits.  Therefore,  the  values  of 
the  integrals  are  close  to  zero  and  they  can  be  neglected.  Then 
(1.89)  takes  the  simpler  form 

*»fccos*T4*j^[cos?J  slnGc’Mx+Jfapji  cos(x*)rf*|.  (1.98) 

L  b  It  J 
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We  denote 


j  slnCx1)^— 

7* 

f*  cos(x*)rfX“C(t)co»  »; 


(1.99) 


C(t)sfa(P+6). 


(1.100) 


The  primary  term  in  this  formula,  defining  the  vibrations 
during  passage  through  resonance,  is  the  second  term.  The  first 
term  yields  the  free  vibrations,  associated  with  the  initial  condi¬ 
tions,  which  are  superposed  on  the  resonance  passage  vibrations. 
Since  the  free  vibrations  are  small  in  amplitude,  this  term  is  ig¬ 
nored  hereafter. 

The  function  C  (t)  changes  slowly  in  comparison  with  0,  which 
in  accordance  with  (1.90)  is  proportional  to  the  natural  vibration 
frequency  k.  Therefore  the  function  C  (t)  is  the  vibration  ampli¬ 
tude  coefficient  for  passage  through  resonance. 

Figure  1.16  shows  this  function  and  also  the  phase  angle  0, 
which  are  calculated  from  the  formulas 


•c 


(1.101) 

(1.102) 


where  Ig,  Ic  —  are  the  integrals  calculated  using  (1.96)  and 
(1.97). 

The  largest  value  of  C  (t),  equal  to  2.01,  is  obtained  for 
XT  *  1.5.  In  accordance  with  (1.90)  this  value  of  xT  corresponds 


to  the  time 


(1.103) 


the  first  term  indicates  the  time  interval  after  passage  through 
resonance.  During  this  time  the  frequency  increases  with  the  given 
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acceleration  e  and  will  be 


i'»=*-fz«Vr2»; 


hence 


(1.104) 


the  larger  the  acceleration,  the  further  the  amplitude  peak  is 
shifted  in  frequency  relative  to  the  resonant  frequency. 

According  to  (1.100),  during  passage  through  resonance  the 
vibration  amplitude  is  proportional  to  C  (x)  and  is  expressed  by 
the  formula 


A~7kCM- 


(1.105) 


The  vibration  amplitudes  A  are  inversely  proportional  to 
The  higher  the  acceleration,  the  smaller  the  amplitudes  during 
passage  through  resonance.  Figure  1.17  shows  the  vibration  ampli¬ 
tude  as  a  function  of  acceleration.  The  curves  are  shown  in 


relative  units 

where  Agt  -  is  the  deformation 

with  static  applica¬ 
tion  of  the  force  H: 


tr«;CC» 
ip 


therefore 


■jfc*** 


(1.106) 


The  curves  are  plotted  on  the 
basis  of  the  function  C  (x), 
shown  in  Figure  1.16. 


I*  t®  lx 


Figure  1.16.  Value  of 
amplitude  function  for 
passage  through  resonance 


In  the  case  of  monotonic  frequency  decrease,  the  passage 
through  resonance  is  also  accompanied  by  increase  of  the  amplitudes; 
they  reach  maximal  values  for  vibration  frequencies  below  the 
natural  frequency. 

In  systems  without  friction  the  large  vibration  amplitudes  are 
maintained  in  the  course  of  all  further  time  after  passing  through 
resonance.  In  this  case  the  vibrations  take  place  with  the  nature' 
vibration  frequency. 

In  systems  with  friction  the  resonant  vibration  amplitudes 
decrease  in  the  course  of  time,  and  only  the  forced  vibrations  are 
maintained. 

The  dependence  of  the  vi¬ 
bration  amplitude  increase  on 
the  acceleration  indicates 
that  passage  through  resonance 
should  be  accomplished  with 
high  acceleration  in  order  to 
avoid  large  increase  of  the 
amplitudes . 

For  the  experimenter.* 
the  fact  that  this  maximal 
amplitude  is  shifted  in  fre¬ 
quency  compllcao  .s  the  prob¬ 
lem  "if  finding  natural  vibra¬ 
tion  frequencies  by  the 
resonance  method.  If  the 
experiment  is  conducted  with 
continuous  increase  of  the  frequency  or  by  the  deceleration  tech¬ 
nique,  then  all  the  resonance  peaks  will  be  shifted  in  frequency  by 
some  magnitude  relative  to  the  natural  vibration  frequency.  If 
the  acceleration  is  known, this  shift  can  be  estimated  using  (l.lOt). 


Figure  1.17.  Vibration  ampli¬ 
tudes  as  a  function  of  accelera¬ 
tion  on  passing  through  resonance 
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CHAPTER  2 


SYSTEMS  WITH  MANY  DEGREES  OP  FREEDOM 


Idealized  configurations  composed  Of  inertial  elements  connected 
by  weightless  elastic  links  a*e  termed  systems  with  many  degrees  of 
freedom.  The  number  k  of  system  degrees  of  freedom  is  determined  -by 
the  number  of  independent  generalized  coordinates  q  which  define 
uniquely  the  position  of  all  the  inertial  elements  of  the  system  at 
any  moment  of  time. 

The  computational  scheme  is  formulated  on  the  basis  of  analysis 
of  the  real  system  which  is  to  be  vibration  analyzed.  To  this  end 
some  of  the  system  structural  elements,  for  example,  disks,  drums, 
cylinders,  shaft  or  beam  segments,  and  so  on,  are  taken  to  be  ideally 
rigid  bodies  having  definite  mass  and  moments  of  inertia.  Frequently, 
these  parts  are  replaced  by  point  masses  of  equal  magnitude,  concen¬ 
trated  at  the  center  of  inertia  of  the  corresponding  body.  In  these 
cases,  the  rotatory  inertia  of  the  inertial  parts  of  the  structure 
will  not  be  taken  into  account  in  the  computational  equations  and 
formulas . 

The  idealized  elastic  links  between  the  inertial  elements  are 
selected  equal  in  stiffness  to  the  real  links.  This  means  that  equal 


FTD-HC-2 3-780 -70 


42 


forces  cause  equal  deformations 
in  the  actual  and  idealized  links . 
The  mass  centers  of  inertia  are 
used  as  points  of  application  of 
the  forces  and  for  the  measure¬ 
ment  of  the  deformations. 

As  examples.  Figure  2.1 
shows  the  individual  computational 
schemes  for  several  constructions. 


For  example,  the  turbopump 
assembly  rotor  (see  Figure  2.1a) 
can  be  represented  for  plane 
d  transverse  vibration  analysis  in 

the  form  of  a  system  consisting 
Figure  2.1.  Schematics  of  multi-  of  three  point  masses  located  at 

calculations . Vibration  the  centers  of  inertia  of  the 

disks,  which  are  connected  by 
weightless  shafts.  Such  a  system 
will  have  three  degrees  of  free¬ 
dom.  However,  if  all  the  wheels  are  represented  as  ideally  rigid 
disks  with  masses  and  moments  of  inertia  equal  to  the  corresponding 
quantities  for  the  wheels,  then  the  computational  system  will  have 
six  degrees  of  freedom. 


The  structure  of  a  flight  vehicle  of  the  rocket  type,  witl  its 
considerable  length,  is  idealized  for  transverse  vibration  analysis 
in  the  form  of  a  free  system  consisting  of  point  masses  coupled  to¬ 
gether  by  elastic  rods  (see  Figure  3.1b).  The  location  of  the  point 
masses,  their  magnitude,  the  bending  stiffnesses  of  the  coupling  rMs 
are  determined  from  the  design  of  the  vehicle  in  question.  In  the 
case  of  longitudinal  vibration  analysis,  the  same  structure  may  be 
examined  in  the  form  of  a  chain-like  system. 

Certain  designs  of  multi-panel  thermal  radiators,  radio  and 
solar  energy  devices  and  so  on,  can  be  reduced  to  the  multi-hinge 
pendulum  scheme  (see  Figure  2.1c). 
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In  the  torsional -vibration  analysis  of  shafts  of  piston  machines, 
ga3  turbine  engine  rotors,  and  power  generating  station  rotors,  the 
configuration  is  examined  in  the  form  of  a  system  consisting  of 
several  disks  connected  by  shafts  of  different  length  and  different 
diameters,  working  in  torsion  (see  Figure  2. Id). 

The  gas  turbine  engine  system  can  be  represented  by  a  scheme  in 
which  the  rotor  is  replaced  by  the  system  shown  in  Figure  2.1e,  in 
which  the  housing  is  represented  in  the  form  of  rigid  annular  masses 
connected  by  elastic  segments.  If  in  the  analysis  account  is  taken 
for  rotation  of  the  annular  masses  in  the  vibration  plane,  then  the 
position  of  each  of  the  masses  must  be  defined  by  two  generalized 
coordinates.  All  the  elastic  links,  including  the  links  between  the 
rotor  and  the  housing  and  also  between  the  housing  and  the  engine 
suspension  points,  are  represented  in  the  form  of  weightless  elastic 
elements  whose  stiffnesses  are  equal  chose  of  the  corresponding 
real  elements. 

In  formulating  the  analytic  system,  we  can  take  as  generalized 
coordinates  either  the  absolute  or  the  relative  displacements  of  the 
inertial  elements.  These  displacements  appear  In  the  form  of  rod 
deflections,  section  rotation  angles,  shaft  twist  ahgles,  tensile  or 
compressive  deformations  of  the  elastic  elements,  pendulum  deviation 
angles,  and  so  on.  We  emphasize  that  all  the  generalized  coordinates 
are  time  functions. 

2.1.  Differential  Equations  of  Free  Vibrations  of  Systems  With 
Several  Degrees  of  Freedom  and  Their  Integration 

2.1.1.  Formulation  of  the  Differential  Equations 

The  general  method  for  formulating  the  differential  equations  is 
based  on  use  of  the  Lagrange  equations.  To  this  end  we  formulate  the 
expressions  for  the- kinetic  and  potential  energies. 

In  order  to  obtain  linear  differential  equations,  we  consider 
only  small  vibrations  about  the  equilibrium  position,  as  a  result  of 
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which,  as  discussed  .in  courses  in  theoretical  mechanics,  the  kinetic 
and  potential  energies  are  expressed  in  quadratic  form. 

The  system  kinetic  energy  is  defined  by  the  formula 

7==  (fl )|$  +  <*»$+  .  .  •  +  <***$  4*  4* 

4* •  •  •4*  / 

i.e. , 


r-  i  £  . 


(2.1) 


where  aig  —  are  inertial  coefficients,  containing  the  mass  and  moment 


of  inertia 


The  system  potential  energy 
is  expressed  in  the  form 


* 

n=-r“  2  ct$9i9$> 


i-i-i 


(2.2) 


Figure  2.2.  Determining  static  where  c.  -  are  quasi-elastic 

stiffness  coefficients.  18  .  . 

coefficients . 

To  calculate  these  coefficients 
we  impose  on  the  system  additional 

rigid  constraints  in  the  direction  of  all  the  generalized  coordinates 
except  that  one  with  subscript  s  (Figure  2.2). 

Then  in  the  direction  s  we  apply  the  force  ^  . ,  whose  action  leads 
to  the  displacement  qg  and  the  reactions  of  all  the  additional 
constraints .  The  ratio 


is  termed  the  intrinsic  quasi-elastic  coefficient, 
support  reactions  to  the  displacement 


(2.3) 

The  ratio  of  the 
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r 


I 


m 


Cu¬ 


lt, 


(2.4) 


is  called  the  extrinsic  quasi-elastic  coefficient. 


In  the  calculations  the  subscript  s  takes  values  from  one  to  k. 
Therefore,  the  system  has  k  intrinsic  coefficients  and  k(k  -  1) 
extrinsic  coefficients.  The  latter  possess  the  reciprocity  property 


£j» — £,/. 


After  differentiating  (2.1)  and  (2.2)  in  accordance  with 
the  requirements  of  the  Lagrange  equation,  we  obtain  the  system  of 
differential  equations  of  small  vibrations  of  the  linear  system 


«aifi4-«aa?a+*  ••+flaK0*+c2ift-f  cnfa+* .  .+<?a»?*==0; 


(2.5) 


In  general  form,  the  system  of  equations  is  written  as 

* 

2(«,,?,+c„?«)===0  (i==l . ** 

I«1 


(2.6) 


Equations  in  direct  form.  The  equations  can  be  obtained  in 
simpler  form  if  we  take  as  the  generalized  coordinates  those  which 
yield  the  expression  for  the  kinetic  energy  In  the  form  of  the  sum  of 
squares 


/•i 


(2.7) 


Then  the  differential  equations  are  obtained  in  the  form 


1-1 

•  & 


(2.8) 
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_  -  _  _ _ _  _ 4  A«a  ViflP  f.hp  form 

xne  expanueu  oy»ut:m  ua  C4uawxw»-  — 


— CTi^,  -  :  ^  »?a + •  •  .+*1*7*5 

—  fftyfj = f JJ^I  4"  *2273  +  •  •  •  +  *2*7* 


— m*?*— c»i7t+**27*+ •  •  • +***0* 


(2.9) 


this  form  of  the  equations  and  the  related  further  solutions  are 
usually  termed  the  "direct  form  of  the  vibration  equations". 

If  the  inertial  elements  of  the  system  perform  angular  vibrations 
and  among  the  generalized  coordinates  there  are  angular  coordinates, 
then  the  formula  for  the  kinetic  energy  takes  the  form 

(2.10) 

Imt  l«»t 

Correspondingly,  the  left  sides  of  (2.9)  will  contain  the  moments  of 
inertia.  In  view  of  the  uniformity  of  the  formulas,  in  the  following 
we  shall  not  identify  the  terms  containing  the  moments  of  inertia, 
considering  the  latter  as  generalized  masses. 

Equations  (2.9)  are  the  equations  of  equilibrium  of  the  inertia 
forces  and  the  elastic  forces  applied  to  the  masses  m*.  Therefore, 
in  many  practical  problems  the  vibration  differential  equations  can 
be  obtained  without  use  of  the  Lagrange  equations,  formulating  them 
as  the  equations  of  equilibrium  based  on  the  d'Alembert  principle. 

For  chain-type  systems  (see  Figure  2.1c,d)  formulation  of  the 
differential  equations  in  the  form  (2.9)  offers  obvious  conveniences, 
since  most  of  the  coefficients  clg  then  vanish. 

Equations  in  inverse  form.  For  beam-type  systems  the  form  (2.9) 
requires  finding  all  the  coefficients  cis .  This  involves  tedious 
'  calculations,  since- it  is  necessary  to  solve  systems  with  a  large 
number  of  static  indeterminacios . 
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-  *wr.  •-  t**r*  «*w«-  ^*w  * 


In  these  cases,  the  equations  in  the  so-called  "inverse  form" 
are  more  convenient.  These  aquations  can  be  obtained  in  two  ways: 
either  by  transforming  the  system  of  Equations  (2.9)*  solving  it  for 
the  variables  qit  or  with  the  aid  of  the  generalized  equation  of  the 
force  method 


<h  — <*11^1 +®j*^*+ •  •  •  +®u/V 

?» — OjjPj  4-ajjP»+. . . 


?*==°*i^>i +®**P*4*  •  •  • 


(2.11) 


8? 

If 


where  aig  -  are  the  static  influence  or  compliance  coefficients. 

They  denote  the  displacement  in  the  direction  of  the 
qj^  coordinate  under  the  action  of  a  unit  force  in  the 
qg  direction. 

It  is  customary  to  call: 
aii  ”  the  intrin8ic  influence  coefficient; 
ais  ~  the  extrinsic  influence  coefficient. 

The  influence  coefficients  have  the  reciprocity  property 

• 

From  the  d'Alembert  principle  we  have 


(2.12) 


and  (2.11)  become  the  vibration  differential  equations  in  inverse 
form 


®»jW4fs  —  ••• — 


(2.13) 
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2.1.2.  Integration  of  the  Differential  Equations  of  Free  Vibrations 

All  the  differential  equations  forming  the  Systems  (2.5) y  (2.9), 
or  (2.13)  are  second-order  equations.  Tne  solutions  of  the  equations 
are  the  harmonic  functions 

(2.14) 

in  acc<  rdance  with  these  solutions  all  the  masses  perform  harmonic 
vibrations  with  the  same  frequency  p  but  different  amplitudes  A^. 

The  phase  angle  e  is  the  same  for  all  coordinates.  This  means 
that  all  the  masses  reach  the  extreme  position  or  pass  through  the 
zero  position  simultaneously. 

The  choice  of  the  phase  angle  corresponds  to  the  choice  of  the 
initial  conditions.  If  we  set  for  t  *  0 

9i(0)«4i:  i»( 0)«*0, 


we  obtain 


««-0t 


2. 1.2.1.  Solution  of  the  Equations  in  Direct  Form 

We  substitute  (2.14)  into  (2.9)  and  obtain 

a 

(/**)*  2, . . . , A). 

|«I 

We  write  this  system  in  expanded  form 

(c„— frtjP2)  A, r,4 A*  - 0;' 
fai^i +(ra  “  + •  •  *  T"  c:*At  ~  0; 

•  •  .•Kfa“WiP,M,=0. 


(2.15) 


(2.16) 
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These  equations  .are  homogeneous.  They  contain  the  k  unknown 
amplitudes  Their  nonzero  values  can  be  obtained  from  the  equations, 
provided  the  system  determinant  equals  zero 


. 

*n 

rn — m}p*  ... 

r2.i 

• 

•  •  •  •  f 

<*» 

Cf#  ••• 

• 

•  «  •  •  t 

f**-'W*. 

(2.17) 


O 

The  determinant  is  a  function  of  p  .  The  roots  of  the  determinant 
—  the  frequencies  for  which  it  vanishes  —  are  termed  the  system 
natural  vibration  frequencies.  Therefore,  the  determinant,  equated  to 
zero,  is  called  the  frequency  equation. 


The  determinant  is  symmetric  about  the  principal  diagonal  and 

has  an  order  equal  to  the  number  of  system  degrees  of  freedom.  Since 

2  2 
p  appears  in  all  the  diagonal  terms,  the  number  of  roots  of  the 

determinant  is  also  equal  to  the  number  of  degrees  of  freedom. 


The  theorem  "On  the  positiveness  and  separation  of  the  roots  of 
the  secular  equation"  is  proved  in  general  courses  on  vibration  theory. 
This  theorem  has  the  following  significance:  If  the  system  potential 
energy  is  a  positive  definite  function  of  the  generalized  coordinates, 

(  O 

all  the  roots  of  the  frequency  equation  (frequency  squared  p)  are 
positive  and  are  separated  by  the  roots  of  the  minor  corresponding  to 
the  first  element  of  the  determinant. 


According  to  this  theorem,  all  .the  k  natural  frequencies  are 
real.  They  are  usually  numbered  in  increasing  order  by  subscripts 
from  1  to  k. 


For  each  root  of  the  frequency  equation,  the  basic  Equations 
(2.16)  make  it  possible  to  find  all  the  valves  of  the  natural  oscil¬ 
lation  amplitudes  A^.  In  this  case,  as  a  result  of  homogeneity  of 
the  equations  one  of  them  can  be  dropped,  and  the  amplitude  of  the 
first  mass,  for  example,  can  be  taken  as  \lrtity.  Then  the  amplitudes 
found  will  be  relative. 
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Per  each  natural  frequency  the  amplitudes  form  a  quite  definite 
ensemble  of  quantities,  termed  the  vibration  mode.  Each  frequency  has 
its  own  vibration  mode. 

Thus,  a  system  with  k  degrees  of  freedom  has  k  natural  frequencies 
and  corresponding  vibration  modes.  In  vibration  theory  the  natural 
frequencies  and  vibration  modes  are  termed  principal  frequencies  and 
modes . 

By  virtue  of  the  linearity  of  the  differential  Equations  (? 
we  obtain  their  general  solution  as  the  sum  of  the  particular 
solutions  (2.14) 

ft  ' 

ft =2  Aii 

.  /-l  (2.18) 

where  J  —  is  the  sequential  natural  vibration  frequency  number. 

It  follows  from  the  general  solution  that  each  of  the  masses 
executes  a  complex  vibratory  motion  which  is  the  superposition  of 
principal  vibrations  of  different  frequencies.  Since  the  frequencies 
are  not  in  general  multiples,  the  combined  vibrations  will  not  be 
periodic . 

The  "natural  vibration  mode"  and  "natural  vibration  frequency" 
concepts  are  applicable  only  to  the  principal  vibrations  and  have  no 
meaning  in  application  to  their  combinations.  Therefore,  the  free 
vibrations  in  general  form  have  neither  a  definite  mode  nor  a  definite 
frequency . 

This  important  conclusion  on  independence  and  superpositioning 
of  the  principal  vibrations  has  great  theoretical  and  practical 
importance.  As  a  result  of  this  conclusion,  the  entire  theory  of 
linear  vibrations  is  constructed  as  a  theory  of  principal  vibrations ; 
and  the  calculations  are  made  as  calculations  of  the  natural  modes 
and  frequencies.  This  avoids  the  necessity  for  simultaneous  examina¬ 
tion  of  the  entire  ensemble  of  vibrations  and  makes  it  possible  to 


study  the  principal  vibrations  individually,  with  subsequent  use  of 
the  superposition  principle. 

In  accordance  with  this  principle, any  vibrations  of  a  system  with 
k  degrees  of  freedom  can  be  decomposed  into  k  principal  vibrations, 
representing  them  in  the  form  of  the  sum  of  the  natural  modes.  To  do 
this,  it  is  necessary  to  first  know  all  the  natural  frequencies  and 
vibration  modes  of  the  system,  whose  determination  is  one  of  the 
basic  problems  of  vibration  theory  and  analysis. 

2. 1.2. 2.  Solution  of  Equations  in  Inverse  Form 

If  the  Solutions  (2.14)  are  substituted  into  the  differential 
Equations  (2.13),  we  obtain  another  form  of  the  algebraic  equations 


where  i—\%  2,...,*. 

*-i 


(2.19) 


This  system  is  written  in  expanded  form  as 

1)A+«»»MK*+. ..-haiX/»M*==0;  J 


(2.20) 


The  determinant  of  this  system  yields  the  frequency  equation  in 
inverse  form: 

> 

««»»#*- 1  ... 

. =0; 


(2.21) 


the  determinant  is  asymmetric  about  the  diagonal  terms. 


To  symmetrize  (2.21),.  which  is  advisable  in  many  cases,  we  divide 
each  column  with  subscript  i  by  yin,  and  multiply  the  corresponding 
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row  by  the  same  factor;  after  this,  we  introduce  the  notations 

*<»=■«*  w* 


(2.22) 


and  obtain  the  symmetrized  equation 


~~p  *»* 


h*k 


(2.23) 


The  roots  of  the  frequency  Equations  (2.17),  (2.21)  and  (2.23)  of  a 
particular  system  are  obviously  identical. 

It  is  advisable  to  use  a  digital  computer  to  find  the  roots  of 
the  frequency  equations  for  systems  with  four  or  more  degrees  of 
freedom.  The  use  of  computers  eliminates  practically  all  the  diffi¬ 
culties  in  calculating  the  high-order  determinants,  associated  with 
the  large  volume  of  the  computational  operations.  The  entire  fre¬ 
quency  spectrum  can  be  found  for  any  multimass  system  encountered  In 
practice. 

The  calculation  is  made  using  the  trial  and  error  method.  To 
this  end,  we  can  use  the  frequency  equation  in  the  form  of  the  deter¬ 
minant  (2.17),  (2.21),  or  (2.23),  using  one  of  the  standard  programs 
for  calculating  determinants. 

In  the  computational  process  the  function  A(p*)  is  plotted.  The 
function  is  discontinuous;  the  points  of  intersection  of  the  curve 
with  the  abscissa  axis  correspond  to  the  roots  of  the  determinant. 

We  note  that  the  slope  of  the  curve  at  the  points  of  intersection 
with  the  abscissa  axis  for  the  higher  roots  becomes  nearly  normal, 
which  makes  it  difficult  to  identify  the  abscissa  of  the  zero  point. 
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To  facilitate  the  calculation  we  can  recommend  plotting  the  function 
A(/»*)/(p,)>  ,  where  J  is  the  sequential  number  of  the  root  in  the  region 
of  which  the  indicated  function  is  constructed. 


When  using  the  other  technique,  the  determinanc  is  expanded  into 
a  row.  As  a  result,  we  obtain  an  algebraic  equation  of  degree  k. 

The  coefficients  of  the  equation  are  calculated  in  the  determinant 
expansion  process  and  must  form  an  alternating  series.  Otherwise, 
among  the  roots  of  the  equation  there  will  be  negative  roots,  which 
contradicts  the  general  property  of  the  frequency  equation  —  the 
positive  nature  of  its  roots. 


Expansion  of  the  determinant  into  a  row  is  a  tedious  process  and 
is  performed  on  a  digital  computer;  however,  the  subsequent  selection 
of  the  roots  is  simplified  markedly. 


When  the  roots  of  the  frequency  equation  have  been  determined, 
its  polynomial  can  be  written  in  the  form  of  the  product 


(2.24) 


where  M  —  is  the  coefficient  of  the  highest  term  of  the  polynomial. 
For  the  determinant  (2.17)  it  equals  the  product 


Afs*( —  if  Bf.ifli,. 


(2.25) 


2.1.3.  Change  of  System  Natural  Vibration  Frequencies  With  the 
Imposition  of  Additional  Constraints 


Let  us  examine  the  case  in  which  a  constraint  is  imposed  on  one 
of  the  sections,  where  the  mass  is  located.  We  use  the  Equation 
(2.17)  to  evaluate  the  constraint  effect. 


When  the  constraint  is  imposed  on  the  section  i,the  compliance 
coefficients  <*ig  for  this  section  become  zero.  Therefore,  the  coeffi¬ 
cients  his  of  the  column  and  row  i  of  the  determinant  (2.23)  vanish, 
and  the  corresponding  diagonal  element  becomes  -1/p2.  The  first 
solution  of  the  frequency  equation  will  be 
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which  means  that  the  highest  frequency  Increases  without  limit. 
Prom  the  system  frequency  spectrum  there  Is  removed  the  frequency 
lying  in  the  region 


_*  1 
*« 


(2.26) 


The  remaining  frequencies  are  altered  only  slightly  in  one  direction 
or  the  other. 

Upon  imposition  of  the  additional  constraint,  the  minor  of  the 
i  diagonal  element  becomes  the  system  frequency  equation.  The 
number  of  roots  of  the  new  frequency  equation  is  one  less  than  the 
number  of  roots  of  the  original  equation,  which  corresponds  to  a 
reduction  of  the  number  of  system  degrees  of  freedom  because  of 
imposition  of  the  constraint. 

In  accordance  with  the  theorem  presented  above  on  the  separation 
of  the  roots  of  the  frequency  equation,  the  roots  of  the  minor  are 
located  between  the  roots  of  the  original  determinant.  Consequently, 
the  natural  vibration  frequencies  of  the  system  with  the  imposed 
constraint  are  located  in  any  case  between  the  frequencies  of  the 
original  system. 

The  numerical  value  of  the  roots  in  the  case  of  restraint  of  one 
or  another  of  the  coordinates  will  be  different, but  will  lie  within 
the  limits  of  the  indicated  bounds.  In  summary,  all  the  frequencies 
are  shifted  in  the  upward  direction,  and  the  highest  frequency 
approaches  infinity . 

If  still  another  coordinate  is  constrained,  the  new  frequency 
equation  is  obtained  by  still  another  deletion  of  the  corresponding 
row  and- column  of  the  original  determinant.  The  frequencies  of  the 
new  system  will  be  located  between  the  roots  of  the  preceding  minor 
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and  their  number  will  be  still  one  smaller.  All  the  frequencies  again 
increase. 

If  the  constraint  is  imposed  at  a  section  which  does  not  .coincide 
with  the  location  of  one  of  the  masses,  but  is  located  between  the 
masses,  then  the  number  of  degrees  of  freedom  remains  the  same.  All 
the  frequencies  in  the  spectrum  Increase.  In  this  case,  the  frequen¬ 
cies  which  previously  were  in  the  region 

A~b  'Hdur1  '2-27> 

where  i,  i  +  1  are  the  numbers  of  the  masses  between  which  the  rigid 
constraint  is  introduced,  now  move  up  into  the  high-frequency  region. 

2.1.4.  Change  of  Natural  Vibration  Frequencies  With  Change  of 
System  Masses  and  Stiffnesses 

The  frequency  equations  in  determinant  form  show  that  the  system  > 
natural  vibration  frequencies  depend  only  on  the  magnitudes  of  the 
masses  and  stiffnesses  (compliances).  Therefore,  in  order  to  change 
the  frequencies  we  must  change  the  construction  of  the  system  elements 
to  increase  or  decrease  their  masses  or  stiffnesses. 

The  choice  of  the  correct  direction  in  which  to  alter  the  con¬ 
struction  may  be  made  without  carrying  out  special  calculations,  on 
the  basis  of  the  general  dependence  of  the  frequencies  on  the 
stiffnesses  and  masses. 

Reduction  of  one  of  the  system  masses  reduces  the  coefficients 
h±  of  the  corresponding  row  and  column  of  the  Determinant  (2.23). 

This  leads  to  increase  of  the  natural  vibration  frequencies.  If  we 
examine  the  limiting  case  and  set  the  mass  equal  to  zero,  this 
will  be  equivalent  to  the  introduction  of  an  additional  support.  The 
roots  of  the  minor  of  the  ith  diagonal  element  of  the  original  deter¬ 
minant  become  the  natural  vibration  frequencies .  Since  the  roots  of 
the  minor  lie  in  the  intervals  between  the  roots  of  the  original 
determinant,  in  general  all  the  frequencies  are  shifted  in  the 
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increasing  direction, 
in  the  region 


If  nij.  is  small  but  not  equal  to  zero,  this  frequency  shifts 
beyond  the  limit  of  the  previous  spectrum  into  the  higher  frequency 
region. 

Increase  of  the  mass  has  an  effect  opposite  to  that  just 
described.  This  can  be  seen  from  the  frequency  equation  in  the  direct 

4*  Vi 

form  (2.17).  If  we  divide  all  the  elements  of  the  i  row  by  and 
imagine  that  increases  without  limit,  the  coefficients  c^/n^  of 
the  row  vanish.  With  unlimited  increase  of  one  of  the  masses, the 

4*  Vi 

lowest  frequency  approaches  zero.  The  roots  of  the  minor  to  the  i 
element  of  the  basic  determinant  become  the  natural  frequencies. 

Since  these  roots  lie  between  the  basic  roots,  we  can  conclude  that 
with  increase  of  one  of  the  masses  all  the  natural  vibration  frequen¬ 
cies  decrease. 

The  limit  for  the  first  frequency  is  zero,  while  the  limits  for 
the  other  frequencies  are  the  roots  of  the  minor  of  the  diagonal 
element . 

Simultaneous  change  of  several  masses  provides  a  cumulative 
effect. 

The  system  element  stiffnesses  also  have  a  consistent  influence 
on  the  natural  vibration  frequencies:  increase  of  the  stiffnesses 
always  increases  the  frequencies,  while  reduction  of  the  stiffnesses 
always  reduces  the  frequencies. 

Change  of  the  stiffness  of  an  individual  element  causes  simul¬ 
taneous  change  of  several  coefficients  in  the  frequency  equation. 
Therefore,  all  the  frequencies  undergo  a  change.  The  degree  of  change 
of  the  Individual  natural  frequencies  depends  on  the  degree  of  mutual 
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influence  of  the  elements  in  the  system.  For  example,  if  the. deter¬ 
minant  consists  of  only  diagonal  elements 


fii — «**/»*  0  0 

.0  ,  eB— m jp*  0  =0, 

Q  0  f„— %P* 


(2.28) 


the  system  natural  frequencies  depend  only  on  the  intrinsic  stiffness 
coefficients.  In  such  a  system  the  frequencies  can  be  altered 
separately  and  independently  by  increasing  or  decreasing  the  corres¬ 
ponding  coefficient  c^. 

If  the  determinant  contains  only  certain  extrinsic  coefficients. 


for  example. 

f 

fit  0. 

V 

‘ n 

cn— mtpi*  0  =0, 

\ 

0 

0  cmr- 

(2.29) 

the  frequency  equation  can  be  represented  in  the  form  of  the  product 


cn  cn-m 


(2.30) 


This  shows  that  only  a  single  frequency  is  associated  with  the  coeffi¬ 
cient  c^^  and  it  is  independent.  The  other  two  frequencies  are 
interconnected  by  the  coefficient  c12«  They  are  separated  by  the 
frequencies  of  the  diagonal  elements 


(2.31) 


In  the  general  case,  when  the  determinant  of  the  frequency 
equation  contains  all  the  extrinsic  coefficients,  all  the  natural 
frequencies  are  interconnected.  The  degree  of  influence  of  the  stiff¬ 
ness  of  an  individual  element  of  the  system  on  each  of  the  frequencies 
depends  on  the  magnitude  of  the  extrinsic  coefficients  cis. 

In  spite  of  the  mutual  influence,  the  diagonal  elements  are  the 
determining  factors  for  the  natural  frequencies.  If, as  a  result  of 
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change  of  the  system  stiffnesses, only  one  of  the  diagonal  coefficients 
ci;1  changes  significantly,  then  the  largest  change  will  take  place 
only  in  the  single  natural  frequency  which  is  closest  to  the  frequency 
defined  by  the  ratio  c^/n^.  This  makes  possible  selective  influence 
on  the  individual  natural  frequencies  by  finding  in  the  system  those 
elements  whose  stiffness  has  the  strongest  influence  on  certain  coe¬ 
fficients  and  considerably  less  influence  on  the  others. 

2.2.  Natural  Vibration  Modes  and  Their  Properties 
2.2.1  Vibration  Mode  Determination 


The  vibration  amplitudes  are  found  from  the  algebraic  Equations 
(2.15)  or  (2.20).  We  have  noted  previously  that  the  equations  yield 
nonzero  amplitude  values  when  the  frequency  p  in  the  equation  takes 
a  value  equal  to  the  natural  vibration  frequency. 

Let  us  examine  the  system  of  Equations  (2.15)  in  applicati-"'1  to 
a  three-mass  system.  We  drop  the  first  equation  and  take  the  am;.  '•  - 
tude  of  the  first  mass  as  one.  The  remaining  equations  yield  the 
following  system 

(ra~  m^) A ,  +  cnAt=  -  cn;  \ 

^ J  (2.32) 


Hence  we  find  the  vibration  amplitudes  as  the  ratios 


(2.33) 


where  Au.  An,  An  are  the  respective  determinants 


I  fo-rajp* 

1. 

I 

1 

1  ■ 

<*»— mj/>*  J’ 

1  -c,i 

Ca-n^P2  1 

\ca—m2/P 

-C9.I 

1  •  *» 

-far 

it  is  not  difficult  to  verify  that  these  determinants  are  the  minors 
of  the  basic  determinant  of  the  system  of  equations  (2.15)  to  the 
elements  of  the  first  row. 


1 


£ 

i 

;•> 

\ 
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We  form  the  amplitude  ratios 

At  •  A)  t  <4.= 1  s  -It- ; 

An  An 

Hence  we  also  have 

AiiAtiAfSsHniliitXii,  (2.35) 

i.e.,  the  amplitudes  of  the  system  mass  free  vibrations  are  propor¬ 
tional  to  the  minors  to  the  elements  of  the  first  row  of  the  deter¬ 
minant  of  the  frequency  equation. 

The  result. is  not  changed  if  in  determining  the  amplitudes  we 
drop  some  other  equation  rather  than  the  first.  The  amplitudes  of 
the  free  vibrations  are  proportional  to  the  minors  to  the  elements 
of  any  row  of  the  determinant  of  the  frequency  equation. 

* 

The  amplitude  ratios  are  strictly  defined  for  each  natural 
frequency.  Plotting  to  scale  the  vibration  amplitudes  of  the  masses 
(Figure  2.3),  we  obtain  a  definite  pattern  of  the  deflections  of  all 
the  masses  from  the  equilibrium  position.  The" vibration  amplitude 
relationship  or  the  shape  of  the  mass  deflections  is  termed  the  natural 
vibration  mode. 

The  number  of  natural  vibra¬ 
tion  modes  is  equal  to  the  number 
of  system  degrees  of  freedom. 

2.2.2.  Vibration  Mode  Norming 

The  normed  natural  vibration 
mode  is  that  mode  for  which  the 
sum  of  the  products  of  the  ampli¬ 
tudes  squared  by  the  masses 
equals  ope 


Figure  2.3  Vibration  modes. of 
single-span  bar;.  1,2,3  -  masa 
numbers  j 


i-i 


(2.36) 


the  first  subscript  of  the  normed  amplitude  is  the  mass  number,  the 
second  subscript  is  the  mode  number. 


The  ratios  of  the  normed  amplitudes  of  a  given  vibration  mode 
remain  the  same  as  for  the  un-normed  mode.  Therefore,  conversion 
from  un-normed  to  normed  amplitudes  reduces  to  multiplication  of  all 
the  amplitudes  by  the  same  number  Nj ,  which  is  called  the  norming 
factor.  If  the  vibration  mode  is  specified  by  the  ratio  of  the  minors, 
then  the  normed  amplitudes  will  be 


»i)~ hlN.fi  «jj — A» iNf% ...; AjjWj. 


(2.37) 


Substituting  these  values  of  the  normed  amplitudes  into  (2.36), 
we  obtain  the  formula  for  determining  the  norming  factor  of  the 
vibration  mode  j 


B*iA|j=l. 
i- 1 


(2.38) 


Writing  the  expression  for  the  system  kinetic  energy  for  the  given 
vibration  mode 


r==~-  2  w'“VJs,nl  (**+*>• 


it  is  easy  to  see  that  the  expression  takes  a  very  simple  form  for 
the  normed  vibration  modc3 


(2.39) 


l.e.,  the  maximal  system  kinetic  energy  is  numerically  equal  to  half 
the  natural  vibration  frequency  squared. 
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2.2.3*  Vibration  Normal  Mode  Orthogonality  Condition 

The  mass  inertia  force  during  vibrations  is  connected  with  the 
elastic  forces  by  the  equality  (2.8) 

» 

«•! 

the  displacement  of  the  mass  m^  for  vibrations  in  each  of  the  normal 
modes  is  defined  by  the  harmonic  function 

?ij-««cos(Pit+ej).  (2.40) 

We  form  the  product  of  the  inertia  force  of  the  mass  mi  in  the  vibra¬ 
tion  mode  j  by  the  displacement  in  the  vibration  mode  v 


. .  »* 

Substituting  herein  the  harmonic  function  (2.4)  with  the  correspond¬ 
ing  subscript,  we  obtain 

iM 

=*Mi,  cta(pj 

cancelling  the  common  factor 4  we  obtain  the  equality 

.  ■  ■* 

I«1 

Forming  these  equalities  for  all  the  masses  and  combining  them,  we 
obtain 

*  *  * 

2  wfc-J  *<»  2  *<**«/• 


i-i 


<•1  tmt 


(2.41) 


If  we  form  the  sum  of  the  products  of  the  Inertia  forces  in 
mode  J  by  the  displacement  in  mode  v,  we  obtain  the  analogous  equality 
with  inversion  of  the  subscripts 
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»  »  * 

•  p*  J  m,u„a,j^  2  ut)  2  <V»*;  (2.42) 

/«!#«! 

* 

The  stiffness  coefficient  cig  is  not  connected  with  the  vibration 
mode;  therefore,  the  right  sides  of  (2.41)  and '(2.42)  are  equal. 
Consequently,  the  left  sides  must  be  equal 

* 

ft  ‘  ft  iv 

lm  |  Im  | 

since  Pv  ^  Pj ,  this  is  possible  provided 

» 

(2.43) 

•  ;  /-i 

This  equality  expresses  the  condition  for  orthogonality  of  the 
normal  vibration  modes.  It  is  very  important  in  both  vibration 
theory  and  practical  calculations.  Several  important  theorems  are 
proved  with  the  aid  of  this  condition.  •  The  orthogonality  condition 
is  necessary  in  calculating  the  second  and  following  higher  natural 
vibration  modes  and  frequencies. 

The  orthogonality  condition  yields  directly  a  very  important 
conclusion:  the  work  of  the  inertia  forces  of  one  vibration  mode 
during  displacements  in  another  vibration  mode  equals  zero.  This 
means  that  the  energy  of  one  vibration  mode  cannot  transfer  Into  the 
energy  of  another  vibration  mode.  A  new  vibration  mode  cannot  develop 
as  a  result  of  existing  energy  and  special  external  input  is  required 
for  its  development. 

2.2.4.  Theorem  on  Natural  Vibration  Mode  Nodes 

The  theorem  on  normal  mode1 nodes  is  the  second  corollary  of  the 
•  orthogonality  condition. 

A  system  with  k  degrees  of  freedom  has  k  principal  frequencies. 

.  To  each  frequency  corresponds  its  own  vibration  mode.  The  definitive 

feature  of  each  vibration  mode  is  the  number  of  mode  nodes  or  the 
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number  of  amplitude  sign  changes.  The  nodes  are  the  system  points 
which  remain  stationary  during  vibration. 

The  normal  mode  node  theorem,  which  is  proved  in  specialized 
courses,  defines  the  general  rule:  the  number  of  amplitude  sign 
changes  (number  of  mode  nodes)  of  normal  mode  J  equals  J  -  1,  i.e., 
one  less  than  the  mode  number. 

For  simple  systems,  for  example  for  single-span  beams  (see 
Figure  2.3),  this  means  that  during  vibrations  in  the  first  mode  the 
displacement  of  all  the  masses  takes  place  on  the  same  side  of  the 
equilibrium  position  —  the  vibration  mode  has  no  nodes. 


By  the  orthogonality  condition,  the  second  vibration  mode  must  have 
part  of  the  amplitudes  positive  and  part  negative.  Otherwise  the 
sum  of  the  products  of  the  amplitudes  of  the  first  and  second  modes 
will  not  be  equal  to  zero.  This  means  that  the  second  mode  must  have 
a  single  node,  or  a  single  amplitude  sign  change.  The  third  vibration 
mode  has  two  nodes,  i.e.,  two  amplitude  sign  changes,  and  so  on. 


In  applying  the  nodal  theorem  to  multi-support  systems,  particu- 

*  '  '  y.  •  •  \T  >,  • 

larly  for  multi-span  beams,  we  must  remember  that  a  stationary  point 
lying  within  the  limits  of  a  span  is  to  be  considered  a  vibration 
mode  node.  The  stationary  points  at  the  supports  are  not  considered 
vibration  mode  nodes. 

The  location  of  the  vibration  mode  nodes  is  obvious  if  the  elastic 

"  j 

line  of  the  beam  is  plotted.  Usually  this  construction  involves 
additional  calculations  and  is  not  carried  out.  Then  the  analysis 
of  the  vibration  modes  Is  based  on  ihe  signs  of  the  vibration 
amplitudes . 

We  shall  examine  this  question  using  the  example  of  a  three- 
support  beam  with  dantilever  (Figure  2.4). 
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'The  f ir8t  vibration  mode , 
constructed  for  the  lowest 
frequency,  has  the  following 
characteristics.  The  signs  of 
the  amplitudes  within  the  limits 
of  a  span  are  the  same  and  oppo¬ 
site  to  the  signs  of  the  ampli¬ 
tudes  of  the  adjacent  spans.  If 
this  rule  is  not  satisfied, the 
elastic  line  for  the  first  mode 
will  have  nodal  points,  which 
contradicts  the  nodal  theorem. 

We  take  the  directions  of 
the  displacement  of  the  masses  in  the  first  mode  as  the  positive 
directions.  Then  for  the  second  mode  the  left  part  of  the  beam  will 
have  positive  amplitudes,  while  the  right  part  will  have  negative 
amplitudes.  The  vibration  mode  has  a  single  amplitude  sign  change 
and  a  single  nodal  point  in  the  right-hand  span. 

The  third  and  fourth  modes  have  respectively  two  and  three  ampli¬ 
tude  sign  changes,  although  the  locations  of  the  nodal  points  for 
these  modes  are  not  identified. 

In  more  complex  cases,  in  order  to  determine  the  vibration  mode 
number, it  is  necessary  to  resort  to  construction  of  the  elastic  line 
and  determination  of  the  number  of  vibration  mode  nodes. 

The  nodal  theorem  is  used  to  check  the  calculation  of  the  vibra¬ 
tion  natural  frequencies  and  modes.  In  those  cases  in  which, from 
the  entire  natural  frequency  spectrum  only  a  single  frequency  is 
*  determined,  it  serves  for  determining  the  number  of  the  vibration 

mode  found. 

.  2.2.5.  •  Expansion  of  Arbitrary  Modes  in  Normal  Vibration  Modes 

Any  ensemble  of  numerical  quantities  consisting  of  k  elements, 
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Figure  2.4.  Vibration  modes  of 
multi-span  bar.  1,2,3  -  mass 
numbers . 
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can  be  expanded  In  the  normal  vibration  modes  of  some  given  system 
having  k  degrees  of  freedom,  representing  them  in  the.  form  of  the 
following  linear  relations 


or  in  general  form 


=*»**» +*2“lJ  +  *••  *f V*l*? 

*a— *»f*n +*a**a  4* 

**=*i#M  +*»***+ •••+***»*♦ 


(f~~  I A  •••»  4). 

/-» 


(2.44) 


where  X.^  is  the  given  ensemble  of  k  quantities; 

are  the  normed  amplitudes  of  the  system  free  vibrations;  i 


is  the  mass  number;  J  is  the  mode  number; 


Kj  are  the  coefficients  of  the  modal  expansion  from  one  to  k. 

The  feasibility  of  this  expansion  follows  directly  from  the 
system  of  linear  Equations  (2.44),  in  which  the  expansion  coefficients 

Th.e  basic,  system  determinant  is  not  equal  to 

zero; 

from  the.  given  equations.. 


Kj  are  the  unknowns. 

>;  therefore  the  coefficients  are  always  real  and  can  be  found 


The  process  of  expansion  in  normal  forms  should-  be  considered  as 
a  purely  formal  procedure.  It  should  not  be  associated  with  the 
vibration  superposition  principle. 

However,  the  technique  of  expansion  of  different  modes  in  terms 
of  the  normal  vibration  mpdes  is  convenient  and  finds  application  in 
theoretical  transformations  and  in  developing,  practical  methods  for 
the  solution  of  problems : —  for  example ,  in  the  study  of  questions  of 
forced  vibrations  of  multi-mass  systems,  in  developing  successive 
approximation  methods,  and  in  calculating  the  normal  vibration  modes 
and  frequencies. 

The  determination  of  the  expansion  coefficients  by  solving  the 
system  of  Equations  (2.44)  for  the  unknowns  in  the  case  of  a  large 
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number  of  terms  of  the  expansion  is  unsuitable  because  of  the.  complex¬ 
ity  of  this  method.  Application  of  the  normal  vibration  mode  ortho¬ 
gonality  properties  simplifies  considerably  the  determination. of 
the  expansion  coefficients. 

In  order  to  use  the  orthogonality  condition  (2.43),  we  multiply 
each  equation  by  the  mass  and  by  the  amplitude  of  that  vibration 
mode  v  whose  expansion  coefficient  is  to  be  found 


Ai#i. +...+ "f  , 

+ ...  + + ... + VH*®*****. 


(2.45) 


We  combine  all  the  equations 

■  *  *  ‘  *  * 

V  5!  +*»  S  /**.+  -+ **  2  (2.46) 

|-1  /-l  ,-i  M 

By  virtue  of  the  orthogonality  condition,  all  the  terms  in  the 
right  side  of  the  equation,  except  the  term  containing  kv,  vanish. 

The  sum  affiliated  with  icv  equals  one  by  the  normalization  condition. 
Therefore,  the  expansion  coefficient  will  be 


i-i 

2.3  Methods  for  Calculating  Natural  Vibration 
Frequencies  and  Modes  of  Systems  with 
Many  Degrees  of  Freedom 


(2.47) 


2.3.1.  Rayleigh  Method 


The  natural  vibration  frequency  can  be  determined  on  the  basis 
of  the  energy  conservation  law.  The  sum  of  the  kinetic  and  potential 
energies  of  each  vibration  mode  is  a  constant.  On  this  basis  we 
write  the  equality 


‘IT, 


(2.48) 
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where  Tj  max  is  the  maximal  system  kinetic  energy  at  the  moment  of 
passage  through  the  equilibrium  position; 

Jlj  max  is  the  maximal  system  potential  energy  at  the  moment 
of  greatest  deflection. 

Representing  the  vibrations  with  the  aid  of  the  normed  amplitudes 

*jj;  '4,i—  — 


and  substituting  the  values  of  the  maximal  deflections  and  velocities 
into  the  potential  energy  (2.2)  and  kinetic  energy  (2.7)  formulas, 
we  obtain 


»4-l 


(2.49) 


,  .  ,  p 

Equating  the  energies  and  solving  the  equations  for  pj,  we  obtain 


m 


1'"^ 


(2.50) 


Formula  (2.50)  relates  the  natural  Vibration  frequency  and  amplitudes. 
It  is  valid  for  all  vibration.^modes ,  but  only  with  strict  correspon¬ 
dence  of  the  vibration  frequency  and  mode. 

In. practical  calculations  the  vibration  frequency  and  mode  are 
the  unknowns;  therefore  (2. 50)  c'amnqt  be  usecl  for  precise  determination 
of  the  natural  frequencies. 


Let  us  evaluate  the  calculation  results  if  in  (2.50), in  place  of 
the  exact  values,  we  substitute  the  approximate  values  of  the  vibration 
amplitudes  Y1,  representing  approximately  some  natural  vibration 
mode 

- ; 

pifli  (2.5D 
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this  formula  is  called  the  Rayleigh  function. 

We  expand  the  approximate  vibration  mode,  represented  by  the 
given  amplitudes  Yj,,  in  terms  of  the  normal  modes.  In  so  doing  each 
amplitude  is  represented  in  the  form  of  the  sum 


^1=2  ***** 
}-i 


(2.52) 


where  is  the  expansion  coefficient  of  the  given  mode  (determined  as 
shown  previously). 

The  denominator  of  (2.51)  is  transformed  in  accordance  with 
(2.52)  as  follows  %  k 

2  mX] =2  mi  ••• + ****** + 

1-1  1-1 

+  +  2 */Mf J*l»  + ...). 

We  combine  terms  with  common  factorsiCj  or  KjKv»  In  so  doing  we  take 
account  of  the  norming  and  orthogonality  conditions 

■  i  * 

S'"*****1*®0** 

i-i  i-t 


as  a  result  we  obtain 


1-1  /-I 


(2.53) 


By  means  of  the  substitution  (2.52)  the  numerator  of  (2.51)  is 
reduced  to  the  form 


*  »  * 

2  ciX  S  (*i*ii *f ...  +****<»)  2c*»t*»“*«  + 

lw-l  ,  lot  lat 

+  *1 


(2.54) 


Let  us  examine  the  individual  sums  on  the  right.  In  accordance  with 
(2.15)  we  have 


2*i.*i«,i==*i'»irt«ti; 

•-i 
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similarly,  for  ar_y  of  the  sums 

•  * 

j  ct.tjuj^xjpynpti, 
i«i 

and  (2.51*)  takes  the  form 

»■  * 

#.*-i  /-j  (2.55) 

.  X  +*aPH“< «+•••  +**#»<“«)• 

The  sum  of  the  products  on  the  right  contains  the  following  terms 

or 


those  terras  for  which  v  *  J  equal,  zero  by  the  orthogonality  condition. 
The  remaining  terms  of  the  right  aide  of  (2.55) ,  for  which  v  *  J, 
with  account  for  the,  norming  cor^ition  yield 

(2.56) 

substituting  (2.56)  into  (2.51),  we  obtain  the  Rayleigh  function 
(2.51)  in  the  form  of  the  expansion 


I*,, ,  4^[+  ^+r.  -Hfri:  '• 

*1+ *?+••• +** 


(2.57) 


t 

Formula  C2 . 57 )  shows  that, if  the  given  initial  mode  coincides 
exactly  with  one  of  the  principal  modes ,  then  all  the  expansion  coef¬ 
ficients  except  the  one  belonging  to  the  given  mode  equal  zero.  Then 
the  Rayleigh  function  is  exactly  equal  to  the  frequency  of  the 
principal  vibrations  of  the; given  mode.  If  the  Initial  mode  is  not 
exact,  but  is  close  to  one  of  the.- principal  modes,  then  the  Rayleigh 
function  is  close  to  the  frequency^  of'  this  mode  squared. 


Extremal  Properties  of  the  Rayleigh  function.  The  minimal 
value  of  the  Rayleigh  functions  equals  the  square  of  the  first 
frequency 

J%  ■  (2.58) 

The  Rayleigh  function  approaches  this  value  when  the  initial  mode 
approaches  the  first  vibration  mode.  If  the  initial  mode  is  not 
exact,  then  R  is  larger  than  p£. 

This  property  shows  that  in  determining  the  first  free  vibration 
using  (2.51)  we  should  specify  the  amplitudes  Y.^  as  close  as 
possible  to  the  normal  vibration  mode.  Of  all  the  versions  the  most 
correct  will  be  that  which  yields  the  smallest  value  of  the  vibra¬ 
tion  frequency.  Naturally,  all  the  selected  vibration  modes  must 
correspond  to  the  restraint  conditions  and,  in  particular,  the 
displacements  at  the  supports  must  be  zero. 

The  extremality  property  does  not  hold  if  we  use  the  Rayleigh 
formula  to  calculate  the  frequency  of  the  second  vibration  mode. 

Small  deviations  from  the  exact  form  of  the  second  mode  can  yield  a 
Rayleigh  function  larger  or  smaller  than  the  second  frequency 
squared.  This  drawback  can  be  eliminated  if  we  take  a  mode  ortho¬ 
gonal  to  the  first  mode  as  the  approximate  mode.  Then  ■  0  and 
the  formula  takes  the  form 

A +*?+•••+*» 

the  Rayleigh  function  takes  on  the  extremality  property  with  respect 
to  the  second  vibration  mode. 

The  calculation  of  the  first  vibration  frequency  using  (2.5-'' 
involves  calculation  of  the  quadratic  form  in  the  numerator.  This 
is  difficult,  since  it  requires  preliminary  calculation  of  all  the 
stiffness  coefficients  cis  and  then  all  the  combinations  of  products 
of  three  cofactors.  Since  the  numerator  is  twice  the  potential 
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energy,  it  is  more  convenient  to  make  its  calculation  in  the  form 
of  the  displacement  work  of  some  system  of  forces.-  Then  (2.51)  takes 


the  form 


(2.59) 


Rayleigh  proposed  taking  as  the  initial  mode  the  static  dis¬ 
placements  of  the  system  masses  under  the  action  of  the  weight  forces. 
Thus,  following  Rayleigh  the  weight  forces  are  taken  as  the  system 
of  forces  We  determine  the  displacements  resulting  from  the 

action  of  these  forces  and  calculate  .the  sums  appearing  in  the 
numerator  and  denominator  of  (2.59).  In  this  case  the  function  R 
will  be  equal  (with. a  slight  excess)  to  the  first  vibration  mode 
frequency  squared.  Usually  the  results  of  the  calculation  using  the 
Rayleigh  method  differ  from  the  exact  values  of  the  frequencies, 
obtained  by  exact  methods,  by  0.5  -  1 % 

In  formulating  the  initial  .mode  the  static  deflections  can  be 
determined  by  any  of  the  techniques  presented  in  courses  on  elasticity 

theory  and  resistance  of  materials,  including  the  graphical  methods. 

.  **• 

In  so  doing  the  weight  forces  .must  be  directed  toward  positive 
displacements  in  the  first  vibration  mode,  i.e.,  the  force  system 
must  not  have  a  change  of  sign. 

The  accuracy  of  the  Rayleigh  calculation  can  be  improved  if  we 
take  the  inertia  forces  as  the  initial  force  system 


(2.60) 


the  results  of  the  preceding  calculation  are  used  to  evaluate  the 
inertia  forces.  New  deflections  are  found  from  the  inertia  forces, 
and  (2.59)  is  used  to  determine  the  vibration  frequency.  The  new 
force  system  is  more  exact  in  comparison  with  the  weight  force 
system;  therefore  the  results  of  the  calculation  of  the  vibration 
frequency  and  mode  will  be  more  exact . 
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If  necessary,  the  refinements  can  be  repeated  several  times  until 
the  newly  obtained  frequency  repeats  the  previous  value  within  the 
specified  precision  limits. 

2.3.2.  Method  of  Successive  Approximations  of  the  Vibration 
Modes  (Iteration  Method) 

2. 3. 2.1.  Iteration  Method  Formulas  and  Convergence 

We  take  the  system  (2.19)  of  algebraic  equations  in  expanded 

form 

A 1 — -{- ... 

+cujffl2pMt+ 

. * . {[  (2.61) 

Ak— onmipiA1-j-atimip,Ai-\~...^ralt^nkp'lAt. 

As  shown  previously,  this  system  of  equations  defines  the  k 
linearly  independent  orthogonal  normal  vibration  modes  and  their 
frequencies.  For  each  mode  the  relationship  between  the  amplitudes 
is  strictly  defined.  In  the  normed  case  the  amplitudes  are 
denoted  by  u±j . 

Let  u3  take  the  Equations  (2.61)  to  construct  this  computational 
sequence.  We  substitute  into  the  right  side  in  place  of  the  unknown 
amplitudes  A^  some  sequence  of  initial  numbers  .  Then  in  the 
left  side  we  obtain  the  new  system  of  numbers  .  In  general  form 
this  is  written  as  ' 

'=1.2,...,*;  (2.62) 

after  calculating  the  sums  we  obtain 

'  p 

where  p  is  some  arbitrary  frequency,  written  in  general  form,  and 
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(1) 


We  repeat  the  calculation,  substituting  the  resulting  numbers  Y1^ 


iht'o  the  original  system  (2.62)  in  place  of  Y 


(0). 


y»-wivMP>. 

cl  «-l 


or 


■where 

the  superscript  indicates  the  sequential  number  of  the  summation 
(Iteration) . 

Repeating  the  computational ^process  several  times,  we  obtain 

:> 


K¥it  take  the  ratio  of  two  succeeding  iterations 

"rf i 
vrJ«> 


(2.63) 


In  order  to  establish  the  limit  which  the  ratio  of  the  Iterations 
approaches  for  quite  large  n,  we  again  carry  out  the  iteration 
computation  process,  after  first  expanding  the  initial  mode  Y^ 
in  tejftns  of  the  normal  modes 


K}*>=*,«(1 + ••• +*</*</ + 


(2.64) 


'We  substitute  this  expansion  into  (2.62) 
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J  a./n,(\ati  +  *A*-f —+*iai/+— +***«)”. 

•  *•! 

we  recall  that  the  second  subscript  of  the  normed  amplitude  denotes 
the  mode  number.  The  overall  sum  breaks  down  into  a  series  of  sums 
with  respect  to  the  vibration  modes 


(»  * 

*1 2  af«m  +**2  a^mA*+  •••  + 

«-t  fl 

+ 2  a'*m*a*j -f- — + *»  2  a/*m*8*» )  • 

*-i  *-i  ■  / 


(2.65) 


It  is  not  difficult  to  see  that  in  accordance  with  the  general 
Equations  (2.19)  the  following  equality  holds  for  each  of  the  sums 


j-i 


Replacing  in  (2.65)  the  suras  in  accordance  with  this  equality,  we 
obtain 

Comparing  this  formula  with  (2.64),  we  note  that  the  expansion 
obtained  for  the  first  iteration  in  terms  of  the  normal  modes  differs 

p 

from  the  expansion  of  the  initial  mode  by  the  common  factor  p  and 

2 

by  the  denominator  p^  in  each  term  of  the  expansion. 

By  virtue  of  the  general  nature  of  the  transformations  made, 
we  can  state  that  each  subsequent  iteration  will  differ  from  the 
preceding  iteration  by  these  additions.  Therefore,  the  result  of  the 
n  iteration  can  Immediately  he  written  in  the  form 


\ft/  t.  \«/  \  n  J 

+-■*&)  *“]• 


(2.67) 
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V?e  tafce  the  ratio  of  two  successive  approximations 


(2.68) 


Equating  (2.63)  and  (2.68),  we  obtain 


//Hr1  (AY"' 

SF /iv  . 


*i«n +■  **,  «« + #<» + ... 


(2.69) 


For  sufficiently  large  n,the  ratios  of  the  squares  of  the 
principal  frequencies  to  the  powers  n  and  (n  -  1)  become  very  small. 
The  fraction  in  the  right  side  of  (2.69)  approaches  one.  On  the 
basis  of  (2.69/)  oht.ain  the  formula 


U0l  »  ■'  aafli 

ip  , 


(2.70) 


(2.71) 


These  formulas  form  the  basis  of  the  successive  approximation 
met&od.  They,  shp^  thef  the,_.ra.tiQ  ©£  tw,o  successive,  approximations 
feu?  a  sufficiently,  larpe  btuwber  of  iterations  yields  the  frequency 
squared  of  fhe.  fi£$t;.  vibration  normal,  mode  with  some  excess,  which 
depends  on  the.  ny0$%.  of  iterat  ions  . 

2*3. 2.2.  Calculation  of  the.;  First.  Vibration  Mode 


Th^  selection  of.tfts.  initial.  Mode.  Y  ^  can  be  made  arbitrarily. 
The  PP*?V»?s^#oce  Pjcocess,  16  very  stable.  Formula  (2.69) 

shows  that  the  components  of  the  higher  modes  disappear  rapidly  with 
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* 


* 


increase  of  n.  If  we  have  no  idea  of  the  unknown  vibration  mode,  we 
can  set  all  the  initial  amplitudes  equal  to  unity 

F»-C 

The  inaccuracy  of  the  initial  mode  affects  only  the  number  of 
iterations  required. 


The  number  of  iterations  required  depends  on  the  required 
computational  accuracy.  The  latter  is  evaluated  by  comparing 
neighboring  frequencies  squared 

,  ,  xp» 

p,w““xpT"  and  *«•+«>“'  ij.+n”’ 


taking  the  ratio,  we  obtain 

A.+n  m*  . 


(2.72) 


with  increase  of  the  number  of  iterations  this  ratio  approaches  unity. 
After  three  or  four  iterations  the  ratio  (2.72)  is  larger  than  0.95  - 
0.96.  This  means  that  the  natural  vibration  frequency  is  determined 
to  within  2-3%,  The  calculation  must  be  continued  to  obtain  higher 
precision. 


Formula  (2.70)  shows  that  the  limit  of  the  iteration  ratio  for 
any  mass  is  the  same  and  is  equal  to  the  square  of  the  lowest 
frequency.  In  practice  this  is  not  so.  Because  of  the  limited 
number  of  iterations, their  ratios  for  different  system  masses  differ 
somewhat  from  one  another.  The  smallest  ratio  is  the  most  correct, 
being  closest  to  the  limit,  i.e.,  closest  to  the  sought  natural 
vibration  frequency.  In  the  computational  process  this  smallest 
ratio  is  found  without  any  difficulty,  since  all  the  iterations  are 
calculated  for  al.l  the  masses.  The  definitive  mass,  for  which  this 
ratio  is  minimal,  is  that  which  has  the  largest  vibration  amplitude 
in  the  first  mode'. 
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What  we  have  said  Is  equally  valid  for  Formula  (2.72).  The 
mass  hating  the  smallest  ratio  (2.70)  will  have  the  ratio  (2.72) 
closest  to  unity. 


ffhe . vibration . mode  is  determined  by  each  iteration  as  the  ensemL. 
of  quantities  .  The  larger  the  number  of  iterations,  the  closer 
the  calculated  mode  corresponds  to  the  exact  value  of  the  normal 
inode.  Coi«eidwrtee  of  the  calculated  modes  in  the  process  of  carrying 
out  the  iterations  can  also  serye  as  a  criterion  of  the  computational 
accuracy.  Comparison  of  the  vibration  amplitudes  again  leads  to  the 
Formula  (2.70). 

Application  of  the  Rayleigh  formula.  The  frequency  calculation 
can  be  simplified  considerably  and  even  reduced  to  a  single  iteration 
if  the  Rayleigh  Formula  (2.59)  is  used. 


In  this  Case  we  take  as  the  iorce-  system  the  products 

**  “  «•»  rl  *****  *•*»*.«*>  *f’  from  If , 

sines  it  is  the  dsfieetien  from  the  given  initial  force  system. 

Substituting  these  notation*  into  the  Rayleigh  formula  (2.59), 
we  Obtain 


#*• 


to**  . 


(2.73) 


lit  order  to  obtain  sufficient  computational  accuracy  we  should  try 
to  specify  the  initial  amplitudes  fJj#  as  close  as  possible  to  the 
.assumed  vibration  mode. 

If  it  is  necessary  to  obtain  an  estimate  of  the  accuracy  of 
the  frequency  found  and  improve  this  accuracy,  we  can  use  the 
Rayleigh  formula  for  the  first  and  second  iterations,,  writing  it  in 
the  form 
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jS«iW 

Pi*-? - 

JS*«OT* 


(2.74) 


The  result  obtained  using  this  formula  yields  a  more  exact  upper 
limit  of  the  sought  frequency.  Its  comparison  with  the  result 
obtained  using  the  preceding  formula  shows  the  refinement  which  can 
be  achieved  as  a  result  of  making  the  second  iteration. 

2. 3. 2. 3.  Calculation  of  the  Second  Vibration  Mode 


Method  of  exclusion  of  the  first  mode.  Formula  (2.69)  shows  that, 
if  the  initial  mode  (2.64)  does  not  contain  components  of  the  first 
vibration  mode  (ic^  »  0),  then  the  ratio  of  two  successive  iterations 


will  be 


fan 


■i*+— 


*»«»+*» 


■Br)"1"" 


(2.75) 


and  (2.70)  takes  the  form 


Um 

—  *j*>  v 


(2.76) 


i.e.,  in  the  absence  in  the  initial  mode  of  components  of  the  first 
mode,  the  iteration  ratio  yields  the  square  of  the  second  frequency. 

The  calculation  of  the  second  frequency  can  be  made  by  this 
technique  if  the  first  vibration  mode  is  known.  Then  for  the  calcu¬ 
lation  we  specify  the  assumed  ,mode  very  approximately,  and  exclude  it 
from  the  first  mode  with  the  aid  of  the  orthogonality  condition. 


Exclusion  of  the  first  mode  is  accomplished  with  the  aid  of  the 
expansion  coefficient  using  the  formula 


(2.77) 
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^  ' 
*1 


where  yf>  is  the  assumed  mode; 

yff  is  the  orthogonal!-' a  assumed  mode,  with  the  first  mode 
eliminated; 

u(1  are  the  amplitudes  of  the  first  vibration  mode, determined 
by  the  previous  calculation; 

<1  is  the  first  mode  expansion  coefficient. 

We  have  noted  previously  that  this  expansion  coefficient  equals 


*i=2 

1-1 


(2.78) 


The  orthogonalized  mode  is  then  used  to  calculate  the  first  approxi¬ 
mation  Xl»  using  (2.71). 

The  resulting  first  approximation  cannot  be  immediately  used 
to  calculate  the  second  approximation.  It  contains  as  a  result  of 
iteration  the  magnified  error  present  in  the  approximate  solution 
of  the  first  mode. 

If  we  use  the  first  approximation  directly  for  the  calculation 
of  the  succeeding  approximations,  then  with  increase  of  the  number 
of  iterations  the  error  will  Increase,  obscuring  the  second  vibration 
mode  and  directing  the  calculation  toward  exhibiting  the  first  mode, 
i.e.,  the  posed  problem  is  not  solved. 

For  the  further  calculation  we  must  re-orthogonalize  the  first 
approximation.  To  do  this  we  again  determine  the  expansion  coefficient 

» 

and  exclude  the  first  mode  from  Xj”: 

* 

after  which  we  use  (2.71)  in  the  usual  way  to  find  the  second  approx¬ 
imation. 
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Mode  orthogonalization  is  necessary  prior  to  each  iteration  and 
also  for  the  final  approximation,  after  which  the  vibration  frequency 
in  the  second  mode  is  found  as  the  ratio 


p'~  m;>  ‘ 


(2.79) 


but  tv 
prece  ’ 


<  relation  of  the  higher  vibration  modes  is  made  similarly, 
■  d  modes  must  be  orthogonalized  with  respect  to  all  the 


Method  of  reduction.  A  rational  technique  for  calculating  the 
second  normal  vibration  mode  is  the  method  of  reduction  of  the  order 
of  the  system  of  basic  algebraic  equations  (see  [41]).  To  use  this 
method,  Ju3t  as  before,  we  must  have  the  previously  calculated  first 
vibration  mode. 

We  take  the  system  of  algebraic  equations  in  inverse  form  (2.19) 

At =aum,/>M, +awm2pM,4- ... 

A3=atlm,plAi  +a npt/jAA^ 


At—aklml/AAl-{-aieiniiPAi-^...-\-aUlmtptAk. 

We  drop  the  first  equation,  replacing  it  by  the  orthogonality  equation 

®  1^1®U  *4*  ^sAi^tl  "$“••• 

where  ugl  are  the  normed  amplitudes  of  the  first  vibration  mooe. 

With  the  aid  of  this  equation  we  exclude  from  the  remaining  (k  -  1) 
basic  equations  the  amplitude  A^  of  the  first  mass.  As  a  result  we 
obtain  the  new  system  of  equations 

* 

where  *=2,3,...,*.  (2.80) 

»“* 

This  system  contains  one  less  equation  than  the  preceding  system.  In 
the  new  system  all  the  vibration  modes  are  orthogonal  to  the  first 
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mode  of  the  basic  system.  The  lowest  mode  is  the  second  mode  for 
the  basic  system. 


We  denote  for  convenience 


(2.81) 


Then  the  new  system  of  equations  in  genial  form  is 

•*  ’ 

*»1 


(2.82) 


The  further  calculations  of  the  successive  approximations  are  made 
in  the  usual  sequence  with  the  aid  of  the  system  of  equations 


(2.83) 


The  ratio  of  successive  approximations  yields 


(2.84) 


The  amplitude  of  the  excluded  mass  is  found  after  completing  the 
Iterations  from  the  orthogonality  equation 


(2.85) 


2. 3. 2. 4.  Determining  the  Highest  Frequency  by  Direct  Iteration 


The  direct  iteration  method  can  be  used  to  calculate  the  highest 
vibration  frequency  and  mode.  To  do  this  we  must  use  the  algebraic 
equations  in  the  direct  form  (?.15) 


4-cu^,4- ...  . 

+£«^*+ 


iHtPAi—CnAi  + ...  V 


(2.15,  a) 


W3! 


watfV  $?£'*■ 


¥ 


Denoting  temporarily 


and  dividing  each  equation  by  n^,  we  obtain  the  system  (2.15a)  in 
the  form 


» 

1=1,,..;*; 

«•! 


(2.86) 


we  shall  use  this  system  for  the  method  of  successive  approximations. 
We  substitute  into  the  right  side  some  sequence  of  assumed  numbers 
Yg°\  Then  we  obtain  ov.  -he  left  the  corresponding  approximations 


(2.87) 


and  for  the  subsequent  approximations 


1-1 


(2.88) 


Hence,  we  obtain  the  system  of  computational  equations 

(2.89) 

this  system  has  all  the  properties  characteristic  of  the  system 
(2.71).  In  the  iteration  process  it  leads  to  the  smallest  value  of 
z  and  the  corresponding  mode 

a(«-D 

5 


then 


W  . 
*{«-»  * 


(2.9c;: 


Since  in  the  iteration  process  we  approached  zmin  from  above,  this 
means  that  the  formula  yields  the  lower  limit  of  the  highest  frequency. 
Taking  the  iteration  ratios  for  the  different  masses,  the  largest 
ratio  is  to  be  considered  closest  to  the  natural  frequency  squared. 
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The  assumed  mods  for  the  calculation  should  be  chosen  in 
accordance  with  the  theorem  on  the  number  of  normal  mode  sign  changes 
The  highest  mode  has  (k  -  1)  sign  changes.  Consequently,  we  r- \n 
take  as  the  assumed  mode  the  alternating  series  consisting  of  oner 


-1,1,  -1  etc. 


In  order  to  shorten  the  calculations,  we  can  also  use  here  the 
Rayleigh  formula,  which  in  the  present  case  takes  the  following 
form  (see  [5]) 


2 .  4 .  Forced  Vibrations  of  a  System  with 
k  Degrees  of  Freedom 


(2.91) 


2.4.1.  Forced  Vibrations  under  the  Action  of  a  Single  Harmonic 
For  ^ 


We  write  the  differential  equations  of  forced  vibrations  of  a 
system  under  the  action  of  the  harmonic  force 

9»-//i»CQS 

applied  to  the  mass  m^,  in  direct  form 

* 

.  *  *  (2.92) 


(Equation  continued  on  next  page) 
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<-i 


(2.92) 


We  shall  not  consider  the  general  solution  of  the  system  of  equations, 
assuming  that  free  vibrations  are  excluded  by  the  choice  of  the 
Initial  conditions. 

The  particular  solution  defining  the  forced  vibrations  has  the 


at; 


(2.93) 


the  second  subscript  m  denotes  the  number  of  the  mass  to  which  the 
harmonic  force  is  applied. 


After  substituting  the  solution  into  (2.92),  we  obtain  the 
system  of  algebraic  equations 


f-t 


.-1 


-m =2  emtB^ 


(2.94) 


«-*  I 

Prom  this  system  of  equations  we  find  the  amplitudes  of  the 
forced  vibrations  of  all  the  masses 


H. 


(2.95) 
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where  A  is. the  basic  determinant  of  the  system 


CU 

en 

•  •  •  • 

•  •  •  » 

•  •  •  t 

■ft* 

•  •  e  * 

CjbJ... 

«»» 

*  •  #  • 

CmM 

•  •  •  • 

*n 

Cm... 

•  •  •  • 

(2.96) 


Aim  are  the  ml^ors  of  the  basic  determinant  tc  the  elements  of  row  m. 
The  ensemble  of  amplitudes  (2.95)  yields  the  forced  vibration 

mode . 

2.4.2.  Dynamic  Compliance  Coefficients 

The  ratio  Aim/A  of  the  determinants  is  the  vibration  amplitude 
of  the  mass  with  subscript  i  under  the  action  of  unit  harmonic  force 
applied  to  the  mass  with  subscript  m.  By  analogy  with  the  static 
compliance  coefficient,  this  ratio  is  called  the  dynamic  compliance 
coefficient  and5 is  denoted  by  elm: 


flM 


(2.97) 


then 


Bm-tfrnHni 


(2.98) 


since  the  harmonic  force  can  be  applied  to  any  mass,  the  subscript  m 
can  take  values  from  one  to  k. 

\ 

Putting  the  dynamic  compliance  coefficient  in  place  of  that 
element  of  the  determinant  (2.96)  with  respect  to  which  the  minor  is 
taken,  we  can  formulate  the  dynamic  compliance  coefficient  matrix  of 
the  system 
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I  *11  *H  •  •  •  gml  •  •  • 

|  *i»  *»•  •  •  *«* 

*la  •  •  •  *«u i  •  •  »  **■ 

#U  ***•••*«*•••*»» 


(2.99) 


Here  the  first  subscript  is  the  mass  number;  the  second  is  the 
number  of  the  unit  force. 

The  diagonal  coefficients  are  termed  the  proper  dynamic 
compliance  coefficients.  They  show  the  amplitude  of  the  forced 
vibrations  of  that  mass  to  which  the  unit  disturbing  force  is  applied. 
The  coefficients  eim  with  mixed  subscripts  are  termed  the  mixed  or 
improper  dynamic  compliance  coefficients.  They  have  the  reciprocity 
property 


;***«!• 


The  dynamic  coefficients  els  are  variable  quantities  which 
depend  on  the  disturbing  force  frequency  w.  They  can  be  expressed  as 
functions  of  with  the  aid  of  the  roots  of  the  basic  determinant 
(2.96)  and  the  roots  of  the  minors.  For  the  minors  to  the  diagonal 
elements 

*  (2.100) 


where  p.  —  are  the  roots  of  the  basic  determinant  —  the  natural 
J  vibration  frequencies  of  the  system; 

p4*  are  the  roots  of  the  minor  to  the  ith  diagonal  element. 

J  These  are  the  natural  'vibration  frequencies  of  the 
system  with  an  additional  constraint  imposed  on  the 


mass  m4 


For  the  nondiagonal  minors 


(2.101) 
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The  numerator  —  the  minor  to  the  element  im  —  contains  one. or  more 
imaginary  roots;  therefore,  it  does  hbt  break  down  completely  into 

a  product  of  the  characteristic  roots,  but  is  a  polynomial  in  powers 

2 

of  ti)  . 

A  typical  dependence  of  the  dynamic  compliance  coefficients  on 
the  forced  vibration  frequency  is  shown  in  Figure  2.5.  If  the 
exciting  force  frequency  equals  one  of  the  normal  vibration  frequencies 
(w  *  pj),  all  the  coefficient  functions  undergo  a  discontinuity. 

This  corresponds  to  the  resonance  phenomenon,  when  the  amplitudes 
of  the  forced  vibrations  increase  "without  limit .  The  resonance 
phenomenon  is  independent  of  the  point  of  application  of  the  disturb¬ 
ing  force . 


The  zero  points  on  the  segments  between  resonances  show  a 
change  of  the  sighs  rbf  the  amplitudes  of' Certain  masses  and  denote 
transition  of  the  vibration  mode  from  a  preceding  (lower)  mode  to 
the  next  (higher)  mode . 


The  dynamic  'coefficients  e^  can  be  calculated  with  the  aid 
of  the  equations  In  inverse  form 


(2.102) 


Figure  2.5  Dynamic  compliance  coefficients 
as  a  function  of  disturbing  force  frequency, 
1,2,3  -  mass  numbers. 
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Expanding  the  general  form  into  a  system  of  equations  and  taking 
Hm  «  l,  we  can  find  the  coefficients  elm  as  the  ratio  of  the  deter¬ 
minants 


*tm 

k 


elm — *  ,  » 


where  A  is  the  basic  determinant  of  the  system 


A— 


0,  !«»,•*—  1 

®1  •  •  • 

.au 

1 .  . 

•<*2 *'»»•* 

. 

1 

.  a 1 

Aim  is  the  basic  determinant  in  which  the  column  with  order  number 
i  is  replaced  by  the  column  consisting  of  the  coefficients  otgm, 
where  s  ■  1,  2,  k;  m  is  the  index  of  the  mass  to  which  the  unit 

harmonic  force  is  applied. 


2.5.  Determining  Any  Natural  Vibration  Frequency 
by  the  Dynamic  Compliance  Coefficient  Method 


Determining  the  natural  vibration  frequencies  for  systems  having 
a  large  number  of  degrees  of  freedom  involves  a  very  considerable 
volume  of  computational  work.  Howeyer,  in  many  practical  cases  we 
do  not  need  to  calculate  the  entire  spectrum  of  natural  frequencies 
of  the  system;  we  need  only  know  the  frequencies  lying  in  the  limits 
of  3ome  narrow  range.  In  this  case  we  .1. viously  know  that  these  are 
not  the  first  freq  encies.  Examples  of  such  problems  are  the  analyses 
of  aircraft  structures  —  aircraft .engines,  turbopump  assemblies, 
auxiliary  powerplants,  and  so  on  — which  are  complex  systems  having 
a  large  number  of  natural  frequencies  and  operating  at  high  rotational 
speeds,  so  that  the  disturbing  forces  cause  resonance  in  the  intermed¬ 
iate.  vibration  modes  of  the  system. 


The  method  using  dynamic  compliance  coefficients  makes  it 
possible  to  determine  the  natural  frequencies  in  any  prespecified 


range  without  requiring  preliminary  calculation  of  all  the  lower- 
lying  frequencies.  In  using  this  method  the  calculation  is  made 
by  means  of  successive  approximations. 

We  begin  the  derivation  of  the  computational  formulas  with 

the  general  equations  in  direct  form  (2.15a) 

» 

i ^ 5!  1 1 

1-1 

we  make  a  formal  substitution,  representing  the  unknown  root  as  the 


(2.103) 


where  w  is  the  square  of  the  given  frequency,  near  which  we  seek 
the  root  of  the  frequency  equation; 

6ui2  is  the  sought  increment 


We  write  this  system  of  equations  in  expanded  form,  denoting  m16w2A1  * 

pi  ,  . .  .  ,  ...  ,  .  ,  ■ 

Pi—  (Pn~ | 

lPi=*ciiAi I 


(2.104) 


We  solve  the  system  of  equations  for  A^ 


\  A 


(2.105) 


where  A  is  the  basic  determinant  of  the  system 

fu— f it  •  •  •  •  •  f ifc 
<*«  „•  .  .  ^ 
A-  . . .  .  .  .  . 


eu  cu- 
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is  the  determinant  obtained  from  the  basic  determinant  by  replacing 
the  column  i  by  the  column  P^. 

After  making  this  substitution, it  is  not  difficult  to  see  that 
the  determinant  equals  the  following  sum 

* 

(.1 

where  Aig  is  the  minor  of  the  basic  determinant  to  the  element  of 
column  i  and  row  s.  Therefore,  (2.105)  takes  the  form 


I«1 


but  according  to  (2.97)  the  ratio  of  the  determinants  is  the  dynamic 

compliance  coefficient  eig.  Therefore,  after  the  replacement  Pg  = 

m_6(02Ao  we  obtain  the  following  system  of  computational  equations 
s  s 


—  1 , 2,..., A. 

•  <•! 


(2.106) 


This  system  is  identical  to  (2.6l).  It  defines  the  k  linearly 
independent  orthogonal  natural  vibration  modes  and  their  frequencies. 
But  the  latter  are  defined  here  as  the  increments  5w2  to  the  frequency 

p 

a)  ,  which  was  used  in  calculating  elg. 


The  system  of  Equations  (2.106)  is  used  to  calculate  the  smallest 
2 

value  of  6<o  by  successive  approximations.  To  do  this,  as  before, 
we  denote 


i-i 


(2.107) 


using  these  equations,  after  assuming  the  initial  mode  xi0>.  »  we  make 
a  successive  calculation  of  several  approximations.  After  this  we 
find  the  sought  increment 


If- 


(2.108) 
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The  result  may  be  either  positive  or  negative.  In  the  latter 
case  this  means  that  the  nearest  natural  vibration  frequency  is  less 
than  that  value  of  u  which  was  taken  for  the  calculation  of  the 
~ ''efficients  els>  The  frequency  is  found  from  (2.10  3).  The  number 
of  the  resulting  natural  vibration  mode  is  determined  from  the  number 
of  sign  ohanges  of  the  final  approximation  Xi"*  .  The  mode  number  is 
one  more  than  the  number  of  sign  changes. 

The  vibration  mode  is  determined  by  the  ratio  of  the  quantities 
,  from  which  the  normed  amplitudes  are  easily  found. 

The  convergence  of  the  computational  results  to  the  smallest 

p 

value  (6w)min  is  proved  by  the  same  technique  used  to  find  the  basic 
frequency . 

By  expanding  the  assumed,  approximately  specified  mode  terms 
of  the  normal  modes 


and  making  the  first  iteration,  we  obtain  an  equality  similar  to 
(2.65) 


.  ^  ui  .  •«.  -  -  - 

IhiPW’ii  rf 


* 

2 

Mml 


replacing  the  sums  in  accordance  with  (2.106),  we  obtain 


After  making  n  sequential  calcqlations,  we  find 


(2.109) 


We  take  the  smallest  value  (*«**)/  outside  the  braces*  then 
(2.109)  takes  the  form 
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+••• ••• +**“/*  [“^uijjf8”] }  * 

With  increase  of  the  number  of  approximations  the  process  converges 

--*/*(/-  ■.  ... 

(»->);  «u 

Taking  the  ratio  of  the  limiting  values,  we  obtain 

.  (2.110) 

Formula  (2.110)  shows  that  the  iteration  process  using  the  dynamic 
compliance  coefficients  converges  and  yields  the  value  of  the  smallest 
difference  between  the  square  of  the  natural  frequency  and  the 
assumed  value  or,  from  which  the  coefficients  eis  were  taken. 


CHAPTER  3 


VIBRATIONS  OF  BARS  WITH  CONTINUOUSLY  DISTRIBUTED  MASS 


In  the  present  chapter  we  examine  small  vibrations  of  bars  with 
straight  centerline  and  section  which  is  constant  or  variable  along 
the  length. 

The  mass  of  tl\e  b^r  is  assumed  to  be  distributed  continuously 
along  the  bar  length  in  accordance  with  a  definite  law. 

The  bar  centerline  is  the  line  of  centers  of  gravity  of  its 
sections.  We  assume  that  the  bar  centerline  is  straight  in  the 
equilibrium  position.  This  assumption  excludes  from  consideration 
static  forces  such  as,  for  example,  weight  forces  and  the  static 
deformations  caused  by  them.  We  k^iow  from  general  courses  in 
mechanics  that  static  forces  do  not  affect  the  vibrations  in  linear 
systems.  Their  effect  shows  up  only  in  a  shift  of  the  position  of 
the  equilibrium  state  by  the=  magnifu^a . of  the  static  deformation. 

It  is  assumed  that  the  bar  has  at  least  one  longitudinal  plane  of 

J . 

symmetry  and  vibrations  are  examined  in  this  plane. 

v—  ' 

in  all  the  problems  we  consider  vibrations  with  small  ampli¬ 
tudes,  for  which  proportionality  is  maintained  between  the  elastic 
forces'  and  the  bar  deflections  from  the  equilibrium  position  or 
(what  is  the  same  thing)  between  the  elastic  forces  and  the  bar 
deformations . 
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In  vibration  problems  it  is  customary  to  call  bars  systems 
with  an  infinite  number  of  degrees  of  freedom,  since  for  the  exact 
,  determination  of  the  position  of  their  centerline  it  is  necessary 

to  know  an  infinite  number  of  coordinates  of  the  displacement  of 
the  points  of  the  centerline.  In  other  words,  it  is  necessary  to 
know  the  bar  deflection  function  along  its  length. 

3.1.  Derivation  of  General  Differential  Equation  for 
Transverse  Bar  Vibrations 

We  shall  examine  small  transverse  vibrations  of  a  bar  with 
mass  m(x)  distributed  arbitrarily  along  its  length  and  stiffness 
EJ(x),  resting  on  tw 6  or  more  supports.  An  external  load  in  the 
form  of  distributed  forces  of  intensity  q  and  distributed  bending 
moment  y  is  applied  to  the  bar. 

We  take  the  straight  axis  of  the  bar  in  the  undeformed  state 
as  the  x  axis.  In  view  of  the  smallness  of  the  vibrations,  the  dis¬ 
placement  of  any  point  of  the  axis  is  defined  by  the  coordinate  y, 
and  the  section  rotation  is  defined  by  the  angle  e  •  dy/dx.  We  ne¬ 
glect  the  small  movements  of  the  sections  along  the  axis  and  the 
associated  inertia  forces. 

We  obtain  the  transverse  vibration  differential  equation  by 
formulating  the  equations  of  equilibrium  of  the  forces  and  moments 
of  an  elementary  segment  of  the  bar,  bounded  by  the  sections  with 
the  coordinates  x  and  x  +  dx  (Figure  3-1). 

The  external  distributed  load  q  is  represented  by  its  projec¬ 
tions  q  (x,  t)  and  q  x,  t)  and  the  effect  of  the  discarded  adjacent 

j  X 

segments  is  xepresented  by  the 'moment  and  forces  applied  in  the 
»  sections. 

We  write  the  force  and  moment  equations  in  projections  cn 
the  coordinate  axes 


95 
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Figure  3.1.  Forces  and  moments  applied  to  bar  element 


rfx-l 

(g*+ ■“&**)}  dxj+fjiiic^Qt 


(3.1) 


Cancelling  dx  and  dropping  infinitesimal  terms,  we  obtain  the 
equilibrium  equation  in  the  form 


dM 

dx 


+«+!>-.& 


+*jr*®0* 


(3.2) 


The  last  equation  dei’ireo  the  distribution  of  the  longitudinal 
forces  along  the  bar.  For  small  deviations  from  the  eq> lllbrium 
position  the  forces  N  are  independent  of  the  vibrations  and  are  com¬ 
pletely  defined  by  the  initial  conditions  of  the  problem. 
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Solving  Jointly  the  first  and  second  equations  (3.2)  and 
excluding  Q,  we  obtain 


Ar«  ‘  A * 


(.3*3) 


If  shear  deformations  are  ignored 


d* 


Substituting  into  (3.3)  the  known  equality 

we  obtain  in  general  form  the  differential  equation  of  the  bar  de¬ 
formations 


JL 

d# 


(3.4) 


The  distributed  loads  q  and  p  are  the  inertial  forces  and 

v 

moments  of  the  mass  of  the  bar  itself 


*• 

dft  * 


(3.5) 


where  m(x)  and  J(x)  are  the  mass  and  moment  of  inertia  of  the  bar 
per  unit  length. 

After  substituting  (3-5)  into  (3.4),  the  latter  taxes  the  form 

Sr{EJ  ( 3  • 6 } 

This  is  the  general  differential  equation  of  free  vibrations  cf 
straight  bars . 

Provided  the  longitudinal  .force  N  is  independent  of  time,  the 
differential  quation  (3.6)  is  solved  by  the  Fourier  method.  We 
represent  the  unknown  function  as  a  product  of  two  independent 
function^ 

).  (3'7) 
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Substitution  of  (3.7)  into  (3.6)  leads  to  separation  of  the  latter 
into  two  independent  equations 


«,  (ej  4E-\_  j l  [w  JUl-^w^t|-»WpV=o. 
rfjrt  \  rfjf*  y  dx  l-  .  d*  ■  dx  J 


(3-9) 


Equation  (3.8)  for  free  harmonic  vibrations  has  the  general 


solution 


T(t)*=*A\  cospt+A2s\npt\ 


for  the  initial  condition  T(0)  *  1;  T  (0)  *  0  it  takes  the  simple 


t  P*- 


Then  the  Solution  (3*7)  will  have  the  form 


y(xj)<=:Y{x}CMpi;  <*pt. 


(3.10) 


Let  us  examine  (3.9). 


The  function  Y(x)  is  the  vibration  amplitude.  It  shows  the  bar 
free  vibration  mode  shape. 

The  differential  equation  (3*9)  is  very  general  and  allows  the  . 
solution  of  a  large  range  of  varied  problems.  Direct  integration 
of  the  equation  is  difficult  and  is  feasible  only  for  individual 
particular  cases.  However,  it  Is  used  in  various  approximate 
methods.  Specifically,  we  can  note  the  Bubnov-Galerkln  method,  the 
integral  method,  and  the  method  of  successive  approximations. 

Direct  integration  of  the  general  equation  is  most  fruitful  for 

uniform  beams  and  bars.  In  this  case  (3-9)  becomes  a  linear  equa- 

\ 

tlon  With  constant  coefficients  and  its  solutions  are  simple 
functions . 
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3.2.  General  Solution  of  the  Differential  Equation  for 
Bars  of  Constant  Section  in  Krylov  Functions 

We  obtain  the  differential  equation  for  uniform  bars  from  (3.9) > 
assuming  therein  that  the  mass  m  and  bending  stiffness  EJ(x)  per 
unit  length  are  constant  within  the  limits  of  a  span. 

We  take  the  longitudinal  force  to  be  zero  and  ignore  rotary 
inertia  of  ^he  bar  elements 

N- 0;  0. 


Under  these  conditions  the  differential  equation  (3*9)  has  the 


form 


EJ 


(3-11) 


we  introduce  the  dimensionless  coordinate 


where  l  —  is  the  bar  length. 

Equation  (3.11)  is  written  as 


where 


d*r  ■ 
we*  * 


*«K=o, 


k*^l* 


(3.12) 


(3.13) 


(3.14) 


Solved  for  p,  this  expression  yields  tne  general  formula  for  cal¬ 
culating  the  natural  vibration  frequency  of  bars 


<3a5) 

2 

the  coefficient  k  depends  on  the  bar  restraint  conditions  and  is 
defined  later. 

Equation  (3*13)  is  the  simplest  and  most  frequently  used  equa¬ 
tion,  on  the  basis  of  which  a  large  number  of  varied  problems  are 
solved. 
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f  a^ 


The  general  Integral  (3.13)  is  made  up  of  four  particular 


solutions 


sin  >1;  cos  JR;  sh  JR;  chJR 


(3.:r: 


or  their  combinations.  The  solutions  comprised  of  the  Krylov  func¬ 
tions  is  often  used 


S(5) =~  (ch  M  -fcos  k\)‘, 

'7-(0=-i-(shJR+8toJRfc 

2  (3.17) 

i/(S)=-L(chJR-cosJRV, 

l'($)=-i(shJR-s!nJR). 

The  Krylov  functions  are  convenient  in  practical  calculations, 
since  they  simplify  the  connection  between  the  general  solution  and 
the  boundary  conditions.  Upon  differentiation,  they  have  the  circu¬ 
lar  permutation  property,  as  shown  in  Table  3.1. 


(3.17) 


TABLE  3.1. 


Wi) 


M«> 


riifl  j  u  x*ty  k<«> 


|  tvfri)  ]  *$<*«)  ]  *t(*o  |  ft'iwo 


r',  m  ij  ■**  t/ c* c>  J  **$<*?>  **r(tt) 


YJ  (*%  ■  '  *  r'(*Q  : 

r^iHy7  #m) 


iii  ■  9  i  «-«  ■  i  ■■ . .  ■ 

0  »  vt n>  j 


The  solution  of  (3.13)  in  Krylov  functions  has  the  following 


form 


Vm=CiS(k\)+C2T(K)+CjfJ(k\)+C<Vm. 


(3.18) 
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This  general  solution  remains  valid  for  all  uniform  bars,  re¬ 
gardless  of  the  end  restraint  conditions  and  form  of  support.  The 
latter  affect  the  values  of  the  integration  constants  C^,  C2,  C^,  C^. 

To  determine  the  coefficients  C^,  C2,  and  the  free  vibra¬ 

tion  frequency  it  is  necessary  to  specify  the  boundary  conditions, 
i.e.,  to  define  the  bar  end  restraint  conditions. 

The  general  roblem  solving  technique  is  t*  same  for  all  cases 
and  consists  of  several  steps,  which  we  shall  analyze  using  indivi¬ 
dual  examples . 


3.3.  Bars  on  Rigid  Supports 

Rigid  supports  may  be  either  hinged  or  built-in.  The  different 
combination  of  simple  supports  and  free  ends  of  the  bar  yields  a 
large  number  of  varied  bar  restraint  conditions,  which  encompass 
most  practical  cases. 

3.3.1.  Bar  on  Rigid  Hinged  Supports  (Figure  3.2a) 

The  displacement  of  the  bar  ends  is  zero;  the  bending  moments 
in  the  hinge  are  also  zero.  Therefore  the  bar  end  restraint  condi¬ 
tions  are  defined  by  the  equalities 

y(o)«o;  r(0)«o;  r(i)=o;  y(i)-o. 

Applying  these  equalities  to  the  general  solution  (3-18),  we 
obtain  =  0;  the  second  pair  of  equalities  yields  two 

equations 

c2r(*)+c«y(fc)»0; 

C2V{k)+CtT{k)~0. 

These  equations  are  homogeneous;  therefore,  to  obtain  nonzero  solu¬ 
tions  we  must  equate  the  system  determinant  to  zero,  i.e.,  we  must 
satisfy  the  condition 

P(ik)-V»(kj-0.  (3.19) 
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Sin.kmO 
<nn,  n= 1,2,3,., 


a) 


f+  chk  cotk»0; 
k,» 1,875;  7t2“4,ffJ*; 

,b> 


tjfk-thfc-Qj  * 

•  kt*3,9t7i  ka*(n+0>tS)n,  n**,3,*, . 

e) 


Figure  3.2.  Vibration  inodes  of  bars  with  different  end  fixity 


Replacing  the  Krylov  functions  by  their  values  from  the  Solutions 
(3.17),  we  obtain  the  equality 

8taA»>0;  (3*20) 

the  roots  of  the  equality  are  the  solutions 

wher$iB-it  2,  3, (3.21) 
where  n  —  is  the  sequential  number  of  the  vibration  mode. 

The  Solution  (3-20)  shows  that  the  vibration  mode  of  a  uniform 
bar  is  a  sinusoid.  An  integral  number  of  sinusoid  halfwaves  occurs 
in  the  limits  of  the  span. 

The  parameter-  k  defined  here  makes  it  possible  to  calculate  with 
with  aid  of  (3*15)  the  normal  vibration  frequencies. 


* 


i 

i 


i 


A 


i 


a 
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The  Equality  (3.20)  has  an  infinite  number  of  roots.  This  in¬ 
dicates  that  the  bar  with  distributed  mass  has  an  infinite  number 
of  normal  vibration  modes  and  frequencies.  The  frequencies  are 
related  as  the  squares  of  the  integers 

P\'Pi'Pi:p\**\  :4:9: 16  etc. 

Only  the  first  few  roots  are  of  practical  importance,  which 
yield  the  frequencies  characteristic  for  mechanical  systems.  In 
addition  we  note  that  the  roots  of  the  higher  frequencies  are  deter¬ 
mined  with  an  error  resulting  from  the  fact  that  shear  deformations 
are  not  taken  into  account.  The  errors  increase  with  increase  of 
the  mode  number. 

3.3*2.  Clamped  Cantilever  Bar  (Figure  3* 2b) 

The  displacement  and  section  rotation  angle  are  zero  at  the 
clamped  end,  which  corresponds  to  the  equalities  1 

*3 

y(0)-0;  /(0)-0.  j 

•1 

For  the  free  end  j 

r(i)-0;  ro)-o.  ] 

The  first  two  equalities  yield  for  the  Solution  (3.18)  £ 

Cj-=0;  Cj-0. 

The  second  two  equalities  lead  to  the  equations 

C^(k)+CtT(k)^ 0;  \ 

CtV(k)+C«S(k)=0.  J 

Hence  we  obtain  the  frequency  equation 

1+chfccosft— 0. 

The  ro' „s  of  this  equation  are 

*1*=*  1,875;  fta=>4,6S4;'fc«=»(nT-0,5)n,  where  n«*3,  4, ... 

The  normal  vibration  frequencies  are  found  from  (3.15). 

In  order  to  construct  the  vibration  mode  using  (3.18)  we  must 
determine  the  coefficients  C^  and  C^.  Setting  one  of  them  equal  to 
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I 

j 

(3.22) 

(3.23) 


-i. 


*  aaiflj  f -nr  tfivmy 


l 


one  (for  example,  *  1),  we  find  the  other  coefficient  from' either 

of  the  Equations  (3.22).  After  this  we  obtain  the  formula  for  cal¬ 
culating  the  vibration  mode 

o-f^vw  (3.2*o 

Figure  3.2a,  b,  c,  d,  e,  f,  shows  the  most  typical  bar  restraint, 
schemes,  the  frequency  equations  and  their  roots  (see  [1]).  The 
normal  vibration  frequencies  are  calculated  with  the  aid  of  these 
roots  using  (3.15). 


Bar  supports,  whether  hinged  supports  or  with  built-in  restraint, 
are  not  perfectly  rigid.  The  supports  deform  under  the  action  of 
the  forces  from  the  bars;  as  a  result  of  this  there  are  displace¬ 
ments  and  rotation  of  the  bar  sections  at  the  supports . 

The  elastic  deformations  of  the  supports  affect  the  bar  vibra¬ 
tion  natural  frequencies  and  modes.  In  many  cases  the  supports  are 
intentionally  made  elastic  In  order  to  alter  the  natural  frequencies. 

Support  elasticity  is  taken  into  account  in  the  calculations 
in  formulating  the  boundary  conditions.  We  shall  examine  the  tech¬ 
nique  for  solving  the  problem  on  the  example  of  a  Cantilever  beam 
with  elastic  end  fixity  (Figure  3.3). 

The  restraint  elasticity  is  characterized  by  two  coefficients: 
c1  or  the  transverse  stiffness  coefficient,  and  c2  or  the  moment 

stiffness  coefficient.  Therefore  both  varieties  of  elastic  support 
deformations  and  the  corresponding  stiffness  coefficients  appear 
in  the  example  in  question. 

Let  us  write  the  boundary  condition  equations.  The  boundary 
conditions  for  the  root  section  (5*0)  will  be:  equality  of  the 
bending  moment  and  the  shearing  force  to  the  corresponding  restraint 
elastic  moment  and  force 
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<0 


-i-£y>"(0)-^J-r(0); 

■~£jym(0)*=:cly(0). 


(3.25) 

A 

(3-26) 


For  the  free  end  (5  =  1)  the  boundary  condition  v.  11  be: 
vanishing  of  the  bending  moment  and  shearing  force.  This  is  equi¬ 
valent  to: 


r  (Jk)  “O;  V"{W“0. 


(3-27) 


Substituting  into  these  equalities  the  general  solution  (3.18), 
we  obtain  the  system  of  homogeneous  equations 

—  EJC^c^Cn 

CJJ(*)+CJ/(f:)+CiS{k)+CJ'(Lk)=*Oi 

ctr(*)-i-c/;(*)+c^f*)+c,s(*)=0; 


on  the  basis  of  these  equations  we  formulate  the  frequency  equation 
in  determinant  form 


where 


i,  0  0  ** 

0  ca  -*  o- 

*/(*)  V(k)  ${k )  f(*) 

rik)  u(k)  K<*)  S(k) 


(3.28) 


.  ?,=SL.  ‘  (3.29) 

1  El  *  El 

Expanding  the  determinant  into  a  row  and  substituting  the 
Krylov  functions  (3.17),  we  obtain  the  equation  in  the  form 


-fd'fccos  *)4-7i$(sh  kcosk—chk  sin  *)— 

— ?2l6s(sh*cos*-f chAslnft)-j-fr‘(l  —  ch#cos  A)=0.  (3*30) 

tfhe  roots  of  (3*30)  are  the  frequency  coefficients,  which  can 
be  found  for  any  relationship  and  values  of  the  restraint 
stiffness  coefficients  and  c2. 


FTD-HC-''3-780-70 


105 


If*  Y?S  S0t  *  C- 


s  oo 


we  consider  the  re¬ 
straint  absolutely  stiff,  we 
obtain  trie  case  snown  in 
Figure  3»2b.  For  this  case 
the  frequency  coefficients 
are  respectively  1.875» 

4.694,  7*85,  and  so  on.  In 
Figure  3*3- they  are  shown 
as  the  horizontal  asymptotes 
for  the  solid  lines  —  the 
frequency  characteristics. 

As  the  hinge  moment 
stiffness  is  reduced,  the  frequency  coefficients  become  smaller.  For 
the  first  mode  the  coefficient  reaches  zero,  and  for  the  second  it 
reaches  a  value  corresponding  to  the  case  shown  in  Figure  3.2f.  The 
bar  vibration  frequency  decreases  in  this  case  in  proportion  to  the 
square  of  the  reduction  of  the  coefficient,  i.e.,  by  3055. 

The  lower  limit  of  the  coefficient  k  for  the  second  mode  is 
the  dashed  curve  (c^  ■  0).  Its  asymptote  Is  the  straight  line  with 
the  coordinate  k  *  2.365.  Thus,  transverse  elasticity  can  reduce 
the  frequency  by  3  -  4  times.  The  curves  show  in  general  that 
cantilever  bar  restraint  elasticity  leads  'to  change  of  the  normal 
vibration  frequency  in  the  first  and  second  modes  over  very  wide 
limits . 

Similar  results  are  also  obtained  In  other  cases  of  elastic 
bar  restraint. 


region  of  £;“'" 
wnode  vibration 

^region  of  l8™ 
BVymode  vibration 

h 


Figure  3*3*  Frequency  coefficients 
as  a  function  of  cantilever  bar  re¬ 
straint  stiffness 


3.5.  Free  Vibrations  of  Uniform  Bars  with  Account 
for  the  Rotary  Inertia  of  Their  Elements 

The  calculation  of  free  bar  vibration  frequencies  is  usually 
made  without  account  for  rotary  inertia  of  the  bar  elements.  This 
assumption,  often  used  without  any  restriction,  is  valid  for  the 
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lower  vibration  modes,  but  becomes  incorrect  when  calculating  the 
frequencies  of  the  higher  vibration  modes .  It  is  also  not  valid  if 
additional  masses,  which  alter  the  bar  stiffness  little  or  not  at 
all  but  alter  significantly  the  mass  moment  of  inertia  per  unit 
length,  are  added  to  the  bar. 

The  differential  equation  of  the  problem  is  the  Equation  ( 3 • 9 ) » 
in  which  we  must  set  N  *  0. 

By  elementary  transformations  the  equation  is  reduced  to  a  form 
with  dimensionless  parameters 


i  ,i  (PY  ■  ii»  « 


(3.31) 


where 


<=f‘ 

*=■£/* 


(3.32) 

(3.33) 


The  general  integral  of  the  equation  is  the  sum 
Cl  ch  Xijj+ Cj  sh  Xii+Ca  cos  C4  sin  fofc 


(3.3*0 


where 


’*?"»  + j/  7-  »4+**; 


(3.35) 


(3.36) 


The  final  form  of  the  Solution  (3-34)  is  obtained  after  deter¬ 
mining  the  integration  constants  C^,  C2,  C^,  This  requires 

four  additional  conditions,  which  are  the  bar  end  rest  aint  condi¬ 
tions  . 

\ 

The  boundary  conditions  for  hinged  supports  are 

y(0)-0;/r(0)-0;  y<l)«0;  r<l)«0. 

In  accordance  with  the  boundary  conditions,  we  write  the  system  of 
equations 


FTD-HC-23-780-70 


107 


C|+C|«0; 

c,^-c^=o. 


WorI(jg 


C,-C,~  0. 

The  second  pair  of  conditions,  with  account  for  the  preceding 
discussion,  yields 

CtshXi+Cisinfcrfe 
C^ithX,— C^3tlnXj=o. 

Prom  these  two  equations  we  obtain  C2  *  0;  sin  X2  =  0.  The  latter 
equality  yields  the  frequency  coefficient 

X»— ity.  ( 3  •  37 ) 

The  general  solution  of  (3.3*0  takes  the  simple  form 

yCxJ-tCjsIn/int.  (3*38) 


(3.38) 


To  determine  the  free  vibration  frequency  we  substitute  (3-32) 
and  (3-33)  into  (3-36)  and  solve  the  resulting  equation  for  the 
frequency  p 


'  71/  5T* 

‘  «  r  *+'.TT 


(3.39) 


We  shall  make  an  estimate  of  the  rotary  inertia  effect  on 
the  vibration  frequency. 

For  a  bar  of  rectangular  section 

• f  m  12  * 

where  h  —  is  the  section  height. 

Formula  (3.39)  after  substitution  of  J  takes  the  form 

S 


(3-40) 
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where 


f  nUi 
12  t*  * 


(3.41) 


For  thin-wall  hollow  round  bars 


and  correspondingly 


J,-~-  nut* 

O 


„  **  iM* 

■  •TTT- 


(3.42) 


For  the  first  harmonic  the  frequency  correction  is  very  small 
if  the  bar  length  is  large  in  comparison  with  its  height.  For 
the  higher  vibration  modes,  the  effect  of  rotary  inertia  becomes 
more  significant. 

Figure  3.4  shows  the  frequency 
reduction  owing  to  the  influence  ‘ 

m-z-**** - 

of  rotary  inertia  for  hollow  bars-  A  » %1 

as  —  W  —  — 

of  the  drum  type.  The  ratio  o"  I Ji  N* 

the  length  of  a  halfwave  of  the  $7  -  y-*  — 

elastic  line  to  the  bar  diameter  ^ 

can  serve  as  the  criterion.  If  ^  *  rTl 


=<* 


(3.«3) 


Figure  3-4.  Effect  of 
the  otary  inertia  of  the  bar  section  rotary  inertia 

sections  must  be  considered  on  vil>ration  frequency 

sections  must  oe  considered.  for  hollow  circular  bars 

If  distributed  masses  which 
increase  the  inertial  moment  but 

do  not  increase  the  stiffness  (for  example,  thin  plates  or  fins)  are 
attached  to  the  bar,  the  rotary'  inertia  must  be  accounted  for  in 
all  cases . 


3.6.  Free  Vibrations  of  Bars  in  Compression  and  Tension’ 


The  differential  equation  (3-9)  for  compressed  bars  under  the 
condition  =  0  reduces  to  the  form 

(3.44) 


here  the  parameter  accounting  for  the  effect  of  the  compressive 
force  N  is  defined  by  the  formula 


(3-45) 


We  obtain  the  frequency  formula  from  (3-36)  by  means  of  minor  trans¬ 
formations.  After  substituting  (3-45)  and  (3.32)  into  this  formula, 
we  obtain  the  equation 


•  hbi  ej  * 


solving  this  equation  for  p,  we  obtain 


(3.46) 


3-6.1.  Bar  on  Two  Hinged  Supports 

For  hinged  supports  the  general  inv**tr,al  of  (3*44)  reduces  to 
the  function  (3.38) 

rw-sta** 


where  X2  •  nir,  which  is  found  from  the  restraint  conditions. 
Substituting  X2  int0  (3*46),  we  obtain 

(3.47) 

where  N  —  is  the  critical  longitudinal  force  for  the  two-support 


bar,  which  is  found  from  the  formula 


(3.48) 
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The  frequency  for  the  first  vibration  mode  (n  «  1)  decreases 
with  increase  of  the  longitudinal  force  N.  When  this  force  reaches 
the  critical  value, the  frequency  becomes  equal  to  zero. 

The  longitudinal  force  has  a  similar  but  lesser  effect  on  the 
normal  vibration  frequencies  in  the  second  and  other  higher  modes; 
the  larger  n, the  smaller  this  effect  (Figure  3*5). 

Formula  (3.47)  can  be  used  to  calculate  the  normal  vibration 
frequency  of  filled  fluid  lines  subjected  to  pressure  (Figure  3-6). 
In  this  case  the  longitudinal  force  is  the  fluid  static  pressure 
force 


where  a  —  is  the  pressure  in  the  line; 

f  —  is  the  tubing  cross  section  area. 


Figu  3*5.  Effect  of  longitu¬ 
dinal  compressive  force  on 
natural  vibration  frequency  of 
two-support  bar 


Figure  3*6.  Diagram  illus¬ 
trating  calculation  of  tubing 
vibrations 


The  critical  force  is  defined  by  the  stiffness  of  the  tubing, 
and  the  mass  per  unit  length  is  comprised  of  the  tubing  mass  and  the 
fluid  mass 

oif,  (3.49) 
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where  p^  and  p2  —  are  the  densities  of  the  tubing  material  and  the 

fluid,  respectively; 

5  —  is  the  wall  thickness . 


In  application  to  thinwall  tubing, (3.^7)  takes  the  form 


p=n,jt  f  ■«_ 

ny 


bit* 


nWEU 


)■ 


(3-50) 


This  formula  shows  that  int.  wal  pressure  has  a  very  significant 
effect  on  the  line  vibration  frequency.  This  frequency  is  variable 
and  depends  on  the  operating  regime,  increasing  in  certain  regimes 
and  decreasing  in  others. 


When  the  pressure  in  the  line  reaches  the  magnitude  at  which 
the  longitudinal  force  becomes  equal  to  the  critical  value,  the  line 
becomes  unstable. 


3.6.2.  Compressed  Cantilever  Bar 

The  boundary  conditions  for  the  cantilever  bar  are  defined  by 
the  equalities 

1}  y(0)-0-,4)  y'(Q)-0;3)  1^(1) -0;  4)  Q(I)-iMd). 

We  obtain  the  expression  for  the  transverse  force  Q  In  general 
form  from  (3*2).  For  any  section  we  have  the  equality 

(3*51) 

For  the  problem  in  question  (EJ  «  const;  y  »  0),  (3.51)  reduces 
to  the  form 

(3.52) 

In  accordance  with  (3*52)  the  fourth  boundary  condition 
equality  takes  the  form 

r*(t)+*r(i)-a  (3.53) 


* 
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Substituting  the  general  solution  of  the  form  (3*34)  into  the 
boundary  conditions,  we  obtain  four  homogeneous  equations,  which 
after  obvious  transformations  reduce  to  the  following  characteris¬ 
tic  equation 

2JH(l+chX1co«X,)+**(x*chl,cosl,-*»shXi»InXa)=0.  (3*54) 

The  value  of  X 2  found  from  this  equation,  when  substituted 

into  (3.46),  yields  the  vibration  frequency  of  a  compressed  bar  as 
a  function  of  the  longitudinal  force  N. 

If  N  *  0,  then  NP.o, and  we  obtain  the  case  shown  in 
Figure  3*2b.  The  vibration  frequency  decreases  with  increase  of  the 
compressive  force  N. 

Let  us  determine  the  magnitude  of  the  force  for  which  the  vibra¬ 
tion  frequency  becomes  equal  to  zero. 

Setting  k  ■  0,  from  (3.35)  and  (3*36)  we  obtain 

Xi-0;  V»*. 

Correspondingly,  (3.54)  becomes 

**«/ 


N-l 


41* 


(3.55) 


hence  we  find  that 


Substitution  of  this  result  into  (3* 45)  yields  the  limiting 
va'  3  of  the  longitudinal  force 

cosx— 0; 

This  is  the  Euler  critical  longitudinal  compressive  force.  Thus, 
when  the  longitudinal  force  reaches  the  critical  value,  the  first 
vibration  mcie  frequency  becomes  equal  to  zero.  The  other  vibration 
mode  frequencies  also  decrease,  but  to  a  lesser  degree. 

Stretched  bars  are  calculated  using  (3.46).  The  tension  force 
N  is  to  be  taken  with  reversed  sign.  Then  the  sign  in  the  paren¬ 
theses  of  (3.46)  will  be  positive.  This  shows  that  a  tensile  force 
increases  the  normal  vibration  frequencies.  In  this  case  the  force 
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i;  does  not  cause  loss  of  stability  and  is  simply  the  scale  of  the 
c  r 

tensile  force  acting. 

For  two-support  bars  Xg  ■  nir.  For  cantilever  bars  X2  mu3t  be 

found  t'om  (3.51*),  using  (3*35)  and  (3*36)  as  well.  (The  tensile 
force  N  is  taken  with  minus  sign.) 


wode 


Figure  3.7.  Effect  of 
longitudinal  tensile  force 
on  natural  vibration  fre¬ 
quency  of  two-support  bar 


0  «  a  »  *0  50  to  Hf  *• 


Figure  3.7  show  the  increase  of  the  free  vibration  frequency  of 
a  cantilever  bar  with  increase  of  the  tension  force.  We  note  that 
the  tensile  force  has  the  largest  effect  on  the  first  vibration  mode. 


Vibrations  of  Taut  Wires  and  Tension  Members 


In  engines  there  are  a  large  number  01  stressed  tensile  ele¬ 
ments  —  tiebolts,  pins,  tubes,  braces,  and  so  on.  During  engine 
operation  the  taut  elements  begin  to  vibrate,  amplifying  the  general 
noise  level  and  being  subjected  to  additional  strer.pes.  In  order  to 
avoid  resonant  vibrations, these  elements  must  be  detuned  from  the 
operating  frequencies.  The  limiting  esses  of  taut  elements  are  wires 
and  tension  braces. 

The  differential  equation  of  taut  wire  vibrations  is  obtained 
from  (3*9)  if  therein  we  set  EJ  »  0;  J(x)  »  0: 


X(*£)+b^_0; 


(3-56) 
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Strictly  speaking,  the  tensile  force  N  depends  on  the  taut  wire 
deflection  during  vibration.  The  deflection  of  the  taut  wire  from 
the  rectilinear  condition  causes  additional  stretching  and  increase 
of  the  force  M. 

For  small  vibrations,  long  taut  wire  length,  and  large  tension, 
the  force  increase  is  slight;  the  increase  can  be  neglected  and  we 
can  examine  the  vibration  equation  in  the  simpler  form 


where 


&Y 

dit 


+  v3/=0, 


(3-57) 


(3.58) 


The  differential  equation  satisfies  the  following  general 
solution 


y-C,  v$+C,  sin  vj. 


The  boundary  condition  for  the  taut  wire  can  be  only  geometric 
these  conditions  are  defined  by  the  equalities 

y(0)~0;  y(i)«o. 

accordingly 


hei 


0,-0;  sin  v'-O; 


■v— an. 


(3.59) 


The  general  solution  of  the  differential  equation  takes  the 
final  form 


y-C*  sin  r...*. 


(3.60) 


The  taut  wire  or  tension  member  has  a  multitude  of  free  vibra¬ 
tion  modes,  which  differ  in  the  number  of  halfwaves  found  within 
the  limits  of  the  wire  length.  Each  mode  has  its  own  frequency, 
which  in  accordance  with  (3*58)  and  (3.59)  is 
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(3.61) 


The  basic  vibration  mode  of  the  taut  wire  is  the  first  mode, 
which  has  the  lowest  frequency.  The  vibration  frequencies  of  all 
the  higher  modes  are  multiples  of  the  frequency  of  the  first  mode. 

The  ratio  of  the  tensile  force  to  the  mass  per  unit  length  of 
the  taut  wire,  which  appears  under  the  radical  sign,  is  replaced  by 
the  ratio  of  the  wire  tensile  stress  o  to  the  density  p  of  the  wire 
material.  Then  the  fundamental  frequency  formula  takes  the  form 


~t/t 


(3.62) 


Since  the  tensile  stress  in  the  wire  is  limited  by  the  material 
strength,  each  wire  length  has  a  corresponding  maximal  vibration 
frequency.  The  shorter  the  wire,  the  higher  its  fundamental  fre¬ 
quency,  and  vice  versa. 

For  tuning  purposes,  in  ,  .  tion  to  selecting  the  wire  length 

and  its  tension,  we  can  alter  the  effective  density  p.  For  example, 
for  this  purpose  musical  strings  have  an  outer  winding  made  from  a 
second  wire  which  does  not  operate  in  tension  but  constitutes  an 
additional  mass  which  is  uniformly  distributed  along  the  entire 
length  of  the  string.  Thanks  to  the  outer  winding,  excessively 
long  strings  are  not  required  in  order  to  obtain  low-frequency 
vibrations . 


3.8.  Calculation  of  Bar  Vibrations  with  Account 
for  Shear  Deformations 

Shear  deformations  have  an  influence  on  the  natural  vibration 
frequencies  of  bars  when  the  latter  are  short  in  comparison  with 
the  cross-section  dimensions. 
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We  use  well-known  general  relations  in  order  to  formulate  the 
differential  equation. 

The  har  element  equilibrium  conditions  are  defined  by  the 
equations 


m  n  ao 

ST — 


(3.63) 


The  bending  deformation  is  characterized  by  rotation  of  the 
bar  sections  under  the  influence  of  the  bending  moment 


IHf-  'where  «,=£; 


(3-6*1) 


The  subscript  one  indicates  bending  deformations  for  which  the  bar 
cross  sections  remain  at  all  times  perpendicular  to  the  bar  axis. 

The  shear  deformation  from  the  action  of  the  transverse  force 
is  characterized  by  the  relative  displacement  of  the  element  sec¬ 
tions  perpendicular  to  the  bar  axis  without  additional  rotation  of 
the  sections.  The  connection  between  the  shear  deformations  and 
the  transverse  force  is  given  by  the  formula 


dx  f  or 


(3-65) 


where  6  —  is  a  coefficient  which  depends  on  the  shape  and  dimen¬ 
sions  of  the  bar  cross  section.  This  coefficient  is 
calculated  from  the  formula 


^L.\*VLdz. 

p  /»  i  »<*> 


(3.66) 


Here  F,  J  —  are  the  area  and  moment  of  inertia  of  the  bar  cross 
section; 

b(z)  —  is  the  bar  width  across  the  section; 

S(z)  —  is  the  static  moment  of  the  part  of  the  section  above 
the  coordinate  z 


S(*)=f  zb(z)d*\ 

u 


(3.67) 


z  ,  z.  —  are  the  distances  to  the  extreme  fibers  of  the  section, 
a'  b 

For  tne  bar  of  rectangular  cross  section  8  *  1.2;  for  the  round 
bar  8  »  10/9;  for  the  round  holiow  thinwall  bar  8  «*  1*5. 

The  overall  deflection  of  the  bar  at  the  section  x  is  equal  to 
the  3um 

JJ-0»+lk  (3.68) 


Double  differentiation  and  substitution  of  (3.64)  into  (3.65) 
leads  to  the  equation 


£/+a*  po/* 


(3.69) 


For  a  bar  with  section  which  is  constant  along  the  length, 
further  differentiation  and  substitution  of  (3*63)  yields  the  dif¬ 
ferential  equation 

(3.70) 

For  harmonic  vibrations  the  equation  is  solved  by  the  substitution 

y  »•?(*)  cos  pfc 
r-mQZmmtfrit)  tesyfr 

Substitution  yields 

(3.71) 

where 

(3.72) 

the  equation  is  referred  to  the.  dimensionless  coordinate  £  ■  x/7. 
The  general  solution  of  the  equation  is 

y(*)-C,  chXOH-C*  Sh  iil+C,  cos  14+A  sin**.  (3-73) 

Let  us  take  the  solution  for  the  two-support  beam  and  find 
the  estimate  of  the  effect  of  shear  deformations  on  the  frequency. 
The  boundary  conditions  for  this  case  will  be 
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t~Oand  t-lj  K(0)-K(l)-0;  n0)-r(l)-0; 

the  general  solution  corresponding  to  these  conditions  takes  the 
form 


KW-itaX*  J 

*«->**.  I 


(3.7*) 


Substituting  this  solution  into  the  general  differential  equation 
(3-7D »  we  obtain 

xJ-xV-tf-O; 

substituting  herein  (3.72),  we  obtain  the  frequency  formula 


(3.75) 


where 


(3.76) 


the  factor  in  the  form  of  the  second  radical  is  the  frequency  cor¬ 
rection  for  shear  deformation.  ThJs  correction  is  very  large  for 
short  bars. 

Let  us  find  its  numerical  value  for  the  hollow  circular  bar 


Accordingly , 


This  formula  shows  that  if 


-L=»10,then  sxsO,Q5t*; 

Vt 

This  means  that  as  a  result  of  shear  deformation  the  first 
frequency  is  reduced  by  about  2.5%»  the  second  by  9%,  and  the  third 
by  20%: 
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We  see  from  tills  example  that  shear  deformations  must  be.  taken 
into  account  for  a  more  exact  calculation  of  the  higher  natural 
vibration  frequencies. 

For  short  bars,  with  length  less  than  ten  diameters,  shear  must 
axso  be  taken  into  account  in  calculating  the  first  frequency. 


3.9.  Longitudinal  and  Torsional  Vibrations  of  Bars 


3.9.I.  Differential  Equation  of  Longitudinal  Vibrations 


We  obtain  the  longitudinal  vibration  differential  equation  by 
examining  the  equilibrium  conditions  and  deformation  of  the  bar 
element  dx  (Figure  3.8). 

The  element  equilibrium  equa¬ 
tion  will  obviously  be 

!£dx+qdx- 0.  (3.77) 

The  element  relative  deformation 
at  this  moment  equals 


The  relative  deformation  is 


Figure  3.8.  Diagram  illus¬ 
trating  derivation  of  equa¬ 
tion  of  bar  longitudinal 
vibrations 


also  determined  by  the  difference 

of  the  displacements  of  the  element  sections 


from  this  difference  we  determine  c  as  the  ratio 


ix  9m 


Equating  the  expressions  for  the  relative  deformations,  we  obtain 


4* 


(3.78) 
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2)  free  bar  end  (N  ■  o),  which 
comes  the  equality  Y*  ■  0. 

Figure  3.9  shows  various  forms 
responding  vibration  modes. 

The  vibration  modes,  i.e., 
the  amplitudes  of  the  longitudinal 
vibrations  of  the  bar  sections, 
are  represented  by  sinusoids  or 
cosinusoids.  In  all  cases  an 
integral  number  of  halfwaves 
fall  within  the  limits  of  the 
span.  The  number  of  vibrations 
nodes  is  one  less  than  the  mode 
number;  the  only  exception  to 
this  rule  is  the  free  bar.  The 
free  bar,  having  one  extra  de¬ 
gree  of  freedom,  has  one  node 
more  for  all  the  vibration  modes. 

The  vibration  frequencies 
are  found  from  the  general  formula 


in  accordance  with  (3*7°)  be* 


of  bar  restraint  and  the.cor- 


n-f 


v-nu 


v-Ca-4$)x 


Y(t)«coiv^ 
1  v-nx 


Figure  3.9.  Longitudinal  vibra¬ 
tion  modes  for  different  bar  end 
fixity  conditions 


(3.86) 


where  p  is  the  material  density. 


This  formula  was  obtained  from  ( 3 • 84 ) j  the  values  of  the 
frequency  coefficients  v  as  a  furction  of  the  type  of  constraint 
are  shown  in  Figure  3.9. 

The  vibration  frequencies  of  the  clamped- clamped  bar  and  the 
free  bar  are  the  same.  For  the  different  vibration  modes  the  fre¬ 
quencies  are  related  as  the  Integers  1  :  2  :  3,  i.e.,  they  form  an 
arithmetic  progression  series  with  difference  equal  to  the  funda¬ 
mental  frequency. 

The  vibration  frequencies  of  a  bar  clamped  at  one  end  lie  in 
the  interval  for  the  frequencies  of  the  bar  clamped  at  both  ends. 
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Formula  (3.86)  shows  that  the  bar  natural  longitudinal  vibration 
frequency  depends  only  on  its  length  and  material  properties  and  is 
independent  of  the  magnitude  of  the  cross  section. 

3.9-3.  Longitudinal  Vibrations  of  Compressible  Fluid  in  Lines 
We  isolate  in  the  line  an  elementary  volume  (Figure  3*10) 
Equilibrium  of  the  element  is  defined  by  the  equation 

'  -£-«§.  (3-67) 

which  represents  equality  of  the  inertia  force  of  the  element  and 
the  axial  force  of  the  gas  pressure  on  the  element. 

The  pressure  distribution 
along  the  line  length  and  in  time 
is  related  with  the  change  of  the 
element  volume. 

At  the  initial  time  the  ele¬ 
ment  volume  equals  V  *  Fdx,  and 
the  gas  pressure  is  Pq.  During 

the  time  6t  the  element  moves 
the  distance  y  and  its  volume 
changes  by  the  amount  dV  « 

F  dx;  the  pressure  becomes 
equal  to  p. 

The  change  of  the  state  of  the  gas  inside  the  elementary  volume 
in  question  can  be  considered  to  be  adiabatic,  since  the  volume 
changes  with  a  high  rate  with  a  small  pressure  change.  Therefore, 
the  pressure  change  is  determined  by  the  adiabatic  equation 

p.v»-p(V+rfF)‘; 

hence  we  obtain 

\*  ’  (3.88) 

T+sr). 
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Figure  3*10.  Diagram  illus¬ 
trating  derivation  of  equation 
of  longitudinal  vibrations  of 
gas  in  tubing 


we  differentiate  (3.88) 


The  denominator  of  this  formula  differs  very  little  from  one;  there¬ 
fore  the  derivative  can  be  written  in  the  simpler  form 

£  <3-89) 

Substituting  (3.89)  into  (3.87),  we  obtain  the  wave  operation 

fZ’-Z  •  <3-90 

where  a  is  the  speed  of  sound  in  the  gas  filling  the  line 

Equation  (3-90)  is  solved  by  the  Fourier  substitution 

y-Y(x)Tto-  (3-91) 


After  substitution  it  separates  into  two  equations 

f+Wr-0;  | 

r+*v- 0,  J 


(3.92) 


where  X  is  the  vibration  frequency;  v  is  a  parameter,  equal  to 

(3.93) 

The  general  solution  of  (3*90),  corresponding  to  the  solutions 
of  (3«92),  is  obtained  in  the  form. 

y»(C,cotH+Ct«>nv5)(co«W-f  AtteXft  (3.94) 

> 

for  the  initial  conditions 

<- 0,  *-?(*),  #-0 

the  solution  simplifies 

jr«(C|COsvl+C|tinvD  ootkL  (3.95) 
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This  equality  shows  that,  because  of  the  invariability  of  the  pressure 
at  the  open  end  of  the  tube, there  is  no  change  of  the  elementary 
volume  at  this  end. 

In  accordance  with  the  conditions  (3*100),  the  general  solu¬ 
tion  (3*95)  yields 

C,=0; 

the  vibration  frequency  is 

■k=±(2n-])j- ,  (3*102) 

The  vibration  frequency  of  gas  in  an  open  tube  is  lower  than 
in  a  closed  tube  of  the  same  length;  for  the  first  gas  vibration 
mode  in  open  and  closed  tubes  of  the  same  length  the  frequencies  dif¬ 
fer  from  one  another  by  a  factor  of  two. 

The  displacement  of  the  gas  particles  during  vibrations  in  an 
open  tube  is  determined  by  the  solution 

y^'Cjsim'cos  W.  (3.103) 

The  longitudinal  vibrations  of  uniform  bars  and  gas  in  tubes 
are  described  by  the  same  equations  and  are  defined  by  the  same 
solutions.  Among  these,  the  frequency  formulas  (3.86)  and  (3*96) 
are  identical,  since  the  speed  of  sound  in  metals  equals 

(3.104) 

In  other  words,  small  disturbances  in  the  metals,  just  as  in 
a  gas,  propagate  with  the  speed  of  sound.  Depending  on  the  nature 
of  the  disturbance  and  the  end  conditions,  in  the  bar  there  is  formed 
either  a  traveling  wave,  which  is  reflected  from  the  opposite  end 
and  returns  to  the  initial  point,  or  standing  longitudinal  vibration 
waves . 
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3.9.4.  Torsional  Vibrations 

The  differential  equation  for  torsional  vibrations  is  also  the 
wave  equation.  It  can  be  obtained  directly  from  (3.80)  by  replacing 
the  linear  factors  by  angular  factors 


where  J, 


J-GJ0*~9J0%r=*  0. 

dx  dx  M* 

is  the  section  torsional  moment  of  inertia; 


(3.105) 


p  —  is  the  material  density; 

<j>  —  are  angular  displacements. 

For  uniform  bars  (3.105)  becomes  the  previously  examined  wave 


equation 


where 


a**  ^  T 


(3.106) 


(3.107) 


The  solutions  discussed  previously  for  longitudinal  vibrations 
are  applicable  in  form  and  meaning  for  torsional  vibrations  as  well. 
Therefore  we  shall  not  repeat  these  formulas. 

We  simply  note  that  the  shear  deformation  propagation  velocity 
is  defined  by  the  relation 


»“/r! 


(3.108) 


In  accordance  with  the  elastic  modulus  G,  this  velocity  is  less 
than  that  for  longitudinal  deformations . 
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j.10.  General  Properties  of  Small  Natural 
Vibration  Modes  of  Bars  and  Beams 


3.10.1.  Orthogonality  condition  of  natural  vibration  forms 

The  orthogonality  condition  is  a  consequence  of  the  work  reci¬ 
procity  theorem.  According  to  this  theorem, the  work  of  the  free 
vibration  inertia  forces  of  the  mode  j  on  displacements  of  another 
vibration  mode  v  is  equal  to  the  work  of  the  inertia  forces  of 
mode  v  on  displacements  of  mode  j . 

The  natural  vibrations  of  modes  j  and  v  are  defined  by  the 
functions 

y,(X,  t)*=Y,{x)co»(pJ+l,). 


The  work  reciprocity  equation  for  the  elementary  time  segment 
dt  will  be 

p)  j  rn(x)Yj (x) cos (pjt -f ?;) y, {x,  f)dtdx** 

i 

=~plj  m(jt)K,U)cos(j»/-f  ?,)  yt{x,  t)dtdx. 

Substituting  herein  the  vibration  mode  functions  and  taking  outside  , 
the  integral  sign  the  factors  which  are  not  functions  of  x,  we 
obtain 

p]p,co*(pit-\-b)»\n.{pd+%)dt  j  m  {x)Y }{x)Y ,(x)dx?=* 

= plpjcot(pJ + M  *,D  (Pt j  m(x)Y,(x)Y}(x)dx} 

Since  the  products  preceding  the  integrals  are  not  equal  to  one 
another,  the  equation  is  satisfied  as  a  result  of  vanishing  of  the 
integral 


j  m(x)Yj(x)Y,(x)dx-0. 


(3.109) 


This  is  the  orthogonality  condition  for  the  bar  natural  vibration 
modes . 

3.10.2.  Norming  the  Vibration  Mode  Functions 

The  normed  deflection  is  the  function  which  satisfies  the 
equation 

|m(je)a*(jc)</jc=»l.'  (3. 110) 

In  order  to  normalize  a  known  deflection  function,  obtained  to 
an  arbitrary  scale,  it  is  multiplied  by  the  constant  number  , 

which  is  called  the  norming  factor 

substitution  of  this  relation  into  (3.110)  yields  the  formula  for 
finding  the  norming  factor 

N'jmixrt(jc)dx=*  I.  (3.11D 

3.10.3.  Theorem  on  Number  of  Natural  Vibration  Nodes 

The  proofs  of  the  theorem  follow  from  the  orthogonality  condi¬ 
tion.  They  are  presented  in  special  courses  on  vibration  theory. 

We  shall  present  only  the  theorem  content  which  is  of  practical 
importance . 

i.  u 

For  single-span  bars  or  beams*  the  number  of  nodes  of  the  n^ 
order  normal  mode  is  one  less  than  the  order  number.  The  first 
vibration  mode  is  always  nodeless. 

The  theorem  on  the  number  of  nodes  remains  valid  for  bars  with 
any  number  of  static  indeterminacies ,  including  multi-support  beams. 
Hinged  supports  are  not  considered  nodes .  The  coincidence  of  a  node 
of  one  of  the  vibration  modes  with  a  hinged  support  is  a  particular 
case.  „  Such  a  situation  can  occur  in  special  problems  and  is  ensured 
by  selection  of  a  definite  location  for  the  hinged  support. 


Systems  which  have  a  single  static  degree  of  freedom  (for  ex¬ 
ample,  those  shown  in  Figure  3* Ha)  do  not  have  the  first,  nodeless, 
vibration  mode.  For  these  systems 
the  equations  of  equilibrium  of 
the  forces  and  moments  are  not 
satisfied  .for  vibrations  in  the 
first  mode.  The  lowest  vibration 
mode  for  these  systems  is  the 
single-node  mode,  i.e.,  the 
second  mode. 

If  a  system  has  two  static 
degrees  of  freedom  (see,  for 
example.  Figure  3.11b),  it  will 
not  have  either  the  first  or 
second  vibration  modes.  The 
lowest  mode  will  be  the  third 
—  the  two-node  mode. 

In  general,  the  number  of 
missing  lower  vibration  modes  of 
a  system  equals  the  number  of  static  degrees  of  freedom. 

3 . Approximate  Methods  for  Determining  Bar  and  Beam 
Natural  Vibration  Frequencies  and  Modes 

Exact  solutions  of  the  differential  equations  of  vibrations  of 
bar  elements  with  mass  distributed  continuously  along  their  length 
are  known  only  for  a  limited  number <of  the  simplest  cases.  The 
majority  of  practical  vibration  problems  are  solved  by  approximate 
methods.  The  Ritz,  Rayleigh,  arid  Bubnov-Qalerkin  variational  methods 
are  widely  used.  The  integral  method  is  quite  effective.  .  The  ini¬ 
tial  parameter  method  and  the  discrete  model  method,  which  is  based 
on  the  principles  of  the  initial  parameter  methods,  and  also  the 
successive  approximation  method  in  discrete  form  have  been  developed 
and  applied  quite  successfully  recently. 
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Figure  3.11.  Diagram  illustrat¬ 
ing  determination  of  the  number 
of  vibration  mode  nodes  of  sys¬ 
tems  with  static  degrees  of 
freedom: 

a,  b,  c)  systems  with  one,  two, 
and  three  degrees  of  freedom, 
respectively 


The  development  of  the  approximate  computational  methods  is 
associated  particularly  with  the  use  of  digital  computers.  The 
latter  make  possible  considerable  increase  of  the  precision  and  re¬ 
liability  of  the  calculations,  but  the  most  important  aspect  of 
digital  computer  use  is  that  they  have  made  it  possible  to  carry  out 
engineering  calculations  of  systems  which  were  previously  not  amen¬ 
able  to  calculation.  However,  the  use  of  the  digital  computer  re¬ 
quires  further  development  and  improvement  of  the  computational 
methods . 


3.11.1.  Ritz  Method 

The  Ritz  method  is  a  very  widely  used  technique  for  vibration 
analysis  of  complex  beams  and  bars.  This  method  makes  it  possible 
to  obtain  quite  high  computational  accuracy  with  comparatively  little 
expenditure  of  time.  The  computational  formulas  for  the  Ritz  method 
follow  from  the  expression  for  the  Ostrogradskiy-Hamilton  action 
functional 


£  (T-U)di. 


(3.112) 


In  solving  a  problem  by  the  Ritz  method, there  is  no  need  to 
formulate  the  differential  equation  of  motion,  but  it  is  necessary 
to  examine  carefully  the  internal  energy  balance  during  the  vibra¬ 
tions,  formulating  the  expressions  for  the  kinetic  T  and  potential 
n  energies. 

According  to  the  Ostrogradskiy-Hamilton  principle,  of  all  the 
possible  Infinitely  close  paths  for  the  system  to  transfer  from 
position  A  to  position  B, that  path  is  realized  for  which  the  action 
functional  (3.112)  has  the  minimal  value. 

For  transverse  bar  vibrations,  the  kinetic  and  potential  energies 
of  the  bar  are  defined  by  the  formulas 
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Substituting  these  formulas  into  (3*112),  we  obtain  the  action 
functional  In  the  form 

(3'U3) 

*A  *  .  .  ' 

We  substitute  Into  (3*113)  the  harmonic  vibration  function 

y(xtt)-Y(x)ct»pL 

After  integrating  with  respect  to  time  for  the  interval 
(tR  -  tA),  equal  to  the  vibration  period  T  *  2  /p,  the  functional 

takes  the  form 

lm(x)p>Y'(x)-EJ{x)V'{x)]  dx,  (3.114) 

where  the  double  prime  denotes  second  derivative  with  respect  to  x. 

If  Y(x)  is  an  exact  function  of  the  natural  vibration  mode,  then  . 
S  =  0,  since  the  expression  in  the  brackets  is  the  difference  of  the 
maximal  kinetic  and  potential  energies  for  an  elementary  segment  of 
the  beam.  As  we  know,  this  difference  equals  zero  for  the  entire 
beam. 

If  we  substitute  into  (3.114)  the  function  ♦(x),  representing 
approximately  the  vibration  mode,  the  functional  will  not  equal  zero. 
Of  the  entire  family  of  functions  ♦(*),  which  are  associated  with 
the  parameters  embedded  in  ♦(x),  the  closest  to  the  exact  expression 
will  be  that  for  which  the  functional  has  the  minimal  value. 

We  represent  $(x'  as  the  sum 

•  « 

(3*115) 

‘  ,mt  ■ . 

where  —  are  the  parameters  of  the  function; 

—  are  linearly  independent  functions,  each  of  which  is  a 
possible  beam  deflection  mode  during  vibration.  Each 
of  the  functions  must  satisfy  the  geometric  boundary 
conditions; 
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n  —  is  the  number  of  separate  functions,  which  must  be 
minimal j  this  is  associated  with  the  accuracy  of  the 
computation. 

Substituting  (3.115)  into  (3.114)  and  equating  the  derivatives 
with  respect  to  each  of  the  parameters  to  zero,  we  obtain  a  system 
of  linear  and  homogeneous  equations  in 

jlm(x)/fif(x)it(xy—£J(x)ir(JC).lZ(x)]dx~6t  i*=l,  2 (3.116) 

In  differentiating  with  respect  to  a  .we  use  the  usual  sequence 

3 


similarly 


*»•  *r' 


Since  $(x)  and  ♦”(x)  are  sums  of  the  functions  i|i.(x)  and  i|j£(x), 
if  we  take  outside  the  integral  sign  we  can  write  (3. 116)  in  the 


form  of  the  sum 


2  «i  «(*)ti(*)t»(*)<<*- 1  EJ(x)ti(x)ti(x)  rfxj  ~0. 


(3.117) 


The  system  contains  n  equations,  one  for  each  subscript  s;  each 
equation  consists  of  n  terms,  one  for  each  subscript  i. 


We  denote 


Tu^jm  (x)t,  (x)ft(x)dx; 
Hfc-j  EJ[x)^x)^{x)dx. 


(3.118) 


(3.119) 


The  coefficients  have  the  reciprocity  property 


iv-r*;  nu-n*. 
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Equations  (3*117)  are  written  in  the  form 

2 . «.  (3.120) 

i-i 

Forming  the  determinant  of  (3*120)  and  equating  it  to  zero,  wc 
obtain  the  frequency  equation  in  Ritz  form 

£*7n~®n  .  •  *  * 

pTn-U*  .  .  ,  -0.  (3*121) 

!*•••  •••>  •  •  • 

The  roots  cf  (3*121)  are  the  natural  vibration  frequencies  with 
some  excess.  The  frequency  of  the  first  vibration  mode  is  determined 
with  a  high  degree  of  precision,  while  the  subsequent  frequencies 
are  defined  with  decreasing  precision. 

The  larger  the  number  of  terms  of  the  minimizing  function  <Kx), 
the  more  accurately  the  natural  vibration  frequencies  are  determined 
and  the  larger  the  number  of  roots  which  arc-  evaluated  as  a  result 
of  the  calculation. 

Formula  (3.118)  for  the  kinetic  energy  coefficient  takes  into 
account  only  the  kinetic  energy  of  the  mass  of  the  bar  itself.  If 
there  are  any  additional  distributed  or  concentrated  masses  on  the 
bar,  then  (3. 118)  must  be  supplemented. 

For  example 

•  *$ 

where  y(x)  —  is  the  distributed  mass  attached  to  the  bar  and  located 
in  the  limits  from  x^  to  x2J 

ma  —  is  the  mass  conceptrated  at  the  point  with  coordinate 
x  ■  a. 

Similar  arguments  are  also  valid  with  regard  to  the  potential 
energy  coefficient.  Formula  (3*119)  accounts  for  the  potential 
energy. of  deformation  of  the  bar  only.  If  the  bar  supports  are 
elastic  or  there  are  additional  elastic  elements  within  the  limits 
of  the  span  —  for  example,  elastic  hinges  —  then' (3.119)  must  be 
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supplemented  with  the  corresponding  terms  accounting  for  the  poten¬ 
tial  energy  of  the  deformation  of  these  elements.  For  example,  in 
the  case  of  elastic  supports  we  must  take 

j  EJ(x)<f,(x)h(x)  dx + erf,  (xA)  MX*)  -f  erf,  (xM)  h  (*,), 

where  c^  and  Cg  —  are  the  stiffnesses  of  the  supports  located  at 

the  points  with  coordinates  xA  and  xg. 

The  action  of  the  additional  elements  may  affect  the  selection 
of  the  minimizing  function  $(x)  as  well  as  the  formulas  for  the  co¬ 
efficients.  In  the  case  of  concentrated  masses  this  function  must 
include  terms  defining  the  deflection  of  the  bar  from  the  action  of 
the  concentrated  forces.  In  the  case  of  elastic  supports,  the  dis¬ 
placement  and  angle  of  rotation  of  the  bar  axis  must  be  introduced. 

If  the  minimizing  function  $(x)  is  represented  by  a  single  term, 
then  only  the  upper  diagonal  element  remains  in  the  Ritz  frequency 
equation  (3.121).  Equating  this  element  to  zero  and  solving  for 
P2,  we  obtain  the  Rayleigh  formula 

(m/M  IfWJU* 

•  \ - . 

.  fa(xHA(x)Ar 

The  function  ty(x)  must  satisfy  the  geometric  boundary  condi¬ 
tions  and  must  reflect  as  accurately  as  possible  the  assumed  vibra¬ 
tion  mode. 

In  order  to  use  the  variational  principle, we  must  introduce 
into  the  function  the  free  parameter  a.  As  a  result  of  the  presence 
of  the  parameter,  the  minimizing  function  (x,  a)  will  be  a  family 
of  homogeneous  curves.  By  varying  the  parameter  a, we  select  its 
value  so  as  to  obtain  a  minimal  value  of  the  frequency  from  the 
Rayleigh  formula.  This  value  will  be  closest  to  the  true  value. 
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For  example,  for  a  clamped 
cantilever  beam  the  following  p 

functions  can  be  selected 

(x )  =  xa  or  \p(jc)  *=  x*— ax*. 

In  practice  the  determination  Pmi * 

of  the  minimum  value  of  the  fre¬ 
quency  is  accomplished  by  select¬ 
ing  a  and  constructing  a  graph 
of  p(a)  using  the  Rayleigh  formula  Figure  3*12.  Minimizing 

(Figure  3.12).  This  graph  yields  paraBetwofthe  Rayleigh 

Pmin  £nd  the  value  of  the  para¬ 
meter  a  which  defines  the  deflection  function  (x,  a). 


3*11.2.  Vibrations  of  Blade  of  Variable  Section  with  Account  for 
the  Action  of  Centrifugal  Forces 


Let  us  consider  a  blade  of  wedge  shape  which  has  a  linear  varia¬ 
tion  of  the  section  along  the  length  (Figure  3.13).  The  variation 
of  the  mass  per  unit  length  and 
section  moment  of  inertia  along 


the  blade  length  are  defined  by 
the  relations 

m(.v)-=m0( I-7-)  J 


(3-122) 


where  mQ  and  Jq  —  are  the  mass 

and  section 
moment  of  iner¬ 
tia  at  the  base 
of  the  blade. 


Figure  3.13.  Diagram  illus¬ 
trating  analysis  of  tapered 
blade 


Let  us  first  examine  the  effect  of  taper  on  the  natural  vibra¬ 
tion  frequency  without  account  for  the  action  of  the  centrifugal 
forces . 
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We  take  a  two-term  minimizing  function 


9(Jc)=al?+aJl>(l~5).  «-  ■£ 


(3.123) 


(3.124) 


The  functions  satisfy  the  geometric  boundary  conditions  at  the 
clamped  end. 

We  calculate  the  coefficients  (3*118)  and  (3.119)  for  the  Ritz 
frequency  equation 


r,i=mo£  ^  (1-1)  m  -  moid  -  Y  *)  • 
7,,j=m0L  JO-ptUt  - ^(t'-T^+T  ; 

t 

t| 

Tn=xm0L  J(l-^  * 

n,,«^  £7*4  f  (l  £7,U  -0  -^1; 

.  */ 

H„- i  £7,4  J  (1  -5)*  (1  -39<ft~nM + 

i  **  : 

na=~  £7*4  J(l-5)»(l-35)»i«=2ntt-nu+ 

+S^,(T-f*'+T!5-Tt!)- 


(3.125) 


These  formulas  show  that  the  Ritz  coefficients  depend  on  the 
relative  blade  length;  the  vibration  frequency  also  depends  on  the 
blade  length. 
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For  a  full  wedge  §£  *  1  the  coefficients  take  the  values 

T»=jom 0*5  7aass5om#i5  n“"^5 

n12=na=0,4^.. 

Substitution  of  these  coefficients  into  the  determinant  (3.121) 
after  calculation  yields  the  frequency  formula 

5,3187  /27T 

*  i*~  y 

The  exact  value  of  the  frequency  coefficient,  obtained  by 
Kirchhoff,  is  5.315.  The  error  of  the  approximate  solution  amounts 
to  0.07%. 

Assuming  values  of  the  relative  length  less  than  one, 

calculating  the  coefficients  (3.124),  (3.125),  and  solving  the  Ritz 
determinant,  we  obtain  the  natural  vibration  frequency  for  a  blade 
made  in  the  form  of  a  truncated  wedge. 

The  frequency  formula  for  these  cases  can  be  written  in  the 
general  form 

p-HL/lE, 

*»  |r  «# 

2 

The  notation  k  for  the  frequency  coefficient  is  retained  —  the  same 
as  for  beams  of  constant  section. 

2 

The  values  of  k  are  shown  in  Figure  3.14  as  a  function  of  the 
taper  ratio,  which  is  expressed  by  the  ratio  of  the  blade  cross- 
section  areas  at  the  tip  and  at  the  root.  The  taper  provides  an 
increase  of  the  natural  vibration  frequency  of  up  to  54%. 

The  centrifugal  forces,  acting  parallel  to  the  centerline  (Fig¬ 
ure  3«15)»  restrict  deflection  of  the  blade  from  this  position. 

This  action  leads  to  increase  of  the  blade  natural  vibration  fre¬ 
quencies,  and  this  increase  becomes  significant  at  high  wheel  rota¬ 
tional  speeds  u>. 


/>3> 


o  0,2  m  w  ne-jl 


Figure  3.14.  Frequency  co¬ 
efficients  of  tapered  blade 


Figure  3*15.  Diagram  illus- 
The  deformation  energy  of  a  trating  calculation  of  blade 

.  deformation  energy  in  centri- 

blade  on  a  rotating  wheel  is  fugal  force  field 

greater  than  on  a  stationary 

wheel.  To  the  potential  energy 

of  elastic  deformation  there  is  added  the  displacement  energy  of  the 
blade  elements  in  the  radial  direction.  Although  this  displacement, 
caused  by  blade  bending,  is  small,  the  work  of  the  inertial  forces 
of  this  displacement  must  be  taken  into  account. 

To  calculate  the  work  of  the  centrifugal  forces  we  find  the 
blade  element  displacement  in  the  radial  direction.  For  the  section 
x  this  displacement  equals  the  difference  of  the  length  of  the 
curved  blade  centerline  and  its  projection  on  the  x  axis 


i-x-^xj/TTTEJ’-x. 


In  view  of  the  smallness  of  the  quantity  dy/dx,  we  replace 
the  radical  by  its  expansion 


,_U  tY'fdx. 
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The  additional  energy  is  calculated  as  the  centrifugal  force 
work  integral  of  the  elementary  blade  segments 

I  I  X 

IT.  =  ^  (s -  x)  dP — -i-  ^  m  (x)  r*?dx  ^  (K')J  (x)  dx, 


where 


r-r0+x 


In  accordance  with  this  formula,  the  addition  to  the  potential 
energy  coefficient  (3.119)  is  determined  by  the  formula 


nT,— j  m  (x)r»?dx  j  f!  (x)<£  (x)dx. 


(3.126) 


For  the  assumed  section  distribution  law  (3.122)  and  the  mini¬ 
mizing  function  (3.123),  the  coefficients  n“s  will  be 


where 


£? — f-  tl)  ;  (3.127) 

ns~2nr.--.nr, +0,9  (^-«!+-f  tl— J-t?) , 

b— e—  1;  c=— . 

The  frequency  equation  (3.121)  with  account  for  (3»127)  takes 


the  form 


ps7,n“-(Hu+ ns)  p*t a  —  Inl8 + us)  .  . 
^ji-Cnu+nr.)  p^Tti  ~(n«  -f  ns)  .  .  *=»o. 


(3.128) 


Calculation  of.  the  frequency  using  (3.128)  after  substituting 
therein  the  coefficients  (3.127)  again  leads  to  the  formula 

.  *»  ./ar 
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2 

but  here  the  coefficient  k  depends  on  the  rotational  speed.  Figure 
3.16  shows  the  variation  of  this  coefficient  as  a  function  of  the 

dimensionless  centrifugal  force  parameter  k4" 


**=2225  W».  (3.129) 

EJt 

p 

This  parameter  is  proportional  to  u>  ;  its  value  is  also  proper- 

2 

tional  to  the  stress  in  the  blade.  The  quantity  <  =  20  corresponds, 

for  the  usual  blade  dimensional  relations ,  to  a  centrifugd  fo^ce 

p 

stress  equal  to  1600  -  2000  kgf/cm  (for  steel  blades).  Vfe  see  in 

2 

Figure  3«l6  that  the  frequency  inuiease  with  change  of  k  from  zero 
to  20  for  blades  of  both  types  is  very  significant.  For  the  tapered 
blade  the  frequency  increases  by  nearly  a  factor  of  two,  and  for  the 
blade  of  constant  section  it  increases  by  more  than  two  times .  The 
blade  of  the  latter  type  is  more  sensitive  to  the  action  of  the 
centrifugal  forces  and  shows  a  larger  frequency  increase  —  both 
relative  and  absolute. 


The  blade  incidence  angle  relative  to  the  wheel  plane  of  rota¬ 
tion  (Figure  3*17)  has  a  large  influence  on  the  blade  vibration 


frequencies.  Since  0  ^  0,  as  the 
blade  bends  in  the  vibration  plane 
there  appear  transverse  forces 


Figure  3*16.  Blade  frequency 
coefficients  as  a  function  of 
rotor  rpm 


Figure  3.17.  Diagram 
illustrating  the  influ¬ 
ence  of  blade  incidence 
angle  on  its  vibration 
frequency 


r 


distributed  along  the  blade  length  like  the  projection  of  the  centri¬ 
fugal  forces 

dPt‘am{x)  Y  (jt)tt*  sin  0 dx-. 

During  bending  these  forces  perform  work,  which  must  be  added  to  the 
kinetic  energy.  The  work  of  the  transverse  inertial  force  equals 

i  i 

y  ^  Y (jf)sln m(*)K*(*H sta’fkfc; 
o  o  • 

in  accordance  with  this  formula  the  addition  to  the  kinetic  energy 
coefficients  (3*118)  is  defined  by  the  expression 

77*=<«isln10  j  m(jc)h(x)h(x)dx. 

Comparing  this  expression  with  Formula  (3*118),  we  see  that  it  dif¬ 
fers  from  (3.118)  by  the  constant  factor  w2  sin2  8 

77«=«W|*#Wp*  (3*130) 

Therefore  the  Ritz  frequency  equation  (3*128)  can  be  written  as 


-(»!„+ nr,)  (n„  f  nr,)  .  .  . 

(»»+*&)  p*jr jj — (nr  4-  Hm)  .  .  . 


.0. 


(3. 131) 


Here 


4.=  4,-f-**1^; 


(3.132) 


e 


is  the  natural  vibration  frequency  for  zero  incidence 
angle  (8  *  0); 

is  the  natural  vibration  frequency  of  a  blade  set  at  the 
angle  8 . 

The  resulting  form  (3*131)  of  the  frequency  equation  shows  that 
no  additional  calculations  need  be  made  in  order  to  calculate  the 
frequencies  of  a  blade  set  at  the  angle  8.  .The  frequencies  found 
from  (3*131)  ar**  to  be  considered  as  the  natural  vibration  frequen¬ 
cies  in  the  axial  plane  of  the  rotating  wheel,  8  “0.  If  a  blade 
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is  set  at  the  angle  6  its  natural  vibration  frequencies  are  reduced 
because  of  the  action  of  the  additional  transverse  forces.  The 
correction  is  found  using  (3.132). 

When  p  and  u>  are  comparable  quantities,  the  incidence  angle 
0 

6  can  have  a  significant  effect  on  the  change  of  the  natural  vibra¬ 
tion  frequency.  For  $  jt  0  the  frequency  increase  owing  to  wheel 
rotation  will  be  less  than  shown  in  Figure  3-16  for  zero  incidence 
angle. 

Blade  heating  during  operation  reduces  its  natural  vibration 
frequency . 

If  the  heating  takes  place  uniformly  along  the  entire  blade 
length,  all  its  frequencies  are  reduced  in  proportion  to  the  square 
root  of  the  reduction  of  the  elastic  modulus  of  the  material 

££.-_=  (3.133) 

In  connection  with  the  change  of  the  operating  temperatures, 
the  reduction  of  the  elastic  modulus  of  the  refractory  materials 
lies  in  the  range  up  to  20  —  25% -  This  means  that  the  blade  natural 
vibration  frequencies  may  decrease  12  -  1511  as  a  result  of  the  tem¬ 
perature  effect  during  engine  operation. 

If  the  blade  is  heated  nonuniformly ,  (3.133)  becomes  invalid. 
The  blade  natural  vibration  frequencies  depend  on  the  nature  of  the 
temperature  distribution  along  the  blade  length.  A  complete  cal¬ 
culation  must  be  carried  out  to  determine  the  frequencies  of  a  non¬ 
uniformly  heated  blade. 

In  this  case  the  temperature  distribution  along  t.  i  blade 
length  and  the  associated  variation  of  the  elastic  modulus  E  must 
be  represented  in  the  form  of  functions  of  the  x  coordinate.  Then 
the  product  EJ(x)  in  (3.119)  will  be  a  general  function  of  the 
stiffness  along  the  blade  length,  and  the  coefficient  nig  calculated 

in  this  case  will  account  for  the  temperature  variability.  Further 
calculation  using  (3.121)  yields  the  natural  vibration  frequencies 
of  the  nonuniformly  heated  blade. 
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3.11.3*  Bubnov-Galerkin  Method 

The  basis  of  this  method  are  the  Ostrogradskiy-Hamilton  prin¬ 
ciples.  The  Bubnov-Galerkin  variational  equation  for  problems  on 
bar  vibrations  is  obtained  on  the  basis  of  the  general  differential 
equation  (3.9).  The  latter,  as  we  know,  is  the  equation  of  equili¬ 
brium  of  the  transverse  forces  applied  to  an  elementary  segment  of 
the  bar. 


We  shall  analyze  this  method  using  the  general  equation  for 
the  bar 


Art 


‘ax* 


The  exact  solution  Y(x)  causes  the  left  side  of  the  equation 
to  vanish.  This  solution  is  the  form  of  bar  free  vibrations,  taking 
place  without  participation  of  external  forces. 

If  in  place  of  the  exact  solution  we  substitute  into  the  equa¬ 
tion  the  approximate  value  of  the  function  <j>(x),  the  left  side  will 
not  equal  zero.  It  becomes  the  function  f(x) 

=»/(*).  (3*13*0 

The  function  f(x)  is  the  difference  between  the  elastic  force 
and  the  inertia  force  applied  to  an  element  of  the  bar. 

If  we  form  the  integral 

f  /(*)?(*)<#*. 


it  will  be  the  additional  work  which  must  be  expended  on  deformation 
of  the  bar  during  vibrations  in  the  $(x)  mode. 

It  follows  from  the  Galerkln  method  that  we  can  select  the 
deflection  function  $(x)  so  that  it  will  be  orthogonal  to  the  force 
function  f(x).  Then  the  additional  work  of  deformation  will  be 
zero 


(3-135) 


* 
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Under  these  conditions  the  function  4>(x)  satisfies  the  energetic 
conditions  for  free  vibrations  without  participation  of  an  external 
input,  but  the  energy  balance  is  satisfied  on  the  average  for  the 
entire  bar.  For  the  individual  elements,  the  deformation  potential 
energy  of  the  element  will  not  be  equal  to  its  kinetic  energy. 

We  replace  f(x)  in  (3*135)  in  accordance  with  (3.13^) 

\  [~  9  (jc)]  9(*)rf*=0.  (3*136) 

We  represent  the  deflection  function  $(x)  in  series  form 

9(x) -ai^i(x)  +a«^,(x).  (3*137) 

Each  term  of  the  series  is  a  suitable  function,  satisfying  all 
the  boundary  conditions  of  the  problem. 

The  coefficients  a.  are  the  parameters  of  the  function  <|>(x) 

and  are  selected  so  as  to  satisfy  the  Condition  (3*135)  and  the 
equivalent  Equation  (3*136). 

We  require  that  each  of  the  functions  ^.(x)  be  orthogonal  to 

*•*  r 

the  function  f(x).  Then  the  Condition  (3*135)  is  satisfied  termwise 
and  on  the  whole.  In  thi3  case  (3*136)  becomes  the  system  of 
equations 

I 

\\^EJ  <-1,2, . n.  (3*138) 

These  equations  are  called  the  Bubnov-Galerkin  equations. 

They  are  linear  in  the  unknown  coefficients  and  are  homogeneous . 

We  substitute  (3*137)  into  (3*138) 

a  * 

<=1*2 . «*  (3*139) 
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We  denote 


(3.140) 

(3.141) 

then  (3.139)  takes  the  form 

S4.1VW-  0.  (3.142) 

1-1 


w'A£EjJ^wx)dx‘' 

9 

7*/— J  mh(*)h(x)dx; 


Since  the  system  of  equations  is  homogeneous,  its  determinant 
must  equal  zero 


11  ti 


"  K  J'  '  11 

W«-pV» 


(3.143) 


We  have  obtained  the  frequency  equation  in  the  Bubnov-Galerkin 
form.  If  the  number  of  terms  of  the  Series  (3.137)  is  sufficiently 
large  and  the  functions  themselves  are  selected  properly  with  regard 
to  the  free  vibration  modes,  the  Galerkin  frequency  equation  makes 
it  possible  to  find  the  first  few  natural  vibration  frequencies, 
but  this  involves  the  necessity  to  solve  a  high-order  determinant. 


In  practice  the  use  of  two  or  three  terms  in  the  Galerkin  method 
permits  calculation  with  high  accuracy  of  the  first  vibration  fre¬ 
quency  and  mode,  and  calculation  with  less  accuracy  of  the  second 
vibration  mode. 


To  construct  the  vibration  mode  with  the  aid  of  the  Series 
(3.137)  we  must  determine  the  coefficients  c^.  The  latter  are  found 

as  the  minors  to  the  elements  of  any  row  of  the  determinant  (3.143). 

In  the  Bubnov-Galerkin  method  the  functions  (3.140)  and  (3.141) 
and  the  frequency  Equation  (3.143)  can  be  formulated  not  only  on 
the  basis  of  the  Equation  (3.133) »  but  also  on  the  basis  of  more 
general  equations,  which  contain  the  friction  forces  and  the  dis¬ 
turbing  forces.  This  broadens  considerably  the  possibilities  of 
the  Bubnov-Galerkin  method  in  comparison  with  the  Ritz  and  Rayleigh 
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rnmrnmmmiKKm^. 


methods  and  makes  It  possible  to  solve  problems  on  forced  vibrations 
of  systems  with  friction. 

Example  3.1.  Find  the  natural  vibration  frequency  of  a  blade 

of  variable  section.  The  cross  section  areas  and  moments  of  inertia 
are  specified  by  functions  in  polynomial  form 


The  coefficients  a1  and  a2  are  determined  by  the  blade  geometry. 
In  the  present  example:  a^  *  1.2;  a2  ■  0.6. 


We  find  the  first  vibration  mode  frequency  by  the  Galerkin 
method.  We  choose  the  blade  bending  function  in  polynomial  form 

'-•’('-t'+t1’)- 


The  polynomial  coefficients  are  selected  so  that  the  bending  func¬ 
tion  satisfies  all  the  boundary  conditions.  In  this  case  the  natural 
vibration  frequency  is  defined  by  the  relation 


where  W^  and  T^  are  calculated  using  (3.140),  (3*141): 

W’/*- J  (£/*/)'?«**- J  Stitt,** 


r„-j 


m  (x)fnt,4x. 


Since  we  take  the  solution  in  the  form  of  a  single  function,  then 
i  ■  s  ■  1.  We  calculate  the  coefficients,  assuming  that  x  *  £7: 


t 

0— «|t  +  0,48® 

# 


•  t 


-.0,0280/fo: 


4,18,  /  e/tt  . 

V 


FTD-HC-23-780-70 


147 


To  appraise  the  accuracy  of  this  solution  we  form  a  minimizing 
function  of  two  terms 

f-#j  hM  +  afaWi 

f-t+'J-**); 


both  basis  functions  satisfy  all  the  boundary  conditions. 

We  use  the  formulas  presented  above  to  calculate  the  missing 
coefficients  of  the  Galerkin  determinant 


\ (1  “  *‘£  +  “*** (2_4t  +  2{S> «  ~  m +«*)*- 

«0,i64~k; 

Wn «  ^  o  - 4it  +  («-12(l  +  «»)*  dt  -0, USA-*-. 

t 

r„-  o  5  (t-  +  asi*)  ( 1  — e  +  -J-  6*  )  (1  -  6  +  0.3t*)t«Wt- 

»  o.MtyF* 
i 

7»«  qM»,  ^  (!—«](  +  <Jjt J)  (1  —  £  +  0,34»)J4«rft  r*O,008*ti'o. 


From  these  coefficients  we  form  the  frequency  equation  in 
Bubnov-Galerkin  form  in  accordance  with  ( 3 .143) 


0.486—0,088*  0,164—0,0149*  |-0 

0,164-0,0149*  0,1056-0,000*1 


where 


Expanding  the  determinant,  we  obtain  the  quadratic  equation 

We  note  that  the  calculation  of  the  coefficients  of  the  Bubnov- 
Galerkin  equation  should  be  carried  out  with  high  precision,  since 
in  solving  the  quadratic  equation  for  the  first  frequency  we  must 
determine  the  small  difference  of  large  numbers 
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x-2i3,7M$±aoi.mae 
*1-12,82;  41A. 

In  accordance  with  the  resulting  solutions ,  the  first  and  second 
natural  frequencies  are  defined  by  the  formulas 


Comparing  the  coefficient  3.55  of  the  frequency  formula  with  the 
coefficient  4.16  obtained  previously,  we  conclude  that  the  calcula¬ 
tion  of  the  first  vibration  mode  frequency  on  the  basis  of  only  the 
single  function  gives  a  larger  error  in  comparison  with  the 

second,  more  exact  solution. 

The  ratio  of  the  coefficients  o1  and  o2  of  the  minimizing  func¬ 
tion  $  is  determined  as  the  ratio  of  the  minors  (elements  in  the 
present  case)  of  the  Bubnov-Galerkin  determinant 

ai  0.1036- (MBPS*. 

at  ""  -(0.154—0,0149*)  * 

For  the  first  vibration  mode  (x^  »  12.62)  this  ratio  will  be 

•* 

Setting  <*2  •  1,  in  accordance  with  the  previously  selected  basis 
function,we  obtain  the  equation  for  the  first  vibration  mode 

»«)-oti«r(i — J*i+  )«»+ (i-t+ o.aent* 

»(()  -  (0. 197  +  0.86M  -  0.967(J  +  0.35*)  «, 

For  the  second  vibration  mode  (x2  *  415) 

“*•=*— 0,535. 

•  °* 

The  second  vibration  mode  function  will  be: 

»(5)  -  (-0.535  +1.3565-1 ,0895*  +  0.35*)  5*. 
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3.11.4.  Initial  Parameter  Method 

Usually,  in  practical  calculations  the  bar,  beam,  or  blade 
being  analyzed,  with  a  section  which  is  variable  along  the  length,  is 
specified  by  the  dim*.  -<ons  of  the  individual  sections,  located  by 
the  coordinates  relative  to  the  initial  section.  In  these  cases 
it  is  not  possible  to  formulate  the  Bubnov-Galerkin  or  Ritz  func¬ 
tional  because  of  the  absence  of  any  given  functional  dependence  * 

of  the  section  dimensions  on  their  coordinates. 

It  is  more  rational  to  make  the  vibration  analysis  of  such 
bars  by  the  initial  parameter  method.  To  thi3  end  we  divide  the 
bar  into  individual  segments ,  which  are  taken  to  be  segments  of  con¬ 
stant  section  (Figure  3*18).  The 
relationship  between  the  para¬ 
meters  of  the  beginning  and  end 
of  the  segment  is  formulated 
for  each  segment.  In  so  doing 
the  parameters  of  the  beginning 
section  —  displacement,  section 
rotation  angle,  bending  moment 
and  shearing  force  in  the  sec¬ 
tion  —  are  considered  to  be 
known,  while  the  parameters  at 
the  end  of  the  segment  are  the  unknowns. 

The  connection  between  the  parameters  of  the  beginning  and 
end  of  the  segment  is  constructed  with  the  aid  of  the  general  solu¬ 
tion  of  the  vibration  equation  for  a  beam  of  constant  section 

the  parameter  k  for  a  given  segment  is  determined  by  the  formula 

**-£* 

where  l  —  is  the  segment  length; 

m  —  Is  the  average  mass  per  unit  length  of  the  segment; 

J  —  is  the  moment  of  inertia  of  the  initial  section  of  the 


Figure  3.18.  Schematization 
of  bar  for  calculation  by 
initial  parameter  method 
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segment,  assumed  constant  within  the  limits  of  the 
entire  segment; 

p  —  is  the  unknown  vibration  frequency. 

The  constants  C^,  C2,  C^,  are  found  from  the  given  initial 
parameters.  Taking  5*0,  using  well-known  formulas  we  obtain 


ct=*yD 


Cj=  — C4=  ~-9S— 

a  *  *  atB/  *  4  a  *£/ 


a-kIL 

With  the  aid  of  the  general  solution  and  the  values  of  the 
coefficients  written  out  above,  we  write  the  expressions  for  the 
parameters  at  the  end  of  the  segment  (5  ■  1): 

Tw  - -^j-  £/(*,; 

+ o  %v  (4)  r,.,| ; 

<?(»>  =  “ [°y V'w £/'^(*)]  * 


It  is  not  difficult  to  see  that  the  parameters  of  the  end  of 
the  segment  are  expressed  with  the  aid  of  the  parameters  of  the 
beginning  of  the  segment. 


The  resulting  system  of  equalities  is  written  in  matrix  form 


where : 

the  segment  matrix  is 


i<a 


—  r< »> 

« 


$<»> 

«y<*)  S(»> 

a *£/(/<*,  a£yv<», 


1 

aJEJ 

l 

aEJ 


uw 

Tw 


1 


a  *£/ 

_1 _ 

a3£/ 


I*) 


I/, 


(*) 


5<*> 


~a*£JT{t)  — a?EJL/^i  —  •  S^*) 


(3.144) 


(3.145) 
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The  column  matrices  of  the  parameters  of  the  end  and  beginning  of 
the  segment,  are 


■ 

K0 

9<*> 

•o 

Af<*> 

;  Pqi~ 

Af, 

Q(»> 

Qo 

.(3.146) 


To  obtain  the  product  of  the  matrices,  we  must  multiply  the 
elements  of  the  first  column  of  the  matrix  by  the  first  element 

of  the  matrix  PiQ.  Similarly,  the  second  column  is  multiplied  by 

the  second  element,  the  third  column  by  the  third  element,  and  so  on. 
Then  all  the  products  must  be  combined  row-by-row;  we  obtain  the 
column  Pki. 


The  parameters  of  the  end  of  the  preceding  segment  are  at  the 
same  time  the  parameters  of  the  beginning  of  tne  next  segment. 
Therefore  the  parameters  of  the  end  of  the  last  segment  are  associ¬ 
ated  with  the  parameters  of  the  beginning  of  the  first  segment  by 
the  matrix  product 

(3.147) 


The  parameters  of  the  beginning  of  the  first  segment  are  deter¬ 
mined  by  the  bar  end  restraint  conditions.  They  are  expressed  by 
the  following  columns  for  the  hinged  support,  built-in  support,  and 
the  free  end 


0 

0 

y . 

«. 

0 

0 

{ 

Af0 

♦ 

0 

Q» 

<V 

0 

More  complex  cases  will  be  shown  in  section  4.6. 


We  see  from  the  contents  of  the  matrix  PQ1  that  two  of  the  four- 

parameters  equal  zero,  and  the  other  two  are  unknowns  and  will  appear 
in  all  the  products .  Therefore  the  bar  end  matrix  Pkn  will  be  a 

column  of  binomials  with  multipliers  of  the  remaining  initial  para¬ 
meters  eQ,  Qq,  or  Mq ,  Qq,  or  YQ,  6Q. 
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The  frequency  p  is  determined  by  trial  and  error.  We  specify 
the  frequency  p  and  use  the  formulas  presented  above  to  calculate 
the  parameters  of  the  segments  and  formulate  all  the  matrices 

L^.  After  this  we  perform  sequential  matrix  multiplication  and 

determine  the  parameters 


In  accordance  with  the  bar  end  restraint  conditions,  two  of  the 
resulting  parameters  must  be  equal  to  zero.  This  yields  two  homo¬ 
geneous  equations  of  the  form  (for  the  free  end) 


^•»~ai*o+<*jQo— 0;  | 

Qu=Mo+*iQc=0,  } 

where  a^  a2,  b2  —  are  numerical  coefficients 


(3.1^8) 


We  formulate  and  calculate  the  determinant  cf  the  equations 


For  the  natural  frequency  the  determinant  must  be  equal  to 
zero.  If  this  does  not  occur  in  the  calculation,  we  must  specify 
a  different  frequency  p  and  repeat  the  entire  calculation  until 
the  determinant  does  equal  zero. 

The  initial  parameter  method  permits  calculating  the  higher 
vibration  modes  as  well  as  the  first  mode.  If  the  entire  bar  is 
divided  into  a  sufficiently  large  number  of  segments,  this  method 
makes  it  possible  to  obtain  high  computational  accuracy.  An  attempt 
must  be  made  to  ensux’e  that  the  moments  of  inertia  of  the  sections 
of  adjacent  segments  differ  by  no  more  than  10  -  15%. 


The  drawback  of  this  computational  method  is  the  necessity  for 
reformulation  of  the  matrices  of  al-  the  segments  for  each  specifi¬ 
cation  of  the  frequency  p,  since  the  parameters  and  change. 

This  leads  to  a  large  volume  of  computational  operations  and  pre¬ 
sents  difficulties  in  applying  the  method  for  hand  computation 
and  when  using  a  large  number  of  small  segments .  The  method  is 
very  effective  when  using  electronic  computers. 
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3.11.5.  Discrete  Model  Method 

This  method  is  based  on  replacing  the  actual  bar  of  variable 
section  by  a  multimass  dynamically  equivalent  system  with  a  finite 
number  of  degrees  of  freedom  (Figure  3*19). 

To  construct  the  discrete  model  we  divide  the  bar  into  several 
segments.  The  mass  of  each  segment  is  concentrated  at  it3  center 
of  gravity  and  is  considered  to  be  a  point  mass . 

The  bar  segment  connecting  the  sections  at  which  the  point 
masses  are  located  is  considered  to  be  a  weightless  segment  of  con¬ 
stant  section.  If  the  section  change  along  the  segment  lengch  is 
significant,  the  segment  must  be  subdivided  into  several  subsegments 
of  constant  section. 

The  number  of  segments  into  which  the  entire  bar  must  be 
divided  depends  on  the  number  of  vibration  modes  to  be  calculated. 

In  order  to  obtain  high  computational  accuracy  the  general  criterion 
limiting  the  segment  length  should  be  the  inequality  (see  [16]) 

(3.149) 


where  id  —  is  the  largest  value 
of  the  frequencies 
being  calculated. 

Comparing  the  general  cri¬ 
terion  with  the  formula  for  the 
frequency  of  the  beam  of  constant 
section,  we  obtain  a  simpler  in¬ 
equality  for  the  maximal  accept¬ 
able  relative  segment  length 


where  —  is  the  frequency  co¬ 
efficient  of  the  high¬ 


Figure  3.19*  Schematization 
of  bar  in  discrete  model  form 


est  vibration  mode  being  calculated. 
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Using  the  frequency  coefficients  for  the  beam  of  constant 
section,  we  find  that  for  the  calculation  of  the  first  beam  vibration 
mode  it  is  sufficient  to  divide  the  beam  into  three  segments.  For 
the  calculation  of  the  first  two  modes,  the  number  of  segments  should 
be  5  -  6;  for  the  calculation  of  the  third  mode,  8  —  10  should  be 
used. 

The  calculation  of  the  natural,  vibration  frequency  of  the  dis¬ 
crete  model  is  made  using  the  initial  parameter  method.  To  this  end 
we  formulate  the  relationships  between  the  parameters  of  the  begin¬ 
ning  and  end  of  the  elastic  segments  and  the  parameter  change  upon 
passing  through  a  mass . 

The  connection  between  the  parameters  of  the  beginning  and  end 
of  the  weightless  segment  of.  a  bar  of  constant  section  is  determined 
on  the  basis  of  the  polynomial 

Y  ('«) —Cx  +C,P-j-C4J*,  (3-150) 

which  is  the  general  solution  of  the  differential  equation  of  bending 
for  a  beam  of  constant  section. 

The  coefficients  C^,  Cg,  C^,  are  determined  from  the  given 

segment  initial  parameters  YQ,  6Q,  MQ,  Qq,  acting  in  the  section 
5*0 

C,*=Ko;  Ct=*(fc  -|-Q0. 

The. corresponding  parameters  of  the  end  of  the  segment  will  be 


*  A  •• 

4-i 

T  2 El 

M0  - 

6  El 

Q* 

•(*)“ 

\  • 

4-Jl. 

T  EJ 

M0  - 

2 Bl 

Aft  - 

-w* 

• 

Qo. 

In  matrix  form  this  system  of  equalities  is  written  in  the 
product  form 

Pm-IhPiu,  (3-151) 
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where  the  matrix  of  the  weightless  elastic  segment  is  written  as 


ft 

2BI, 

.  *6J, 

U 

ft 

61, 

2BJ, 

1 

-h 

0 

1 

(3.152) 


y  ^  ^  v  ■ * w  ^  ^  r~‘ 

mh  % 

r:  , 
vj  *.+ 1  ■*-  „ 


If  the  segment  between  the  point  masses  is  divided  into  sub¬ 
segments,  then  the  connection  between  the  parameters  of  the  begin¬ 
ning  and  end  of  the  stepped  weightless  segment  is  found  as  the 
product 

Pu^L'iL,L’  PUt  (3.153) 

where  L^,  L"i,  L"^  —  are  the  subsegment  matrices,  analogous  to 

that  presented  above. 

The  parameters  of  the  beginning  of  a  segment  located  after  a 
point  mass  are  connected  with  the  parameters  of  the  end  of  the  seg¬ 
ment  ahead  of  the  mass  by  the  matrix  form 


where  the  point  mass  matrix  is 


(3.154) 


I  0  0  Oj 

a  i  oo 
m,tm  .  0  0  10* 
-iWtfffOOl 


(3.155) 


here  mA  —  is  the  magnitude  of  the  point  mass. 

The  matrix  is  formulated  under  the  conditions  that  the  dis¬ 
placement  Y,  section  rotation  angle  0,  and  bending  moment  M  do  not 
change  upon  passing  through  the  mass,  and  the  shearing  force  after 
the  mass  is  determined  from  the  condition  of  equilibrium  of  the 
forces  acting  on  the  mass  from  the  left  and  right  and  the  inertia 
force . 
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As  a  result  of  the  calculation  the  parameters  of  t'ne  end  of 

the  last  segment  are  connected  with  the  parameters  of  the  beginning 
of  the  first  segment  as  the  matrix  product 

. .  .MjLjPtj.  ( 3  •  156 ) 

The  calculation  of  the  discrete  system  is  made  by  the  trial  and 
error  method,  as  discussed  in  Section  3. 11. 

Example  3.2.  Analyze  a  blade  whose  geometry  is  defined  by 

sections,  and  the  section  areas  and  moments  of  Inertia  are  given  in 
Table  3.2. 


TABLE  3.2. 


Section  No. 

Section 

relative 

coordinates 

P/P0 

J/J0 

0 

0 

1.00 

1.00 

1 

0.2 

0.784 

0.480 

2 

0.4 

0.616 

0.235 

3 

0.6 

0.496 

0.122 

4 

0.8 

0.424 

0.076 

5 

1.0 

0.400 

0.064 

Here  PQ,  JQ  —  are,  respectively,  the  area  and 
moment  of  the  blade  root  section. 


The  given  sections  define  the  division  of  the  blade  into  five 
parts  of  equal  length  (Figure  3*20),  which  is  sufficient  for  calcu¬ 
lating  the  first  two  vibration  modes. 

We  determine  the  mass  of  the  segments  using  the  formula 

f-T«  (*  + t?)m- 

where  p,  I  —  are  che  material  density  and  blade  length,  respectively. 


FTD-HC-2 3-780-70 


157 


We  obtain 


1 

\ 

2 

ft 

4 

ft 

mt 

0,1784 

0.14 

0,112 

0,032 

0.0824 

The  centers  of  gravity  of 
the  segments  do  not  coincide  with 
their  midpoints,  but  this  dis¬ 
crepancy  amounts  to  only  1-2 % 
of  the  segment  length.  There¬ 
fore,  to  simplify  the  calculation 
we  concentrate  the  masses  at 
points  located  at  the  midpoint 
of  the  segments.  After  this  we 
obtain  a  new  division  of  the 
blade  length  into  segments 
located  between  the  masses.  The 
first  segment  has  the  length  0.11} 
the  remaining  segments  have  the  length  0.21  each.  We  assume  that 
the  segments  have  constant  stiffness  and  section  moment  of  inertia 
equal  to  the  moment  of  inertia  of  the  average  section  of  the  seg¬ 
ment.  These  will  be  the  given  sections  1,  2,  3,  4  (see  Figure  3.20). 

The  segment  lengths  are  linearly  related  with  the  overall 
blade  length  l\  the  section  moments  of  inertia  and  masses  are 

proportional  to  JQ  and  FQ  of  the  root  section.  Therefore  the  blade 

vibration  frequency  is  defined  by  the  formula 


2 

where  k  —  is  the  frequency  coefficient,  characteristic  for  the 
given  blade  geometry  and  having  a  different  value  for 
each  vibration  mode. 


Figure  3.20.  Schematization 
of  bar  designed. 
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We  take  in  the  calculation  E  ■  1,  Jg  ■  1;  l  *  1;  p  ■  1;  FQ  ■  1. 

2 

Then  p  ■  k  and  the  result  of  the  calculation  will  be  the  frequency 
coefficient,  suitable  for  calculating  the  entire  family  of  similar 
blades. 

For  the  assumed  unit  values  of  the  blade  parameters,  we  use 
(3*152)  to  formulate  the  segment  matrices,  which  are  entered  in  the 
corresponding  locations  of  the  computational  table  (see  Table  3.3)* 

p 

Taking  p  ■  12,  we  use  (3*155)  to  formulate  the  matrices  of  the  point 
masses,  which  are  also  entered  in  the  computational  table.  The  root 
section  has  the  initial  parameters 

y.-O;  e«-0;  M„*0;  Q,*0. 

The  calculation  of  the  blade  end  parameters  is  made  by  the  two- 
calculation  method.  In  the  first  calculation,  the  column  matrix  is 
taken  with  a  one  in  the  third  place,  i.e.,  in  the  place  of  the  first 
unknown 

*.,-[0.  o,  t.  8J. 

The  entire  table  is  calculated  using  this  matrix.  To  do  this,  we 
multiply  the  columns  of  the  matrix  by  the  like  elements  of  the 

column  matrix  PQ1,  and  after  combining  the  products  row-by-row  we 

obtain  the  parameters  Pkl  of  the  end  of  the  segment.  We  multiply 

these  parameters,  in  turn,  by  the  mass  matrix  columns,  and  after  com¬ 
bining  we  obtain  the  parameters  Pq,,  of  the  beginning  of  the  next 

segment.  At  the  end  of  the  calculations,  we  obtain  the  coefficients 

Pfl*  -11,63677;  ;  ;i65;  1,37062;  -2,86809]. 

In  the  second  calculation  the  one  Is  taken  in  the  fourth  place, 
i.e.,  in  the  place  of  the  second  unknown.  After  making  the  second 
calculation  of  the  table,  we  obtain  the  coefficients 

/>8M-0, 644724;  -3.443938;  -0,981721;  +1.94032JJ. 
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The  parameters  at  the  end  of  the  blade  are  represented  In  the 
form  of  sums  of  the  results  of  the  two  calculations 

•  »-a34966M0— 3.443#M<?,; 

1.37082M* — 0,*61721Q* 

Qt— 2,86809Af«+l)940323Qb> 

The  boundary  conditions  for  the  end  of  the  blade  are  *  0; 
Qk  °  0.  Equating  the  last  two  equalities  to  zero,  we  check  their 
determinant 

A— 1,37082  •  1,040323—2,86809  -  0.981721 -—0,155584. 

The  determinant  is  not  equal  to  zero;  therefore  we  assume  a 
2 

different  value  p  *  13  and  repeat  the  computation. 

As  a  result  we  obtain 

A— 1,404285-  2,380299— 3, 130771  - 1. 042695-0, 084358. 

2 

The  zero  value  of  the  determinant  occurs  for  a  value  of  p 
between  12  and  13.  Interpolating,  we  obtain 

f*-UWfc  A»-p-W. 

To  construct  the  vibration  mode,  after  determining  the  value 

2 

of  p  and  calculating  for  this  value  all  the  coefficients  of  the 
computational  tables,  we  determine  the  ratio  Q0/Mq.  This  can  be 

done  using  the  third  or  fourth  equality  of  the  end  parameters, 

which  for  p"  »  12.65  are  represented  by  the  equalities 

Af»-l32S7Afr-l«1354Q*-0; 

Q»— — 3,035473.  <f«4*2^28SlQ«—0. 

Prom  either  equation  we  obtain 


The  deflections  of  the  ends  of  the  segments,  from  which  the 
vibration  mode  is  constructed,  are  calculated  from  the  data  in  the 
first  line  of  the  computational  tables  as  the  sums 


!■«- •’!?>+  £/»>. 

The  calculation  of  the  second  vibration  mode  is  made  similarly. 


3.11.6.  Integral  Method. 

The  integral  method  of  successive  approximations  for  bars  and 
beams  with  distributed  mass  is  constructed  on  the  basis  of  the 
general  differential  equation.  We  examine  the  equation 


Performing  the  integration  within  the  limits  of  a  segment, 
where  the  functions  m(x),  Y(x),  EJ(x)  are  continuous,  we  obtain 
sequentially 


-<?(*)=£•  \m(x)T  (x]<tx+Ct 

M (x)~EJ m(x)Y(x)djfi+CiX-'  C,; 

(C^+C,)]^+c^ 


(3.157) 

(3.158) 


(3-159) 


(3.160) 


The  constants  of  integration  are  found  from  the  given  boundary 
conditions  at  the  ends  of  the  segment. 

The  Equation  (3.160)  is  the  integral  equation  of  the  vibration 
modes.  It  is  satisfied  by  the  function  Y(x),  which  is  the  exact 
expression  for  the  natural  vibration  mode  with  account  for  all  the 
boundary  conditions.  Here  the  right  side  of  the  equation,  written 
in  integral  form  on  the  basis  of  the  function  Y(x),  is  proportional 
to  the  function  itself.  The  coefficient  of  proportionality  is  the 
square  of  the  natural  vibration  frequency  for  the  given  node. 

The  integral  equation  (3-160)  is  written  in  abbreviated 
form  as 
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Y(x)-?K(Y), 

where  K(Y)  —  is  an  integral  operator  which  includes  the  set  of 
constants  of  integration. 

We  formulate  the  system  of  successive  approximations 

*<!>(*) 

9(*»(x)=/af<«)];  (3.162) 

(0) 

where  (x)  —  is  some  initial  function  approximating  the  vibra¬ 

tion  mode.  To  shorten  the  calculations  it  is 
desirable  that  this  function  satisfy  the  geometric 
boundary  conditions; 

♦  ^  (x)  —  is  the  first  approximation  of  the  vibration  mode 
and  is  a  function  satisfying  all  the  boundary 
conditions . 


The  successive  approximations  are  constructed  using  the  cyclic 


rule. 


We  form  the  ratio  of  the  last  two  approximations 

yfc-fyt)  taj—'- V)1 


(3*163) 


Let  us  find  the  value  of  this  ratio.  To  do  this  we  write  the 
initial  function  in  the  form  of  an  eigenmode  expansion 


(3.164) 


where  Uj  (x)  —  are  the  normed  natural  vibration  mode  functions 
of  the  bar; 

Kj  —  are  the  expansion  coefficients. 

We  write  the  first  approximation  on  the  basis  of  (3.164) 


(3.165) 
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Since  each  of  che  functions  is  the  exact  solution  of  the  integral 
equation  (3,161),  we  can  make  the  replacement 

then  the  first  approximation  (3.165)  is  written  in  the  form 

wo-iyj!*.  (3166) 


It  differs  from  the  initia.  Cj-.^t.on  (3.164)  in  that  each  term  is 
divided  by  the  square  of  the  natural  frequency.  Using  this  rule, 
we  can  write  the  expression  for  any  ntl1  approximation 


t'ffr 


(3.167) 


We  take  the  first  frequency  outside  the  summation  symbol 


?*(•«)= 


(3.168) 


The  ratio  of  the  frequencies  squared,  under  the  summation  sy  .b »i , 
is  less  than  one.  Therefore  the  limit  of  the  nth  approximation  wiw 
increase  of  n  is 

and  the  limit  of  the  ratio  of  two  successive  approximations 
approaches  the  first  frequency  squared 


(3.169) 


Consequently ,  for  a  sufficiently  large-  number  of  approximations 
(3.163)  yieldsjthe  square  of  the  first  frequency.  The  approximation 
process-  bSs'  good  convergence, and  in  practice  it  is  sufficient  to 
take  two  or  three  approximations  in  order  to  determine  with  ..igh 
precision  the  frequency  and  deflection  function  of  the  first  vibra¬ 
tion  mode.  The  latter  is  the  approximation  function  itself 
(n) 


♦ 


(x) . 
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su. 


For  a  limited  number  of  approximations,  the  value  of  p^  found 

from  (3.169)  is  a  function  of  x.  Of  all  the  possible  values  of 
2 

P]_»  the  closest  to  the  exact  value  is  the  one  calculated  for  the 

section  vith  maximal  deflection  in  the  first  vibration  mode.  In 
accordance  with  the  orthogonality  conditions,  the  influence  of  the 
nearest  second  mode  is  minimal  at  this  section. 

The  choice  of  the  initial  function  <t/0^  (x)  does  not  alter  the 
process  of  convergence  to  the  first  vibration  mode. 

In  using  the  integral  method  to  calculate  the  second  vibration 
mode,  special  measures  must  be  taken  in  selecting  the  initial 
function  and  in  the  computation  process. 

The  initial  function  <J>  (0)  must  not  contain  a  term  which  is  in 
proportion  to  the  first  vibration  mode.  For  such  a  function  ■  0, 

and  in  accordance  with  (3.168)  the  second  vibration  mode  becomes 
dominant 

’*■* w  w  [*-W+i ’•«<'> ($)']  r  (3.170) 

In  practice  it  is  difficult  to  specify  the  initial  function 
(except  for  obvious  cases)  such  that  it  does  not  contain  the  first 
mode.  Then  it  must  be  orthogonalized,  i.e.,  the  first  mode  must 
be  removed.  To  do  this  we  find  the  first  mode  expansion  coeffi¬ 
cient 

1 

where  4»1  (x)  —  is  the  previously  determined  first  vibration  mode 
function. 

Then  the  first  mode  is  subtracted  from  the  given  function, and 
the  initial  function  for  the  calculation  of  the  second  vibration 
mode  takes  the  form 
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We  have  mentioned  previously  that  the  orthogonal! sation  process 
must  be  carried  out  for  each  approximation  in  the  course  of  the 
entire  calculation. 

Calculation  of  the  successive  approximations  by  multiple  inte¬ 
gration  of  the  initial  function  is  not  possible,  except  for  elemen¬ 
tary  cases  which  are  of  little  interest  for  the  present  method. 
Therefore  the  integration  is  replaced  by  summation.  The  computa¬ 
tional  r-v  tas  in  terms  of  finite  differences,  obtaineu  on  the 
basis  .*  '.,.157)  —  (3.I6O),  will  have  the  form 

a 

- ' Q  C*)|  ■ =  2  m  (■*)<¥  Ml  A. X, -f  < C„  (3.171) 

■  i-o 

wh 're  i  —  is  the  number  of  the  elementary  segment; 


(3.172) 

(3-173) 

(3.174) 


The  constants  C^,  C2,  C^,  are  determined  in  the  computational 

process  on  the  basis  of  the  problem  boundary  conditions. 

example  3.3.  Calculate  by  the  integral  method  the  first  and 

second  vibration  modes  of  the  blade  whose  geometry  is  given  by 
sections  in  accordance  with  Table  3.3  (see  Example  3.2.). 

Taking  in  the  calculation  FQ  *  1;  JQ  *  1;  l  *  1;  p  a  l;  E  =  1, 

the  dimensions  shown  in  Table  3-3  can  be  considered  to  be  absolute. 
Then  the  result  of  the  calculation  gives  the  frequency  coefficient 

2 

k  ,  and  the  frequency  for  blades  of  similar  geometric  form  is  found 
from  the  formula 
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The  calculation  of  the  successive  approximations  is  made  using 
(3.171)  -  (3*174).  The  computational  technique  reduces  to  sequen¬ 
tial  filling  in  of  the  columns  of  the  computational  table  (see 
Table  3.4). 

Lines  1-4  of  Table  3.4  are  filled  in  on  the  basis  of  the 
initial  data.  Line  5  is  the  initial  function  of  the  zero  approxi¬ 
mation.  In  the  present  example  it  is  taken,  in  the  form  of  a 
quadratic  parabola,  satisfying  the  boundary  conditions  at  the 
clamped  end  (zero  section). 

Line  9  is  formed  as  the  sum  of  the  numbers  appearing  in  the 
preceding  columns  of  line  8.  In  accordance  with  the  boundary  con¬ 
ditions  and  Formula  (3.171)*  the  last  number  in  line  9  is  the  co¬ 
efficient  C1  with  reversed  -;ign  (C1  *  -  15*1966). 

Line  10  gives  the  shearing  forces  (with  minus  sign)  in  the 
blade  sections. 

Linen  11  -  21  are  sequential  calculations  using  (3.172), 
(3.173)>  (3*174).  Line  21  is  the  first  approximation  of  the  vibra¬ 
tion  mode.  Using  the  data  of  this  line  in  place  of  line  5  and 
making  a  repeat  calculation,  we  obtain  the  second  approximation, 
shown  in  line  22. 

The  ratio  of  che  numbers  of  line  21  to  the  corresponding 
values  of  line  22  yields  the  square  of  the  first  vibration  mode 
frequency.  In  our  example  this  is  the  square  of  the  frequency 
coefficient 


Further  calculations  yield  very  slight  refinement. 

The  normalization  of  the  first  vibration  mode  is  performed  in 
lines  23  —  28.  Line  28  is  the  normed  vibration  mode,  which  is 
necessary  for  the  further  calculation  of  the  second  vibration  mode 
and  frequency . 

IJ.ie  29  gives,  very  approximately,  the  second  vibration  mode. 
The  expansion  coefficient  of  the  first  mode,  which  is  used  to 
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exclude  the  first  vibration  mode  from  the  zero  approximation,  is 
determined  in  lines  30  ~  35.  The  result  of  clearing  of  the  mode 
is  obtained  in  line  36. 

A  computational  cycle  using  (3.171)  -  (3.17^0  is  made  in  lines 
37-52,  the  result  being  the  first  approximation  of  the  vibration 
mode.  Excluding  from  the  resulting  mode  the  first  vibration  mode 
(line  53  -  59),  we  obtain  the  first  approximation  of  the  second 
vibration  mode. 

The  values  in  line  59  are  used  to  calculate  the  second  approxi¬ 
mation.  To  do  this  line  59  is  used  to  replace  line  36,  and  the 
entire  subsequent  computational  cycle  is  repeated.  The  results  of 
the  calculation  of  the  second  approximation  for  the  second  vibration 
mode  after  excluding  the  first  mode  are  presented  in  line  60 . 

The  ratio  of  the  numbers  of  lines  59  and  60  (line  61)  for 
sections  3  or  5>  where  the  amplitudes  are  largest,  yic  ds  the 
second  vibration  mode  frequency  squared 

ft™  (*1)*=  302  +  305. 

Calculation  of  the  third  approximation  confirms  the  adequate 
accuracy  f  the  calculation  of  the  second  mode  and  frequency  in  the 
first  two  approximations. 


CHAPTER  4 


VIBRATIONS  AND  CRITICAL  SPEEDS  OP  ROTATING  FLEXIBLE 
SHAFTS  AND  ROTORS  OF  GAS  TURBINE  ENGINES 
AND  TURBOMACHINES 


The  shafts  and  rotors  of  turbomachines  have  extremely  varied 
construction,  beginning  with  the  very  simple  single-mass  systems  and 
ending  with  the  very  complex  systems  consisting  of  several  disks 
connected  by  flexible  segments  with  distributed  mass,  or  composed 
of  several  sections  which  are  hinged  together. 

Rotor  vibrations  take  place  simultaneously  in  two  mutually 
perpendicular  planes.  The  two  forms  of  vibrations  are  coupled. 

The  coupling  arises. as  a  result  of  rotation,  because  of  the  action 
of  centrifugal  forces  and  gyroscopic  moments,  and  also  in  those  cases 
in  which  the  shaft  supports  or  the  shaft  itself  do  not  have  axial 
symmetry. 

These  characteristics  make  it  necessary  to  examine  special 
problems  on  the  vibrations  of  rotating  elastic  systems. 
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4.1.  Free  Vibrations  of  Flexible  Shaft  with  Single  Disk 

The  rotor  scheme  with  a  single  disk  located  arbitrarily  on  a 
flexible  shaft  is  very  widely  used. 

Most  frequently  we  must  analyze  axisymmetric  systems,  when  the 
rotor  rotational  axis  coincides  with  one  of  the  principal  axes,  the 
moments  of  inertia  are  the  same  with  respect  to  the  other  axes ,  and 
the  support  and  shaft  stiffnesses  are  axisymmetric. 


4.1.1.  Kinetic  Energy  of  a  Rotating  Body 


As  a  result  of  shaft  and  support  deformation,  during  rotation 
the  rotor  body  performs  regular  or  irregular  precession.  The  rotor 
center  of  inertia  travels  along  a  circular  or  elliptical  trajectory 
and  the  principal  axis  —  tangent  to  the  elastic  line  of  the  shaft 
—  describes  a  complex  surface.  The  body’s  kinetic  energy  is  made 
up  of  two  parts:  the  kinetic  energy  Tq  of  the  translational  motion 


with  the  velocity  of  the  center  of  inertia,  and  the  kinetic  energy 
T1  of  the  rotational  motion 


r-r.+r,; 


(4.1) 


In  the  fixed  coordinate  axis  system  (Figure  4.1)  the  former  is 
defined  by  the  simple  formula 


r0=-i-m(3+#);  (4.2) 

The  second  component  is  defined  in  the  xyz  rotating  axis  system, 
fixed  with  the  body, 

T\ +AWJ),  (4.3) 

where  u>  ,  w  ,  w  —  are  the  projections  of  the  body  angular  velocity 

j i 

vector  on  the  xyz  principal  axes; 

J^,  J2,  Jg —  are  the  principal  moments  of  inertia  of  the  body. 

In  order  to  determine  the  position  of  the  rotor  body  in  space 
and  its  angular  velocities,  we  introduce  the  additional  system 
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of  rotating  coordinate  axes 
(  igure  4.2);  we  align  the  ? 
axis  with  the  zQ  axis.  Then 

the  £»n  axes  will  lie  in  the 
xQy0  plane  and  will  form  the  angle  ij>  with  the  xQy0  axes.  The  posi¬ 
tion  of  the  rotor  (disk)  body  relative  to  the  axes  is  defined 
by  the  Euler  angles  0  and  4>.  The  nutation  angle  6  between  the  z 
and  5  axes  is  formed  by  rotation  of  the  body  around  the  £  axis, 
which  is  called  the  line  of  nodes.  The  proper  rotation  angle 
defines  the  relative  rotation  of  the  body  about  its  z  axis  and  is 
measured  between  the  line  of  nodes  $  and  the  x  axis.  ij>  is  called 
the  precession  angle.  The  Euler  angles  i|i ,  0,  <(>  completely  [define 
the  position  of  the  rotating  body  in  the  xQy0z0  fixed  coordinate 


Figure  4.2.  Eulerian  axis 
system  of  rotating  and  process¬ 
ing  disk 


system. 


The  projections  of  the  instantaneous  absolute  angular  velocity 
of  the  body  on  its  principal  axes  are  defined  with  the  aid  of  the 
Euler  angles  by  the  following  formulas 


cos 

v>j,  =  —  8  sin  9  -}-$  sin  0  cos  y; 

«,=']»  coi  9-ff. 

The  overdots  denote  angular  velocities  with  respect  to  the 
corresponding  angles. 
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Formula  (4.3)  in  terms  of  Euler  angles  takes  the  form 


f, — ■ -y  [7,  ($  sin  0  sin  9  -f  0'  cos  ?)* -f 
+ /j  (<j»  sin  0  cos  9  —  i  sin  ?J*  -f  /,  ($  cos  8 + 4)*|-  ( ^  •  ^ ) 

This  is  the  general  expression  for  the  kinetic  energy  of  rotation. 
For  a  circular  body  *  Jg.and  (4.4)  takes  the  form 

7*i — 'j-  l-A  ($*  sin1 0 + 6*)+/,  cos  9+?)»J.  (4.5) 


4.1.2.  Differential  Equations  of  Axisymmetric  Rotor  Vibrations 

The  rotor  bending  potential  energy  is  defined  by  the  projec¬ 
tions  of  the  deformation  of  its  elastic  axis  on  the  coordinate 
planes  (Figure  4.3) 


H==  y[fu(^+  !/o)+2clS(ytia+Jf0?)4-tH(a1+?1)]:  (4.6) 

where  xQ,  yQ  —  are  the  center  of  gravity  displacement  coordinates; 


a,  3  — 

C11,C12 ,c22  “ 


are  the  slopes  of  the  tangents  to  the  projections  of 
the  elastic  axis; 

are  the  static  stiffness  coefficients. 


The  angles  a  and  3  are  con¬ 
nected  with  the  Euler  angles  by 
the  relations 


—a^%  cos$; 
sin 


(4.7) 


so  that  (4.6)  may  be  written  in 
the  form 

n=y  fcu  (*o+yo)-2cia0 

(y0cosq— tfosla'ft+ca^l.  (4.8) 

The  Formulas  (4.2),  (4.5)  for  the 
kinetic  energies  and  (4.8)  for  the 
potential  energy  contain  five 


Figure  4.3.  Coordinates  of 
shaft  elastic  axis 
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independent  coordinates  xQ,  yQ,  6,  if;,  4> ,  which  correspond  to  the 
five  degrees  of  freedom  of  the  system. 

'T..v.  coordinates  x^  and  y^  are  connected  with  tne  £,ri  coordinates 
by  the  formulas 

S=xocoJij>+yoslmti;  (4.9) 

x0siin|j+y#cos^.  (4.10) 


We  shal1  formulate  the  differential  equations  of  the  vibrations 
of  the  rotating  rotor  with  the  aid  of  the  Lagrange  equation 


i  t  nr  \  &T  ,  an  __Q 

dt\dq)  Oq  ‘  dq 

Differentiating  (4.2)  and  (4.3)  respectively  with  respect  to 
xQ  and  yQ,  we  obtain 

«*b+*u-*b+*i8®sln$==0;  (4.11) 

mi'o+Pii!to— Cii8cos^=0;  (4.12) 


differentiation  of  (4.5)  and  (4.8)  with  respect  to  6,  i|>,  0  yields 


•A® — (-/it  cos  6 — 7,  ($  cos  8  -{-9)1  i*.  sin  8 — cn  (y9cos^— 

^sln^.+cjaB^O.  ^  (4.13) 

7,5  sin*  8  +  27,$S  sin  8cos8— 73(5  cos  ®-f<?)8sIn#-f 
+yacos«  (icos  8+5)  +c,28  (*0  cos  *  +  ya  sin$)=0;  ( 4 . 14 ) 

-£($cos8+5)*=0.  (4.15) 

at 

The  last  equality  shows  that  the  rotor  absolute  velocity  of 
rotation  about  the  z  axis  is  constant.  The  precession  of  the  cir¬ 
cular  rotor  has  no  effect  on  the  uniformity  of  its  rotation 

cos  8  +9*const  (4.16) 

Formulas  (4.13)  and  (4.14)  take  a  simpler  form  after  replacing 
therein  certain  terms  in  accordance  with  (4.9),  (4.10),  (4.15), 
(4.16),  and  making  the  replacement  sin  0  -  0;  cos  0  =  1: 

•Ji®— ci2,l+c»8=0;  (4.17) 

7,58+27,  ^Jw/B+CjjJ^O.  (4.18) 


FTD-HC-23-780-70  176 


t 


These  are  the  equation?  of  equilibrium  of  the  moments  applied  to  the 
rotor  in  terms  of  projections  on  the  £  and  5  axes. 

Equations  (4.11),  (4.12)  and  (4.17),  (4.18)  form  a  system  of 
equations  which  defines  completely  the  free  vibrations  of  the 
rotating  rotor. 


4.1.3.  Solutions  of  the  Equations 

4.1. 3.1.  Plane  vibrations 

During  plane  vibrations  the  line  of  nodes  does  not  displace, 
and  deflection  of  the  rotor  takes  place  in  the  n,C  plans,  i.e., 
plane  vibrations  correspond  to  the  conditions 

5***0;  $«const 

Equation  (4.18)  shows  that  we  must  have  to  =  0  in  this  case. 
Otherwise  a  gyroscopic  moment  develops  relative  to  the  n  axis, 
which  disturbs  the  plane  vibrations. 

If  we  take  for  simplicity  ip  =  u ,  then  xQ  =  0,  yQ  =  n  and 
(4.12)  and  (4.17)  become  the  equations  of  plane  vibrations 


•M— 0. 1 


(4.19) 


In  accordance  with  the  assumed  initial  conditions,  the  solu¬ 
tions  of  these  equations  may  be  taken  5n  the  form 

H cos  pt\  8  cci pi; 


substitution  of  these  solutions  into  (4.19)  lea^ '  to  the  frequency 
equation  in  determinant  form.  Expanding  this  d  terminant  into  a 
row,  we  obtain 

(cn-mp*)  (ea  Ci: = 0,  (4.20) 


This  equation  has  two  roots,  which  are  the  free  plane  vibration 
frequencies . 

This  solution  makes  it  possible  to  draw  the  important  conclu¬ 
sion  that  plane  vibrations  can  occur  only  with  a  nonrotating  rotor. 
Plane  vibrations  are  not  possible  for  a  rotating  rotor. 
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4. 1.3. 2.  Regular  precession 

Regular  precession  is  characterized  by  constant  precession 
rnte  i|/  and  constant  shaft  deflection 

const;  const;  8— const; 

correspondingly 

^~0;  8  =>9  “0;  £**0; 

Equation  (4.18)  is  satisfied  in  this  case  term  by  term. 

In  accoruance  with  (4.9)  and  (4.10),  where  we  must  set  S  *  0, 
we  obtain 

Jfo** — n  sin-4>;  yo=*n  cos  where 

Substitution  of  these  functions  into  (4.11)  and  (4.12)  makes 
them  identical  and  they  become 

<1*8.  (4.21) 

and  (4.17)  for  regular  precession  becomes 

— /j«))X8= — <■«*)+**»••  (4.22) 

The  system  of  four  differential  equations  has  been  reduced  to 
two  homogeneous  algebraic  equations  with  two  unknowns  —  n  and  0. 
Equations  (4.21)  and  (4.22)  are  the  equations  of  equilibrium.  In 
(4.21)  the  centrifugal  force  of  precession  appears  on  the  left  side, 
and  on  the  right  side  there  is  the  elastic  force  associated  with 
the  magnitude  of  the  deflection  n  and  the  angular  deformation  0. 

The  sum  of  the  dynamic  and  gyroscopic  moments  appears  on  the  left 
in  (4.22),  and  the  corresponding  elastic  force  mo-rent  appears  on 
the  right. 

These  equations  show  that  in  the  future  there  is  no  need  to 
formulace  all  the  differential  equations  every  time  for  axisymmetric 
rotors;  it  is  sufficient  to  formulate  only  the  equations  of  equili¬ 
brium  of  the  inertial  and  elastic  forces  and  moments. 
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Nonzero  solutions  of  (4.21)  and  ( M - 22 )  are  possible  only  if 
the  determinant  of  the  system  equals  zero.  The  determinant  for 
(4.21)  and  (4.22)  yields  the  equation 

<*»-«*•)  [cn  - (l  -  ^  y)  yi^]- A-°.  (4.23) 

This  equation  is  satisfied  only  for  four  definite  values  of  A 
—  the  regular  precession  rates.  These  roots  of  the  equation  are 
the  natural  circular  vibration  frequencies  of  the  spinning  rotor. 


The  free  vibration  frequencies 
speed  hi.  Figure  4.4  shows  the 
dependence  of  the  roots  of  the 
frequency  equation  (4.23)  on  ui. 

The  diagram  consists  of  four 
branches,  separated  by  three 
horizontal  asymptotes  (the  middle 
one  being  the  abscissa  axis). 

The  upper  and  lower  branches  have 
an  inclined  asymptote  passing 
through  the  coordinate  origin. 

We  obtain  the  equation  of 
the  asymptotes  from  (4.23).  For 
the  horizontal  asymptotes  we  must 
set  ui  ®.  Then  we  obtain 

fu  -  ml?  =0; 

The  more  rigid  the  rotor,  the  more 
from  the  abscissa  axis. 


A  depend  on  the  proper  rotation 


Figure  4.4.  Roots  of  the 
frequency  equation  of  a 
rotating  shaft 

(4.24) 

distant  the  asymptotes  are 


For  the  inclined  asymptote  we  must  set  A  *►  ®.  After  dividing 

4 

all  the  terms  by  A  ,  we  obtain  the  slope  of  the  inclined  asymptote 

=A.  (,.25) 

This  formula  shows  that  the  slope  of  the  asymptote  depends  on  the 
ratio  of  the  moments  of  inertia  of  the  rotor  body.  For  a  thin  disk 
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this  ratio  equals  two.  For  a  long  rotor  of  drum  construction  or 
consisting  of  several  rigidly  connected  disks  this  ratio  may  be 
less  than  one.  Then  the  asymptote  is  positioned  with  correspondingly 
small  slope  to  the  abscissa  axis. 

The  diagram  is  skew  symmetric  relative  to  the  center.  The 
first  and  third  quadrants  correspond  to  forward  precession,  when 
the  direction  of  precession  coincides  with  the  direction  of  rotation. 

The  second  and  fourth  quadrants  correspond  to  backward  preces¬ 
sion,  when  th<~  direction  of  precession  is  opposite  the  direction  of 
rotation.  For  each  rotational  speed  there  are  four  vibration  modes 
—  two  forward  precession  and  two  backward,  which  corresponds  to 
thf  number  of  system  degrees  of  freedom.  In  accordance  with  the 
gr  .eral  rule,  the  rotating  shaft  or  rotor  does  not  have  any  other 
.ee  vibration  modes.  This  makes  it  possible  to  draw  the  important 
conclusion  that  the  free  vibration  modes  of  a  rotating  rotor  can  be 
only  regular  precession. 

We  shall  note  certain  particular  cases. 

For  id  *  0  (4.23)  becomes  (4.20).  Its  roots  are  shown  by  the 
points  a  in  Figure  4.4.  Thus  the  nonrotating  rotor,  in  addition  to 
plane  vibrations,  can  perform  circular  vibrations  in  the  form  of 
regular  precession  with  the  same  circular  frequency. 

Vibrations  of  the  nonrotating  rotor  are  also  possible  in  the 
form  of  irregular  precession,  which  is  obtained  as  the  result  of  the 
combination  of  two  oppositely  directed  regular  precessions  with 
different  amplitudes. 

Precession^  for  which  w  *  X  is  called  forward  synchronous 
precession.  In  this  case  the  disk  does  not  rotate  relative  to  the 
shaft  bending  plane.  The  synchronous  precession  circular  frequency 
is  defined  by  the  point  b  of  intersection  of  the  straight  line  with 
slope  equal  to  one  with  the  frequency  characteristic  curves. 

The  point  c  of  intersection  of  the  curve  with  the  inclined 
asymptote  corresponds  to  the  ratio 

*  /l  * 
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In  this  case  the  parentheses  in  (4.23)  vanish.  This  means  that 
for  this  ratio  of  the  velocities  ui  and  X  the  inertial  moment  vanishes 
and  the  circular  frequency  of  the  rotating  shaft  is  equal  to  the 
frequency  of  the  vibrations  of  the  same  shaft  with  the  point  mass  m. 

In  the  case  of  free  circular  vibrations, the  shaft  bending 
shape  is  determined  by  the  relationship  between  the  deflection  n 
and  the  rotation  angle  6  of  the  shaft  section  at  the  point  where 
the  disk  center  of  gravity  is  located. 

There  are  two  vibration  modes  for  forward  precession  and  two 
modes  for  backward  precession. 

For  each  of  the  natural  frequencies  the  ratio  of  the  deforma¬ 
tions  can  be  found  f^m  either  (4.21)  or  (4.22) 


i  *i*  .  ‘ 


(4.26) 


In  accordance  with  (4.23)  the  difference  (cn  -  ml2)  is  posi¬ 
tive  for  the  first  vibration  mode;  therefore, (4 .26)  is  positive 
(Figure  4.5a).  For  the  second  mode  this  ratio  is  negative  (see 
Figure  4.5b). 


Figure  4.5.  Shaft  vibration  modes 


4.1.4.  Reduction  of  Differential  Equations  to  Stationary  Coordinate 
Axis  System 

Problems  on  vibrations  of  rotating  rotors  are  usually  solved  jn 
stationary  coordinate  axes.  The  Equations  (4.7)  and  (4.10)  are  used 
to  re.'er  the  differential  equations  (4.11),  (4.12),  (4.17)  to  sta¬ 
tionary  axes. 
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In  accordance  with  (4.7) ,  the  Equations  (4.25)  and  (4.26)  are 
immediately  written  in  the  form 


mjfo4-^u-*b-4-^iaP=  0; 
"*i/o+^u»o+  ciao=0. 


(4.27) 

(4.^5) 


To  transform  (4.17)  it  is  necessary  to  use  (4.7)  to  find  the 
expressions  for  0  and  tpe,  which  are  obtained  in  the  form 


9  =  —ii  cos  $  .  i»;to^+0$*j 
6$=pcosi}i—asln$. 


(4.29) 


After  substituting  these  expressions  into  (4.17),  the  latter  breaks 
down  into  two  equations 


Jfl — Jti»p +c11y0-\-rzfl= 0, 
4‘fiJ-*a+c23-1— 0* 


(4.30) 

(4.31) 


These  are  the  equations  of  equilibrium  of  the  inertial  and 
elastic  force  moments  in  terms  of  their  projections  on  the  stationary 
coordinate  axes . 

The  system  of  four  equations  (4.27),  (4.28),  (4.30),  (4.31) 
completely  defines  the  free  vibrations  of  the  rotating  rotor. 

The  following  solutions  of  the  equations  correspond  to  regular 
precession 


Xt=nctnHi  ?=0co sift 
ifo=n*taW‘  a=9  stall. 


(4.32) 


Substitution  of  the  solutions  into  (4.27),  (4.28)  and  (4.30), 
(4.31)  yields  two  pairs  of  identical  equations 


wl*1! = c |  j*|  -}- 
(/,! — fj»)  10  **  f  -f.  r„0; 


(4.33) 

(4.34) 


these  equations  are  identical  to  (4.21)  and  (4.22),  which  were 
analyzed  in  detail  above. 

It  is  important  to  note  that  if  we  take  as  the  solutions  the 
functions  for  xQ,  yQ  and  o,  8  with  different  amplitudes,  we  obtain 
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a  more  complex  system  of  four  homogeneous  equations.  But  further 
calculations  show  that  the  frequency  equation  yields  roots  which  are 
identical  with  the  roots  of  the  equations  (4.33) »  (4.3*0 »  and  the 
deflection  and  rotation  angle  amplitudes  are  pairwise  identical, 
i.e.,  the  solution  also  reduces  to  regular  precession. 


4.2.  Forced  Vibrations  of  Shaft  with  Single  Disk 

4.2.1.  Shaft  Vibrations  Due  to  Circular  Excitation 

We  represent  the  external  disturbing  force  Q  acting  on  the 
shaft  as  the  rotating  vector  H  (Figure  4.6.).  Then 

$=//*'".  (4.35) 

where  0  —  is  the  angular  velocity  of  the  disturbance  vector,  which 
is  not  equal  to  the  shaft  rotation  velocity  w. 

The  projections  of  the  force  Q  on  the  coordinate  axes  will  be 

Qx=Hco»Qt;  Q,=Hs\aQt. 

The  differential  equations  of  the  forced  vibrations  are  identi¬ 
cal  with  (4.27),  (4.28),  and  (4.30),  (4.31),  but  they  have  a  right 
side 

m*0 + e I v*«+  C , #  =  H  cos  a/; 

sin  fi/; 

(4.36) 

7(a — /,<•£  -f  c  l3y0  -f  £220=0. 


We  take  the  particular  solutions  of  the  equations  for  the 
forced  vibrations  in  the  form 

Xq—X  cos  a/,  Ifo—Y  sfnSft  1 
j»=BcosS/;.  a=j4slnfif;j 

the  solutions  represent  forward  precession  of  the  shaft.  Substi¬ 
tution  of  these  solutions  into  the  differential  equations  leads  to 
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the  system  of  algebraic  equations 


-nQ  *X  +  fu*-fciafl  =  //; 

■  mQ*y+euY-t-ctiA=H; 

-J&'B  \  raoSM -}-<•„* +r«fl=0; 
-  JWA  -f  V2/? +f  «K  -f  cnA =0. 


(4.38) 


The  equations  are  pairwise  iden¬ 
tical  and  show  that  the  deflection 
amplitudes  and  rotation  angles  are 
equal  in  magnitude 


X=K= t|:  B  —  A—Q. 


(4.39) 


Figure  4.6.  Vector  form 
of  representation  of  ro¬ 
tating  shaft  deformations 
and  motion 


This  is  easily  verified  by  con¬ 
tinuing  the  solution  on  the  assumption  of  inequality  of  the 
r  .tplitudes. 

Thanks  to  the  equality  of  t;  amplitudes,  the  solutions  are 
completely  defined  by  the  two  equations 

H +mQ*n (4.40) 

(y, a  -  .»»  ae=f„n+faO;  ( 4 . 4i ) 

from  these  equations  we  find  the  magnitudes  of  the  shaft  deflection 
n  and  the  nutation  angle  0  for  forced  vibrations 


1= - V  A.  ?  '  Hi  0—  — H, 


(4.42) 


where 

In  Figure  4.6  vectors  are  used  to  show:  the  disturbing  force  H, 
the  resulting  deflection  n  and  section  rotation  angle  8,  and  also 
their  projections  on  the  xQ  and  yQ  axes.  The  shaft  bending  plane 

coincides  with  the  plane  of  action  of  the  force  H. 
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m  this  connection  the  Solutions  (4.3?)  can  be  represented  in 
vector  form 

The  deflection  n  and  the  angle  0  depend  on  the  relationship 
between  the  natural  frequencies  X^  and  X ^  of  the  rotating  shaft  and 

the  excitation  frequency  ft.  When  fi  coincides  with  one  of  the  fre¬ 
quencies,  the  determinant  A  in  the  denominator  of  (4.42)  vanishes. 

In  this  case  the  shaft  deformation  amplitudes  increase  without  bound 
—  the  resonance  phenomenon  occurs. 

The  resonant  state  i  .  easily  defined  with  the  aid  of  the  fre¬ 
quency  diagram  (Figure  4.7).  If  the  excitation  frequency  is 

given,  we  can  draw  a  horizontal  line  to  find  the  point  of  intersec¬ 
tion  with  the  characteristic  curve;  this  point  shows  the  rotor  speed 
at  which  resonance  occurs.  If  the  shaft  speed  is  given,  we  can 

draw  the  corresponding  vertical  line  to  obtain  the  four  values  of 
the  resonant  excitation  frequencies . 

Usually  the  excitation  sources  of  the  rotating  shaft  have  fre¬ 
quencies  which  are  proportional  to  the  rotational  speed 

8=*-,  (4.44) 

where  s  —  is  the  proportionality  factor  which,  generally  speaking, 
can  be  an  integer  or  a  fraction  and  can  be  either  positive  or 
negative. 

Exciters  with  multiplicity  factor  s  differing  from  zero  can 
occur,  for  example,  in  two-shaft  constructions;  in  cases  of  kine¬ 
matic  excitation  In  which  the  shaft  vibrations  are  excited  through 
its  supports ;  in  the  form  of  gasdynamic  forces  —  as  a  result  of, 
interaction  of  nozzle  guide  vanes  and  rotor  blades. 

Knowing  the  numbers  s  of  the  possible  exciters  and  drawing  on 
the  frequency  characteristic  diagram  straight  lines  with  different 
slopes  s  (Figure  4.8),  we  find  the  resonant  rotational  speeds  for 
the  different  exciters  as  the  point  of  intersection  of  the  straight 
lines  with  the  frequency  characteristic  curves. 
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Figure  4.7.  Illustrating 
det  -ruination  of  shaft 
resonant  states 


Figure  4.8.  Resonance  dia¬ 
gram 


We  note  that  finding  the  external  exciters  for  shaft  and  rotor 
vibrations  is  a  very  complex  proble~.  This  problem  is  eased  if  we 
know  from  experiments  the  resonant  -  National  speeds  and  the  vibra¬ 
tion  frequencies  at  these  speeds.  .  .n,  ax'ter  determining  the 

multiplicity  factor  s,we  can  identify  the  possible  vibration  sources 
for  the  given  construction  and  the  given  operating  conditions. 

4.2.2.  Critical  Rotational  Speeds 

The  primary  exciter  is  rotor  unbalance,  for  which  s  -  1,  l.e., 
when  the  excitation  vector  rotates  together  with  the  shaft. 

Drawing  from  the  coordinate  origin  a  straight  line  with  the 
slope  s  =  1  (n  =  uj)  (Figure  49a),  we  obtain  the  point  of  intersection 
with  the  curve,  which  yields  the  resonant  rotational  speed.  This 
resonant  speed  is  termed  the  critical  speed  (u>cr).  At  the  critical 

speed  the  shaft  loses  its  stability  under  the  influence  of  its  own 
unbalance. 

For  the  thin  disk,  and  in  general  for  >  J^,  the  shaft  has  a 
single  critical  speed.  The  long  rotor,  for  which  <  J^,  has  two 
critical  speeds  (see  Figure  4.9b). 
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b) 


Figure  4.9.  Determination  of  critical  shaft  speeds 


The  critical  speed  is  calculated  using  the  general  equation 
(4.23) •  Setting  X  =  w  in  this  equation  and  solving  for  X,  we  ottain 

1a1  —  <n(A  —  /i)l  A  VUn'x  —  g)  1  (J*  —  A ) l2  — <m  (Jt  —  /))*  , 

"»  2m  (/*— /|)  •  * 


where 


The  calculation  of  the  shaft  deflection  and  the  nutation 
angle  under  the  action  of  unbalance  is  made  using  (4.42).  In  these 
formulas  we-  set 

2=«; 


where  a  —  is  the  unbalance,  i.e.,  the  shift  of  the  center  of  gravity 
of  the  disk  relative  to  the  center  of  the  shaft. 


Then  we  obtain 


n  =  cP±Sh~2l'±.  ma*?-,  8=^3  ma-*, 
1  4 


('*  46) 


where 


A=(ru-m«!) 


* 


The  shaft  deflection  n  and  the  angle  6  depend  on  the  shaft 
rotational  speed  u  (Figure  4.10). 
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Figure  4.10.  Dependence  of  deformations  n  and  0  of 
unbalanced  shaft  on  rotation  speed 

In  the  subcritical  region  the  deflections  increase  with  increase 
of  the  rotational  speed.  The  direction  of  the  shaft  deflection  is 
the  same  as  that  of  the  unbalance  a. 

With  approach  to  the  critical  speed, the  deflection  increases 
without  bound. 

In  the  supercritical  region  the  shaft  deflections  decrease  with 
increase  of  the  rotational  speed.  In  this  case  the  shaft  bends  In 
the  direction  opposite  the  direction  of  the  unbalance  a.  The  disk 
mass  center  occupies  a  position  between  the  axis  of  rotation  and  the 
curved  shaft  centerline.  The  distance  (n  —  a)  between  the  axis  of 
rotation  and  the  disk  mass  center  determines  the  centrifugal  force, 
which  balances  the  elastic  force  of  the  shaft. 

In  the  limit,  when  the  rotational  speed  increases  without  bound, 
the  shaft  deflection  n  approaches  a  value  equal  to  a,  the  disk  cen¬ 
ter  of  inertia  tends  to  occupy  a  position  on  the  axis  of  rotation, 
and  the  angle  6  approaches  zero. 

Shafts  and  rotors  operating  at  speeds  below  the  critical  speed 
are  usually  termed  "rigid",  while  shafts  and  rotors  operating  in 
the  supercritical  region  are  termed  "flexible". 
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The  forces  which  arise  on  the  supports  and  are  transmitted  to 
the  casing  are  connected  with  the  shaft  deformation 


Af— fiari+ra*- 1 


(4.47) 


It  i3  not  difficult  to  calculate  with  the  aid  of  (4.46)  and 
(4.47)  the  dynamic  forces  and  moments,  which  are  then  transferred 
to  the  supports.  In  the  supercritical  region,  far  from  w,r,  these 

forces  become  very  small . 

In  addition  to  static  unbalance,  the  rotor  usually  has  so- 
called  dynamic  unbalance,  in  which  its  central  axis  does  not  coin- 
i ide  with  the  shaft  axis,  forming  with  the  latter  the  angle  0Q.  In 

this  case  Equations  (4.40)  and  (4.41)  for  equilibrium  of  the  rotating 
rotor  will  have  the  form 


hence  we  obtain 


(A— A)  tfun+ra8; 


» - *a±S!.rzh) r? mg«A-{  -/,)«** 
>-  (/» -  A)  V*]  • 


(4.48) 


(4.49) 


Comparing  these  formulas  with  (4.46),  we  see  that  disk  tilt  on  the 
shaft  affects  the  shaft  deflection  during  rotation. 

With  increase  of  the  rotational  speed  far  beyond  the  critical 
speed,  the  shaft  deformations  approach  their  limiting  values 

n*--a;  6,, 

i.e.,  the  disk  center  of  gravity  and  its  central  axis  tend  to  align 
themselves  with  the  axis  of  rotation.  In  this  case  the  elastic 
forces  will  be 


P=cua-f  fuV.  Af =Cjja  -f  <"*2*0 


(4.50) 


4.2.3-  Vibrations  of  Shaft  Subject  to  Periodic  Force  of  Constant 
Direction 

Under  the  influence  of  the  periodic  force, the  rotating  rotor 
will  execute  forced  vibrations  in  the  form  of  irregular  precession. 

In  order  to  calculate  these  vibrations,  we  represent  the  periodic 
force  as  the  sum  of  two  vectors  rotating  in  opposite  directions 
(Figure  4.11) 

y  ■■=  2H  cos  2/ = He1*  -f  He4*.  (4.51) 

After  this  we  can  use  the  preceding  solutions,  applying  the 
superposition  principle. 


Figure  4.11.  Vector  diagram  of  rotating  shaft 
forced  vibrations 

Each  of  the  vectors.,  rotating  in  opposite  directions,  causes  in 
its  plane  the  bending  n+,  n_  and  rotational  6+,  0_  deformations. 

The  magnitudes  of  the  deformations  are  calculated  using  (4.42);  in 
so  doing  we  must  consider  the  sign  of  ft  in  relation  to  the  shaft 
rotational  speed  u. 

The  combined  displacement  from  the  action  of  the  two  vectors 
is  equal  to  the  sum  of  the  displacements  obtained  for  each  vector 
separately.  We  write  this  displacement  in  the  form 


(4.52) 


*—’}+«'“+  n_e"'w; 

«  =  i(8+«',,  +  6_e-'w). 

The  moduli  of  the  vectors  n+»  n_»  6+,  0_  are  different  in  magnitude. 

Therefore  the  trajectory  of  the  disk  center-of-inertia  motion  har, 
an  elliptic  form,  elongated  along  the  x^  or  axis. 

If  n+  >  n_  and  both  values  are  of  the  same  sign,  the  ellipse 

is  elongated  along  the  Xq  axis, and  the  describing  point  moves  in  the 

positive  direction,  i.e.,  the  shaft  vibrations  take  place  in  tue 
form  of  irregular  positive  precession.  If  n+  <  n_,  the  precj_sion 
will  be  backward. 

When  the  exciting  force  frequency  approaches  the  natural  fre¬ 
quency,  the  trajectory  approaches  a  circle,  since  the  second,  non¬ 
resonant  vector  is  small  in  comparison  with  the  resonant  vector. 

The  direction  of  motion  of  the  describing  point  is  the  same  as  that 
of  the  resonant  vector. 

Upon  passing  through  resonance,  one  of  the  vectors  changes 
sign;  now  the  ellipse  is  elongated  along  the  yQ  axis. 

4.2.4.  Kinematic  Excitation 

We  have  shown  in  Chapter  I  that  kinematic  excitation  is  identi¬ 
cal  to  force  excitation. 

If  the  rotor  supports  are  located  In  a  casing  which  performs 
vibrations  with  a  frequency  which  differs  from  the  rotor  rotational 
speed,  these  vibrations  will  cause  forced  vibrations  of  the  rotor 
in  the  form  of  forward  or  backward  precession. 

Kinematic  excitation  can  arise  in  the  form  of  circular  or  plane 
excitation.  In  the  first  case  the  rotor  supports  displace  along 
circles  of  definite  radius  with  the  angular  frequency  n.  The  second 
case  can  be  considered  as  the  combination  of  two  circular  motions 
*  of  the  supports  in  opposite  directions  with  the  same  frequencies  and 

amplitudes  equal  to  half  the  amplitude  of  the  plane  vibrations. 
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The  nature  of  the  vibrations  in  the  kinematic  excitation  case 
coincides  completely  with  the  vibrations  examined  above  with  cir¬ 
cular  force  excitation. 

The  vibrations  with  plane  kinematic  excitation  are  completely 
defined  by  (4.52),  for  which  the  moduli  of  the  vectors,  with  ac¬ 
count  for  the  direction  of  rotation,  are  found  from  (4.56). 


4.3.  Vibrations  of  Multimass  Rotors 

4.3.1.  Vibration  Equations  in  Direct  and  Inverse  Form. 

Frequency  Equation 

The  vibration  equations  of  axisymmetric  multimass  rotors  are 
formulated  in  the  form  of  a  system  of  equations  of  equilibrium.  If 
in  so  doing  we  use  the  stiffness  coefficients  cis,  we  obtain  the 

direct  form  of  the  equations 

t 

A  i-ltot;  (4.57) 

«-! 

==  2 *+/.»+*V: *'•  to  k,  (4.58) 

<-1 

where  k  —  is  the  number  of  disks; 

el,8*  Ci , k+s *  ck+i,  s’  ck+i,k+s  ”  is  the  system  of  stlffness 
coefficients,  relating  the  unit  deflections  and  rotation  angles  with 
the  elastic  forces  and  moments.  The  subscripting  notation  is  as 
follows:  the  displacements  from  1  to  k  are  first  numbered,  then  the 
rotation  angles  from  k  to  2k.  The  forces  are  numbered  first  and 
then  the  moments;  the  stiffness  coefficients  obey  the  reciprocity 
principle; 

J  ,  J_.»  m  —  are  the  equatorial  and  polar  moments  of  inertia 
e  p 

of  the  disk  and  its  mass, respectively ; 

—  are  coefficients  accounting  for  the  ratio  of  the  disk 

moments  of  inertia  and  the  precession  mode.  Its  subscript  corre¬ 
sponds  to  the  disk  number 


(4.59) 


i  —t-.it  jl 

'rl  IT1 


This  coefficient  takes  into  account  the  gyroscopic  moment,  which 
determines  the  form  of  the  free  vibrations  as  regular  precession. 

The  inverse  form  of  the  equations  is  obtained  if  the  influence 
coefficients  oig  are  used  in  writing  the  equations 

/  — 1  to  *;  (4.60) 

(•i 

/=i  to  *.  M  •  < si ) 

The  system  is  composed  of  2k  equations,  since  each  disk  has  two 
decrees  of  freedom  in  the  shaft  bending  plane. 

All  the  equations  of  the  Systems  (4.57),  (4.58)  and  (4.60), 
(4.61)  are  homogeneous.  Therefore,  to  find  their  nonzero  solutions 
we  must  formulate  the  system  determinant  and  then  equate  it  to  zero 

2 

to  find  the  parameter'  X  ,  which  will  be  the  square  of  the  shaft 
free  circular  vibration  frequency.  The  system  determinant,  when 
equated  to  zero,  is  thus  the  frequency  equation. 

We  shall  formulate  the  determinant  for  the  system  of  equations 
in  inverse' form,  which  is  the  form  most  often  used  in  calculations. 
For  simplicity  we  consider  a  shaft  with  only  two  disks,  which  does 
not  alter  the  structure  of  the  determinant 


aum,X*— 1  a,ynjX5  • 

OjyftjX*  — * 1 

s4|in,X*  l 


(4.62) 


The  theorem  on  number  of  roots  and  degrees  of  freedom  remains 
valid  for  a  rotating  rotor. 

For  any  rotor  rotational  speed  w,the  determinant  has  2k  positive 
roots  corresponding  to  forward  precession  and  the  same  number  of 
negative  roots  corresponding  to  backward  precession  —  in  all  there 
are  4k  distinct  real  roots,  which  correspond  to  the  total  number  of 
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degrees  of  freedom  in  the  two  planes.  The  values  of  the  roots 
depend  on  w.  Various  methods  may  be  used  to  find  the  roots. 

If  the  rotational  3peed  u,  which  appears  in  the  coefficients 
A1  and  A2,  is  given,  the  determinant  expands  into  an  equation  of 

degree  4k.  Its  solution,  even  for  a  rotor  with  only  two  disks, 
becomes  very  lengthy  and  difficult  to  carry  out  in  practice. 

If  the  coefficients  and  A2  are  given,  i.e.,  the  precession 

mode  —  the  ratio  w/A,  which  appears  in  these  coefficients  —  is 
given,  then  the  determinant  expands  into  an  equation  of  degree  2k 
2 

in  terms  of  A  .  The  solution  of  this  equation  is  possible  in  prac¬ 
tice  for  no  more  than  three  disks .  Here  we  must  remember  that  in 
those  cases  in  which  the  coefficients  A^,  A2,  and  so  on,  take  a 

negative  value  there  will  be  negative  roots  among  tue  A2.  The 
number  of  negative  roots  equals  the  number  of  negative  coefficients 
A^.  These  negative  roots  are  discarded  as  being  imaginary  solu¬ 
tions  for  A. 

If  the  precession  rate  A  is  given,  then  the-  determinant  expands 
into  an  equation  of  degree  k  in  w  or  in  w/A.  This  equation  has  the 
lowest  degree  and  the  resonant  rotational  speeds  are  most  easily 
determined  from  it. 

4.3.2.  Frequency  Equation  Root  Map 

The  dependence  of  the  rotor  natural  circular  vibration  frequen¬ 
cies  on  the  rotational  speed  for  all  the  vibration  modes  is  called 
the  frequency  map. 

A  map  of  the  frequency  equation  roots  for  a  rotor  with  two 
disks  is  shown  in  Figure  4.13.  The  system  of  curves  in  this  diagram 
is  skew  symmetric.  There  are  two  pairs  of  horizontal  asymptotes 
and  two  inclined  asymptotes. 

The  location  of  the  horizontal  asymptotes  A^  and  A2  is  deter¬ 
mined  from  the  frequency  equation  (4.62)  if  we  set  therein  u>  », 
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i.e. ,  A,  and  A, 


The  determinant  takes  the  form 

a,,w,).*-l  a„  ou 

a^mp.2—  1  a>j  a24 
aa,m,/.2  a$m'P  aM  a34 

o4lmj).2  ajnj?  an  a4, 


(ft. 63) 


The  locations  of  the  inclined  asymptotes  are  defined  by  the 
equations 

0;  M2=0. 

If  the  rotor  has  thin  disks  with  the  same  ratio  3/3  of  the  moments 

P  ® 

of  inertia,  the  inclined  asymptotes  merge. 

Knowledge  of  the  location  of  the  asymptotes  facilitates  the 
construction  of  the  entire  diagram 
and  in  many  cases  avoids  the 

necessity  for  computing  the  XI  * ' 

curves  point  by  point  to  obtain  j  / t jt\ 

a  rough  estimate  of  the  rotor  / 

frequency  characteristic. 

The  general  technique  for 

constructing  the  maps  is  as  ~~  . — • 

follows.  The  number  of  horl- 

zontal  asymptotes  in  each  half  “*t 

of  the  diagram  and  the  number  1  Z/l\ , '  1 

// 1  / 

of  inclined  asymptotes  equals  //  If 

the  number  of  disks.  Their  Jjf  / 

locations  are  known.  For  defi-  //  ll 

niteness  of  the  construction 

It  la  desirable  to  note  on  the  Plgure  Roots  of  fre. 

vertical  axis  the  nonrotating  quency  equation  of  rotor 


rotor  frequencies  A, 


To  do 


Figure  ft. 13.  Roots  of  fre¬ 
quency  equation  of  rotor 
with  two  disks 


thi3  we  compute  the  determinant 

(ft. 62)  for  the  condition  u  ■  0.  In  this  case  all  the  coefficients 
*  1.  The  number  of  roots  is  equal  to  2k.  Then  for  the  upper 

part  of  the  diagram  a  family  of  k  curves  is  drawn  from  the  zero 
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asymptote  (abscissa  axis)  from  left  to  right.  Each  curve  must  pass 
through  one  of  the  points  on  the  vertical  axis  and  terminate  ap¬ 
proaching  one  of  the  asymptotes,  beginning  from  below.  Prom  the 
left  free  end  of  each  of  the  horizontal  asymptotes,  beginning  from 
above,  there  runs  upward  and  to  the  right  a  single  curve,  a.1 1  of 
which  pass  through  the  remaining  points  and  approach  the  inclined 
asymptotes.  The  number  of  these  branches  also  equals  the  number  of 
disks.  Individual  points  can  be  computed  using  the  general  equa¬ 
tion  (4.62)  to  refine  the  position  of  the  curves  in  questionable 
cases.  The  lower  half  of  the  diagram  is  skew  symmetric  to  the 
upper  half. 

If  among  the  rotor  disks  there  are  point  masses,  we  must  set 
J  =  J  *  0  for  these  disks.  In  this  case  the  corresponding  column 

6  p 

and  row  of  the  Determinant  (4.62)  are  deleted.  One  inclined  asymp¬ 
tote  and  one  point  on  the  vertical  axis  disappear  on  the  root  map. 
The  number  of  horizontal  asymptotes  remains  the  same  and  their 
position  is  computed  using  (4.63)  • 

The  curves  are  constructed  as  described  above,  but  now  a  number 
of  curves  equal  to  the  number  of  inclined  asymptotes  begin  from  the 
abscissa  axis.  After  the  construction  of  the  upper  and  lower  parts 
of  the  diagram,  there  remain  in  the  central  part  free  asymptotes 
and  points  on  the  vertical  axis  through  which  the  missing  curves 
are  drawn. 

The  frequency  map  is  used  to  determine  the  resonant  speeds . 

To  do  this  we  draw  through  the  coordinate  origin  rays  with  definite 
slopes  corresponding  to  the  possible  circular  excitation  or  kine¬ 
matic  excitation  frequencies.  The  points  of  intersection  of  the 
rays  with  the  frequency  curves  yield  the  rotor  resonant  speeds. 

Tne  straight  line  with  slope  equal  to  one  shows  the  critical 
rotor  speeds.  If  necessary  the  latter  can  be  refined  by  calculation 
using  the  general  formula  (4.62),  where  we  take 
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Then  the  equation  for  determining  the  rotor  critical  speeds  can  be 
written  in  the  form 


m\ 

a« 

«!» 

«u 

*n 

- ~ 

<V 

■•0*3+  * 

:  vr->* h 

“41 

a« 

(4.64) 


r  °4!  °“+<7^7jJ 

where  we  have  used  the  notation  x  =  1/X^  for  simplicity. 

Usually  J  >  J  and  (4.64)  has  two  positive  roots.  In  general, 
P  S 

in  such  cases  the  number  of  positive  roots  and  the  corresponding 

nu' ber  of  critical  speeds  equals  the  number  of  disks.  If  J  <  J 

P  ® 

—  for  rotors  of  the  drum  type  or  with  several  rigidly  coupled 
disks  —  the  number  of  critical  speeds  increases. 

4.3.3.  Rotating  Rotor  Vibration  Modes  and  Their  Properties 

The  deflections  n  and  rotation  angles  0,  which  are  used  to  con¬ 
struct  the  vibration  mode,  are  determined  for  a  known  frequency  from 
the  general  equation  (4.62).  We  have  shown  in  Chapter  II  that  the 
deflections  and  rotation  angles  are  proportional  to  the  minors  to 
the  elements  of  any  row  of  the  Determinant  (4.62).  The  first  half 
of  the  numbers  are  proportional  to  the  deflections;  the  second  half 
are  proportional  to  the  rotation  angles . 

The  vibration  modes  have  all  the  properties  characteristic  of 
multimass  systems.  They  have  the  orthogonality  property,  can  be 
normalized,  and  the  general  theorem  on  the  number  of  vibration  mode 
nodes  applies  to  them. 

4. 3.3.1.  Orthogonality  condition 

We  shall  formulate  the  equation  for  reciprocity  of  the  work 
performed  by  the  vibration  modes .  To  do  this  we  multiply  for  all 
the  disks  the  inertia  forces  and  the  inertia  torques  of  one  mode  by 
the  corresponding  displacements  in  another  mode  and  combine  these 
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products.  Then,  formu.lating  the  same  sum  for  the  reciprocal  mode 
and  equating  the  sums,  w.  obtain  the  equation 


5  KXjllA„  +  A/  »+!).,)  = 

(-1 

» . 

— v  7 »iAiXfi(k+n.  A*+o.  ])• 

»-i 

The  subscripts  J  and  v  indicate  the  vibration  mode  number. 


(4.65) 


The  other  subscript  system  remains  the  same  as  it  was  in 
(4.57)  and  (4.58). 

The  coefficients  Ai  are  also  connected  with  the  vibration  mode 
number,  since  the  frequency  X  enters  into  their  formula  (4.59)* 
Moreover,  the  rotational  speed  w  also  enters  into  these  coefficients, 

If  we  examine  modes  taken  for  the  same  multiplicity  factor  s, 
i.e.,  if  we  take  the  frequencies  (and  the  associated  modes)  deter¬ 
mined  by  the  points  of  intersection  on  the  frequency  map  of  a  given 
ray  with  the  frequency  curves,  then  for  all  these  frequencies  the 
coefficient  Ai  will  remain  constant .  Then  the  orthogonalit  condi¬ 
tion  is  obtained  in  the  following  form  from  (4.65) 


2  (wi/H/W. +7,  /-4/,8(*w)A»+/) * —  0; 

/-i 


(4.66) 


the  subscript  s  on  the  coefficient  A.^  indicates  the  slope  of  the 
ray  from  which  the  vibration  natural  frequencies  and  modes  are  taken. 

The  orthogonality  condition  (4.66)  is  valid,  specifically,  for 
the  rotor  critical  speeds  (s  =1). 

The  existence  of  orthogonality  of  the  vibration  modes  indicates 
that  the  nodal  theorem  is  applicable  to  the  vibration  modes.  In 
accordance  with  this  theorem  and  the  orthogonality  conditions,  each 
branch  of  the  frequency  map  (see  Figure  4.13)  is  characterized  by 
its  own  number  of  nodes . 

We  note  that  the  vibration  modes  for  forward  and  backward 
precession  have  these  properties  Independently  of  one  another, 
since  in  essence  they  belong  to  different  rotational  speeds. 
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Example  4.1.  Calculate  the  critical  speeds  and  bending  modes 
of  the  rotor  shown  in  Figure  4.14a.  In  view  of  their  small  diameter 
and  considerable  width,  we  take  the  overhanging  wheels  as  point 
m^.Jw'cs.  The  magnitudes  of  the  masses  are  respectively:  m^  =  3*5  kg, 

m2  s  ?  kg,  m^  *  3  kg  (the  masses  are  numerically  equal  to  the 

weights  of  the  wheels).  The  moments  of  inertia  of  the  turbine  disk 

2  2 
are:  axial  —  J  =  0.05  kg*m  ,  equatorial  —  J  =  0.025  kg*m  . 

P  “ 


Figure  4.14.  Rotor  schematic  for  vibration  calculation 
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rayyn  ********** 


The  rotor  shaft  is  stepped.  The  moments  of  inertia  of  the 

ii 

sections  (see  Figure  4.14b)  are  respectively:  *  1.7  cm  ; 

4  4 

J2  »  3.2  era  ;  Jj  ■  0.9  cm  . 


The  compliance  coefficients  for  the  unit  forces  shown  in 
Figure  4.14c  are  represented  by  the  matrix 


to,,  ion  - 


58.7  14,7  5.62  255 

14.7  14.7  *  6.15  195 

5.62  6.15  110.4  63.5 

255  195  63,5  •  4:50 


The  coefficients  aig  are  computed  in  the  SI  system  of  units 
and  have  the  respective  dimensions:  m/N,  1/N,  1/(N  •  m) . 


The  coefficients  are  most  easily  found  by  the  Vereshchagin 
technique;  the  linear  dimensions  are  expressed  in  meters  (m)  and 
the  forces  in  Newtons  (N).  In  determining  the  compliance  coeffi¬ 
cients,  the  directions  of  the  unit  forces  and  moments  are  as  shown 
in  Figure  4.14c. 


We  formulate  the  frequency  equation  in  determinant  form 
(4.62).  To  do  this  we  multiply  each  of  the  columns  of  the  coeffi¬ 
cient  matrix  by  rr^,  nn  ,  m^,  -  Jg,  respectively  (the  coefficient 

A  *  -  1) 


20.5 — x 
5.15 
1,97 

89.3 


10.3 

10.3  — x 

4.3  .. 

137 


1.69 

1.85 

33.1  — x 

19 


—0.638 
—  0,4488 
-0.159 


— 11.4— x 


where  x  *  10®/X2. 


Expanding  the  determinant  into  a  row,  we  obtain 
x,—52(5*,+56512x,+2953*— 22049—0. 


The  roots  of  the  equation  are 

*,-33.71;  **-20,57;  *,-4.81;  *,--6.59. 
These  roots  correspond  to  the  frequencies 
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X|=-!722— ;  X,=2200~;  X,«4530-*-. 
sec  sec’  *  sec 

The  fourth  root  yields  an  imaginary  frequency. 

Tne  critical  speeds  are 

/iKpi«  10500 rpm;'  /»,,,}.■>  21  ooorpm;  »,ipr--4330orpm. 

The  rotor  bending  modes  at  the  critical  speeds  are  determined 
by  the  deflections  at  the  disks.  The  latter  are  proportional  to 
the  minors  of  *  .ie  frequency  equation  determinant.  Calculating  these 
minors,  we  obtain  the  following  amplitude  ratios: 


for  the  first  root  —  0.151  :  0.095  : 
for  the  second  root  —  1.00  :  0.276  : 
for  the  third  root  —  -0.42  :  1.00  : 


1.0  :  1.005; 
-0.20  :  3.8; 

-  0.085  :  5.6 


The  vibration  modes  (see  Figure  4.l4d)  show  that  at  the  first 
critical  speed  the  largest  deformations  occur  in  the  right-hand 
shaft  overhang.  At  the  second  critical  speed  they  occur  in  the  left 
overhang,  and  at  the  third  critical  speed  the  maximal  deflection 
occurs  in  the  center  span.  The  maximal  inflection  of  the  elastic 
line  at  the  hinge  is  obtained  at  the  second  critical  speed. 


4.4.  Critical  Speeds  of  Rotors  with  Hinged  Connection 

The  rotors  of  aircraft  teas  turbine  engines  and  turbomachines 
often  have  three  or  four  supports.  Such  rotors  are  usually  made  up 
of  two  parts  connected  by  a  hinge  in  order  to  avoid  the  danger  of 
overloading  and  binding  of  the  bearings  because  of  the  elastic  and 
thermal  deformations  of  the  case,  and  to  facilitate  fabrication 
and  assembly  operations.  The  selection  of  the  hinge  location  on 
the  rotor  is  determined  primarily  by  convenience  in  the  arrangement 
of  the  entire  assembly  and  various  design  considerations.  In  addi¬ 
tion,  the  location  of  the  hinge  has  a  very  significant  effect  on 
the  natural  vibration  frequencies  of  the  rotor  and  its  critical 
speeds,  and  therefore  this  factor  must  also  be  considereu  during 
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Rotor  schematic 

Shaft  bending  mode  at 
1st  critical  speed 


Bending  moment  diagram 
for  1st  mode 

Shaft  bending  mode  at 
2nd  critical  speed 

Bending  moment  diagram 
for  2nd  mode 


Figure  4,15.  Shaft  bending  modes  at  critical  speeds 
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the  disk,  we  can  easily  find  the  inertial  forces  and  moments  acting 
on  the  shaft 


/»i— m,vL :  P# ~  mfl#?'  A!=— y,9wj  . 


(U.67) 


We  shall  construct  the  elastic  line  and  the  bending  moment 
diagram  owing  to  the  action  of  these  loads.  The  construction  is 
carried  out  for  both  critical  speeds. 

A  hinge  located  at  the  point  of  inflection  of  the  shaft's 
elastic  line,  where  the  bending  moment  is  zero,  does  not  alter  the 
vibration  mode  or  frequency.  The  hinge  has  the  greatest  effect  if 
it  is  located  at  the  section  with 'the  maximal  bending  moment.  Then 
thero  is  a  significant  change  of  the  frequency  of  that  mode  which 
is  disturbed  by  the  hinge. 

For  example,  if  we  locate  the  hinge  at  the  point  1  (see  Figure 
4.15)  the  first  critical  speed  is  not  changed  while  the  second  is 
reduced.  The  spread  between  the  critical  speods  is  reduced. 

If  we  locate  the  hinge  at  the  point  2  or  3,  the  second  critical 
speed  is  not  changed  while  the  first  is  reduced.  The  spread  be¬ 
tween  the  critical  speeds  is  increased. 

Location  of  the  hinge  away  from  the  inflection  points  reduces 
both  critical  speeds  but  not  to  the  same  degree,  the  reduction  is 
rather  a  function  of  the  relationship  between  ratio  of  the  bending 
moments  at  the  sections. 

The  resolution  of  the  hinge  location  problem  depends  on  the 
objective,  i.e.,  what  critical  speed  spread  needs  to  be  increased 
and  what  frequencies  need  to  be  changed  in  order  to  shift  the  natu¬ 
ral  frequency  region  away  from  the  operating  conditions. 

The  use  of  a  hinge  or  a  splined  coupling  in  the  construction 
of  a  rotor  (or  a  composite  shaft)  at  rotational  speeds  above  the 
critical  speed  can  lead  to  the  onset  of  self-excitated  vibrations 
of  the  rotor.  This  question  is  examined  in  Section  11.2. 

The  calculation  of  the  vibration  frequencies  and  modes  of  the 
hinged  rotor  is  made  using  the  general  equation  (4.62).  The  com¬ 
putational  technique  remains  the  same.  The  presence  of  the  hinge 


FTD-HC-2 3-7 80-70 


’■**&*'$ 


«Mwvu**«t*  *tfe.»Oi  ».*»-*x»  **«r  **>rt«\»  rtr  r* 


in  the  construction  affects  the  magnitudes  of  the  compliance  co¬ 
efficients,  which  are  the  basis  of  the  frequency  equation. 

4.5.  Vibrations  of  Rotors  on  Elastic  Supports 

4 . 5 • 1 -  Estimating  Overall  Support  Compliance 

Elastic  deformations  in  the  supports  lead,  in  genera j  ,  to 
reduction  of  the  vibration  natural  frequencies  and  rotor  critical 
speeds.  All  rotor  supports  have  some  definite  elasticity.  There¬ 
fore  the  analysis  of  all  rotors  should  be  made  with  account  for  sup¬ 
port  elasticity  in  order  to  obtain  more  exact  results. 

The  technique  for  analysis  of  the  rotor  with  elastic  supports 
remains  general  and  is  based  on  calculating  the  roots  of  the  deter¬ 
minant  (4.62)  and  its  minors  as  the  vibration  modes. 

The  compliance  coefficients  which  appear  in  this  determinant 
are  written  as  the  sum 

(4.68) 

where  a|s,  ot£s  —  are  respectively  the  compliance  coefficients 

associated  with  rotor  deformation  for  absolutely  rigid  supports  and 
for  an  absolutely  rigid  rotor.  The  latter  are  determined  on  the 
basis  of  the  geometric  relationships  between  the  rotor  dimensions 
and  support  stiffness. 

As  an  example  we  shall  present  the  formulas  for  calculating 
the  support  compliance  coefficients  of  a  two-support  rotor 
(Figure  4.16). 

The  displacement  at  the  point 
s  from  unit  force  factor  at  the 
point  i  will  be 

(4.69) 

the  angle  of  rotation  at  the  point 
s  from  unit  force  factor  at  point 
i  is 


Figure  4.16.  Determining 
support  compliance  coeffi¬ 
cients 
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®ll  £  * 


(4.70) 


wuciv  the  subscripts  si  are  to  be  associated  with  the  corresponding: 
subscripts  of  the  compliance  coefficients  from  the  deformation  of 
the  rotor  itself;  e^,  e2  are  the  support  deformations  under  the  action 

of  unit  force  or  moment  applied  at  the  point  i. 

The  deformations  from  the  unit  force  are 


<Y-~ 


L~l, 


*3~- 


Le,  '  *  Le  ii 
The  deformations  from  the  unit  moment  are 


) 


Le, 


e,~- 


1 

Le  ii  * 


(4.71) 


(4.72) 


where  Cj  and  c^j 


are  the  stiffness  coefficient  of  the  left  and 
right  supports. 

Substituting  (4.71)  or  (4.72)  into  (4.69)  and  (4.70),  we  obtain 
the  compliance  coefficients  in  the  form  of  displacement  or  rotation 
angle  at  the  point  s  from  unit  force  or  moment  applied  at  point  i. 


If  Z. 


Z  .  we  obtain  the  eigenvalues  of  the  compliance  coefficients. 

S 


It  is  not  difficult  to  obtain  similar  formulas  for  any  rotor  con¬ 
figuration. 

The  support  compliance,  from  which  their  stiffness  is  defined, 
is  made  up  from  the  deformations  of  the  bearings,  webs  or  diaphragms 
in  which  the  bearings  are  mounted,  the  deformation  of  the  structural 
elements  of  the  case,  and  so  on. 

The  support  compliance  coefficients  can  be  taken  approximately 
in  the  ranges 

(50  -  150) *10"9  m/N,  or  (50  -  150) -10“6  cm/kgf. 

The  compliance  coefficients  of  antifriction  bearings  generally 
fall  in  the  range: 
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for  ball  bearings: 

(5  -  8)* 10“^  m/N,  or  ~(5  -  8) *10”^  cm/kgf; 

for  roller  bearings: 

(2.5  -5.5)*10"9  m/N,  or  ~ ( 2 . 5  -5.5M0-6  cm/kgf. 

These  figures  for  the  bearings  constitute  about  5  —  655  of  the  overall 
magnitude  of  the  compliance. 

The  support  stiffness  coefficients  are  the  reciprocals  of  the 
compliance  coefficients .  The  magnitudes  corresponding  to  the  values 
shown  above  are: 

(6  -  20)*106  N/m,  or  -  (6  -  20) -103  kgf/cm. 

In  practical  calculations  of  specific  gas  turbine  engine  and 
turbomachinery  designs,  the  support  compliance  coefficients  or 
stiffness  coefficients  are  evaluated  from  the  design  drawing  or 
are  determined  experimentally . 

We  note  that  the  support  compliance  coefficients  are  comparable 
with  the  rotor  compliance  coefficients  and  in  certain  cases  may  even 
be  larger  than  the  latter.  Therefore,  calculation  of  the  rotor 
critical  speeds  without  account  for  at  least  the  static  compliances 
of  the  supports  may  lead  to  significant  disagreement  with  experiment. 

More  profound  studies  and  exact  calculations  are  made  with  ac¬ 
count  for  dynamic  interaction  of  the  rotor  and  case.  The  funda¬ 
mentals  of  such  calculations  are  presented  in  Chapter  VI. 

4.5.2.  Selection  of  Special  Elastic  Supports 

The  primary  objective  of  the  use  of  special  elastic  rotor 
supports  is  to  modify  the  rotor  frequency  characteristic  and  reduce 
the  case  vibrations  created  by  the  rotor. 

It  was  shown  in  Section  4.2.1.  that  for  a  high  rotational 
speed,  far  exceeding  the  critical  speed,  a  tendency  for  rotor  self¬ 
centering  develops  and  the  disk  centers  of  gravity  and  principal 
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axes  tend  to  align  with  the  axis  of  rotation.  In  this  case  the 
forces  which  develop  in  the  supports  are  minimal. 

For  multi-support  rotors  of  complex  construction,  consisting 
of  several  disks,  it  is  difficult  to  keep  all  the  rotor  critical 
speeds  significantly  below  the  rotor  operating  speed.  It  may  happen 
that  one  of  the  critical  speeds  lies  in  the  operating  speed  range, 
and  as  a  result  excessive  engine  vibrations  develop. 

By  selection  of  the  support  stiffnesses, it  is  possible  to 
broaden  the  spread  between  adjacent  critical  speeds  and  select  the 
latter  so  that  they  differ  markedly  from  the  operating  speeds . 

At  the  same  time  it  should  be  pointed  out  that  the  use  of 
elastic  supports  is  accompanied  by  several  negative  aspects.  As 
a  result  of  the  large  support  compliances  there  appear  large  static 
radial  displacements  of  the  rotor  under  the  action  of  the  weight 
forces  and  accelerations  during  flight ,  and  shock  loads  are  possible 
when  displacement  limiters  come  intc  play.  The  large  deformations 
create  the  danger  of  blade  contact  with  the  case,  scoring  of  the 
labyrinth  seals,  and  so  on.  Therefore  the  use  of  elastic  supports 
requires  the  resolution  of  several  design  problems  other  than  those 
associated  with  vibration. 

When  resorting  to  the  use  of  special  elastic  supports,  we  must 
remember  that  change  of  the  compliance  of  the  individual  supports 
has  a  different  effect  on  the  change  of  the  critical  speeds  of  the 
different  modes.  Their  influence  depends  on  the  rotor  configuration, 
its  mass  and  stiffness,  and  also  on  the  location  of  the  supports. 

An  estimate  of  the  effect  of  each  of  the  supports  can  be  made 
with  the  aid  of  the  relation 

Ak.  > 

— where  (4.73) 

where  Awcr  j  ■  «cr  j  -  wcr  j  —  is  the  reduction  of  the  critical 

speed  of  mode  J  with  Increase  of 
the  compliance  of  support  n; 

e’n,  en  —  are, respectively, the  increased  and 
original  compliances  of  support  n. 
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By  varying  in  turn  the  compliances  of  all  the  supports  within  small 
limits  and  finding  the  new  values  of  the  critical  speeds  u>*cr,  we 

can  determine  the  influence  of  each  support  with  the  aid  of  (4.73)  • 

The  resulting  ratios  make  possible  a  more  rational  introduction 
of  the  elastic  support  in  order  to  affect  markedly  one  vibration 
mode  in  the  desired  direction  while  having  relatively  little  effect 
on  another  mode. 

The  overall  critical  speed  reduction  as  a  result  of  changing 
the  compliance  of  all  the  supports  if  found  from  the  formula 

ft  ml 

where  k  —  is  the  number  of  supports; 

6en  —  is  the  compliance  change  of  each  support . 

Figure  4.17  shows  the  variation  of  the  rotor  critical  speeds 
of  a  gas  turbine  engine  with  change  of  the  compliance  of  the  first 
and  second  supports  over  a  wide  range.  Because  of  the  large  corn- 
pliance  of  the  third  support  and  the  central  location  of  the  hinge, 
change  of  the  compliance  of  the  front  supports  has  no  effect  on  the 
first  critical  speed. 

Example  4.2.  Determine  the  critical  speed  reduction  for  the 
rotor  of. Example  4.1,  which  can  be  obtained  by  the  use  cf  elastic 
supports . 

The  introduction  of  elastic  supports  leads  to  increase  of  the 
compliance  coefficients.  This  increase  is  determined  as  the  addi¬ 
tional  displacement  from  unit  force  in  the  corresponding  directions 
(Figure  4.18)  which  appears  as  a  result  of  deformation  of  the  sup¬ 
ports  for  an  absolutely  rigid  shaft . 

As  a  result  of  system  linearity,  we  can  determine  the  addi¬ 
tional  compliances  from  the  elasticity  of  each  support  separately. 
These  additional  compliances  are  represented  by  the  following 
tables 
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Figure  4.17.  Effect  of  support  compliance  on 
gas  turbine  engine  rotor  critical  speeds 
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Figure  4.18.  Schematic  of  rotor  elastic  supports 
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0,225 
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-0,207 

-0,513 

0,273 

2,600 

-1,500 

-3,750 

2,600 

25.00 

Aaj,  -  2.56bc;  Aa' 

f,=o. 

where  o A,  aB,  ac  —  are  the  compliance  coefficients  of  the 

elastic  supports. 

We  see  from  the  rotor  support  arrangement  that  the  introduc¬ 
tion  of  compliance  of  support  C  yields  a  change  only  in  the  coeffi¬ 
cient  and  has  no  effect  on  the  other  coefficients. 

We  specify  the  compliance  coefficient  of  the  elastic  supports 
by  the  quantity 

cu«*<*»-=«ae“20- 10-'  m/N. 

Combining  the  additional  compliances  with  the  basic  coefficient 
matrix  (see  Example  4.1),  we  obtain 


92, :o 

8,20 

.3,28 

125 

8,20 

15,95 

6.60 

220 

.3.28 
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Multiplying  the  columns  respectively  by  rr^  =  3.5  kg,  m2  *  7  kg, 

2*3  kg,  -  ,  g  =  0.025  kg  «  m,  we  construct  the  frequency  equations 

for  the  rotor  having  one  of  the  supports  elastic  with  the  compliance 
indicated  above. 

For  elastic  support  A 


-0; 


32.40-* 

5.75 

0.984 

-0,312 

2.87 

11,20-* 

1.98 

-0,550 

1,15 

4.62 

33.20 -* 

-0,181 

43,70 

154 

21.80 

-12.6-* 

support 

B 

21.20-* 

13,43 

0.444 

-0,563 

6.72 

18,20-* 

-1,26 

-0.300 

0.52 

—2.95 

34.7- 

*  -0.289 

78.80 

84.00 

34.6 

.  — 12,6—* 

support 

C 

20.50 -jr 

10.3 

1,69 

-0,636 

5.15 

10,3 -* 

1,85 

-0.488 

1.97 

•  4,3 

48,50-* 

—  0,159 

89,30 

137.0 

19.0 

— 11.4 — * 

Expanding  the  determinant  into  a  row,  we  obtain  equations 
which  have  the  following  positive  roots : 

x‘-64.2**+918*»+  4320x— 53000-  0; 

*1—38,6;  xj-262;  **-7,25; 

•  •V-!6l5i'sec;  Jt*-i960l/sec;ii-3720  1/sec; 

.  .--'-  61  ^+«6*H6190*- 100  300-0-,  '  ' 

■  *.-37,5;  *1-23,0;  x^ll* 
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■  Ki— 1640  1/sec;  Xt-2093  1/sec;  x, —2950  1/sec; 

<•— 67,9<*-f863<*4-4H0<— 34  900-0; 

Jf,— 49.0;  <1-20,9;  <,-5.07; 

X|— 1430 1/sec ;  X,— 2190  1/sec;  X*-4450 1/sec. 

Comparison  of  the  roots  of  these  equations  with  the  roots  of 
the  original  equation  (see  Example  4.1)  shows  that  the  elastic 
supports  provide  different  reduction  of  all  the  natural  frequencies 

The  elastic  support  A  reduces  the  first  frequency  by  6.2%, 
the  second  by  11$,  the  third  by  18$,  i.e.,  it  affects  the  higher 
frequencies  more  and  the  first  frequency  least. 

The  elastic  support  B  provides  only  slight  reduction  of  the 
first  frequency  —  by  4.7$,  and  5%  reduction  of  the  second;  however 
it  has  a  marked  effect  on  the  third  frequency,  reducing  it  by  34$. 

Conversely,  the  elastic  support  C  provides  marked  reduction  of 
the  first  frequency  —  17$,  but  has  practically  no  effect  on  the 
second  and  third  frequencies,  reducing  them  by  0.5$  and  1.6$ 
respectively. 

By  selecting  the  magnitudes  of  the  support  compliance,  we  can 
achieve  the  desired  change  of  the  rotor  natural  vibration  frequen¬ 
cies  (critical  speeds). 

4.6.  Approximate  Methods  for  Calculating  Rotor 
Natural  Frequencies  and  Critical  Speeds 

Calculation  of  the  natural  frequencies  using  (4.62)  becomes 
very  time-consuming  for  even  three  disks .  The  determinant  is  of 
high  order,  a  large  number  of  influence  coefficients  must  se  cal¬ 
culated  in  order  to  formulate  the  determinant,  and  then  the  fre¬ 
quencies  are  found  by  trial  and  error. 

Moreover,  we  note  that  this  determinant  does  not  take  into 
account  the  distributed  mass  of  the  parts  of  the  rotor  and  its 

f 
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shafts.  The  introduction  of  these  masses  into  the  composition  of 
the  determinant  increases  its  order  and  complicates  the  calculations 
still  more. 

Therefore  approximate  computational  methods,  which  provide  an 
accuracy  which  is  quite  adequate  for  practical  purposes,  are  used 
to  find  the  natural  frequencies  and  the  critical  speeds. 

Among  the  approximate  methods ,  those  most  frequently  used  are 
the  Rayleigh  method,  Ritz  and  Galerkin  variational  methods,  the 
method  of  successive  approximations,  and  the  integral  method.  These 
methods  were  examined  in  Chapters  II  and  III,  and  may  be  applied  for 
calculating  shafts  and  rotors  without  any  essential  changes. 

For  today's  rotor  designs,  which  have  low  natural  frequencies 
because  of  the  thin-wall  construction,  the  most  rational  computa¬ 
tional  methods  are  those  which  make  it  possible  to  find  the  natural 
vibration  frequencies  and  critical  speeds  in  any  frequency  range 
without  prior  computation  of  the  lower  vibration  modes.  The  follow-  . 
ing  method  is  of  this  type. 

4.6.1.  Initial  Parameter  Method 

We  regard  to  the  equations  used  and  satisfaction  of  the  boundary 
conditions,  the  initial  parameter  method  belongs  to  the  -exact  com¬ 
putational  methods.  It  is  constructed  on  the  cyclic  principle  and 
consists  of  several  repeating  series  of  multiplication  and  addition 
operations.  A3  a  result  of  this, the  method  is  convenient  for  com¬ 
puter  programming  and  computing. 

» 

*  To  carry  out  the  calculation  the  rotor  or  shaft.,  (Figure  4.19) 
is  broken  down  into  a  series  of  individual  segments.  The  boundaries 
of  the  segments  are:  locations  of  concentrated  masses  or  disks, 
locations  of  supports,  locations  of  stepwise  change  of  the  shaft 
cross  section.  The  rigid  supports  divide  the  entire  shaft  or  rotor 
into  several  segments. 


T'T1-1 5  «S!^9 J.  ■  ?  v'-di1  w*>}  * ■ 


wwiwwiiirnTi — 


.~$\'S-ii r?S 


0  f 


Figure  4.19.  Dividing  the 
rotor  into  segments 

Span  II 

4. 6.1«1.  Segment  matrices 

In  order  to  perform  the  calculation  for  each  segment,  we  formu¬ 
late  the  equations  for  converting  from  the  parameters  at  the  begin¬ 
ning  of  the  segment  to  the  parameters  at  the  end  of  the  segment. 

If  the  calculation  is  made  with  account  for  the  distributed 
masses  of  the  segments,  the  basis  for  the  formulation  of  the  equa¬ 
tions  is  the  equation  for  the  elastic  line  of  a  bar,  which  can  be 
taken  in  the  most  general  form  <  3 . 34  >  with  account  for  rotary 
inertia  of  the  section  and  the  action  of  the  longitudinal  force. 

For  the  description  of  the  method  we  shall  restrict  ourselves  to 
the  simpler  but  frequently  used  form  (3.18)  for  simple  uniform 
bars : 

K(«) = C,S(*0  -K,7-(At) +<Y/(*;)  J-CAV  («). 

The  section  rotation  angle,  bending  moment,  and  shearing  force 
will  be  defined  respectively  by  the  equations : 

ICjV'  («)+Cj5(*5)+CJr(*;)+C//(«)l; 

M\kXi—EJ  [C^fa) +C2V  W)+C^(«)+C4r  («)); 

*  Let  us  assume  that  the  displacement  and  forces  at  the  initial 

point  of  the  segment  (£  ■  0)  are  known.  Then  the  constants  are 
easily  found  from  the  equations 

C^Klbfc  C,=-U(0);  C4=-i-Q(0). 
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After  substituting  these  values  of  the  coefficients  into  the 
basic  equations,  we  obtain  a  system  of  equations  in  which  the  dis¬ 
placements  and  forces  are  expressed  in  terms  of  the  parameters  of 
the  initial  section  of  the  segment 


Y  (A5)=nO)S(*S)-HlO)  4  T  («)+ 

II 

e<*i)=.K  (0)aV  <«)  +  • 

+«,0)-i-r(*y-Q(0)^(«); 

Ai(M)=K(0)a»£yt/(AS>+«(0)X  |  (4.75) 

Xa£/y(**,)+Al(0)S(*S)- 

-Q(0)  ^-r(«v, 

Q(*l)~=  —  Y  {Q)d*EJT  (*t)~ 

-  6(0)o 'BJU  («)-  M  (0)aV  (**)+ 

+Q(0)5(«). 

These  formulas  yield  a  linear  relationship  between  the  para¬ 
meters  of  the  beginning  and  end  of  the  segment. 

We  write  the  system  of  equations  for  the  displacements  and 
forces  at  the  right  end  of  the  segment  (£  •  1)  in  matrix  form 

Im 

9(A) 

A*  (*)  | 

H9(A) 


5(A) 

aV(k) 

ffEJU(k) 


T(A) 


1 


**> 

«EJV(k)  S(k ) 

u*E/T{k)  -a-EJU{k)  -aV(*). 

HO) 

X|* 


«*£/ 

J 


V'(A) 


t/(A>  I 

aUBJ  '  'jx 

-Xr(*> 

■  S(k) 


(4.76) 
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where  a=— ;  • 

/  EJ 

The  indices  ki  and  Oi  denote  the  end  and  beginning  of  the 
segment  i. 

In  accordance  with  the  matrix  multiplication  rules,  to  obtain 
the  displacement  or  forces  at  the  right  end  of  the  segment  we  must 
take  the  sum  of  the  products  of  the  elements  of  the  corresponding 
row  by  the  column  elements  in  their  sequential  order.  The  square 
matrix  is  called  fundamental.  Such  matrices  are  constructed  ahead 
of  time  for  all  the  segments. 

If  the  calculation  is  made 

Yk‘  ■  a 

without  account  for  the  distri-  ™lV*iiLAo 

buted  masses  of  the  segments,  • 

then  we  take  the  following  equa- 

tions,  formulated  in  accordance  Tbpy^  y*t 

with  the  scheme  shown  in  Figure  \gw 

4.20,  as  the  equations  connect-  LL_, - - - - — Jh* 

ing  the  beginning  and  end  of 

the  segment  Figure  4.20.  Determining 


°»s^m  4-®uQ»i; 

Qu=Qoi- 


(4.77) 


Figure  4.20.  Determining 
connection  between  para¬ 
meters  of  end  and  beginning 
of  segment 


Transforming  the  equations  so  that  only  the  initial  parameters 
remain  on  the  right  side,  we  obtain  a  system  of  equations  which 
can  be  written  in  matrix  form  as  follows : 


Y  1  Z  aia  <*n-a,jf 

6  0  1  a*,  ®u— 

M  ~  0  0  1  -/ 

0  o  o  o  i 


(4.78) 


where  a 


11*  12 1 


are  the  influence  coefficients  of  the 
cantilever  beam. 
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4. 6. 1.2.  Matrices  for  transition  between  segments 

It  is  also  convenient  to  represent  the  transition  through  the 
separating  element  from  the  end  of  the  preceding  segment  to  the 
beginning  of  the  next  segment  in  matrix  form. 

Transition  from  a  segment  with  one  cross  section  to  a  segment 
with  a  different  cross  section  is  not  accompanied  by  change  of  the 
parameters.  Therefore, the  transition  matrix  will  have  the  form 


10  0  0 
0  10  0 
0  0  10 
0  0  0  1 


(4.79) 


Multiplication  of  this  matrix  by  the  column  of  the  parameters 
of  the  end  of  the  preceding  segment  yields  a  repetition  of  the 
1  tter  parameters  in  the  form  of  the  column  of  the  initial  para¬ 
meters  for  the  next  segment. 

Figure  4.21  shows  the  individual  elements  through  which  transi-' 
tion  must  be  made  in  the  computational  process.  Characteristic  for 
all  the  cases  other  than  that  shown  in  Figure  4.21c  is  invariability 
of  the  kinematic  parameters  Y,  0,  and  change  of  the  moments  and 
shearing  forces.  After  formulating  the  equations  of  equilibrium 
corresponding  to  the  notations  shown  in  Figure  4.21,  we  obtain  the 
transition  matrices  in  the  form: 

a)  transition  through  a  point  mass 

1  0'  0  0 

0  10  0 

Q  o  1  0  5  (4.80) 

0  0  1, 

b)  transition  through  a  rotating  disk 


1  0  •' 


(4.81) 
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Transition  through  rigid  support . 

The  rigid  support  is  tt  .  ->nd  of  a  span.  The  transverse  dis¬ 
placement  at  the  support  is  zer?;  therefore, the  first  of  the  four 
equation?  becomes  a  homogeneous  linear  equation  relating  the 
initia^.  parameters 


y tl  —  flj  0, 


(4.84) 


where  a1,  a2,  a^,  a^  —  are  numerical  coefficients  formulated  in 

the  process  of  calculating  the  preceding 
segments . 

This  equation  makes  it  possible  to  exclude  any  of  the  unknown 
initial  parameters  from  the  remaining  three  equations. 

The  initial  parameters  of 

S  t 

the  next  (i  +  1)  span  are  con- 

Qg(i*1) 

nected  with  the  final  parameters  a  Mg(  *t 

of  the  calculated  1th  span  by  ^ 

the  following  equations  (Figure 

4.22): 

^«»/+i)=0; 

S«/+»=6*;:  Figure  4.22.  Scheme  for 

•Wot !+«»«*. Mm;  IH.03;  passing  through  rigid 

Qo</tI)=Q»,-^(.  support 


(4.85) 


*“/  ,-4 


Figure  4.22.  Scheme  for 
passing  through  rigid 
support 


where  R. 


is  the  unknown  reac¬ 


tion  of  the  rigid  support .  This  reaction  enters  into  the  further 
calculations  of  the  entire  span  in  place  of  the  excluded  parameter 
of  the  first  span.  The  number  of  unknown  parameters  remains  the 


same. 


4. 6. 1.3.  Selection  of  assumed  initial  conditions. 

The  initial  jonditons  at  the  zero  section  of  the  first  span 
are  selected  on  the  basis  of  the  restraint  conditions  and  loading 
of  the  shaft  being  analyzed.  For  the  most  typical  cases  (Figure 
4.23)  they  are  represented  in  the  form  of  one  of  the  columns 
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a)  b)  c)  d)  e) 

lgure  4.23.  Choice  of  initial  conditions: 

„gid  support;  b  —  free  cantilever;  c  —  cantilever 
disk;  d  —  elastic  support;  e  —  clamped 


a) 

0  b) 

>V 

c) 

«o  ■ 

% 

0 

0 

Qo 

0 

Y 0 

d) 

*o  e) 

0 

«o 

6q 

0 

-7t)« 

0 

M0 

— m/.JK0 

CqY?< 

Qo 

(4.86) 


In  all  cases  two  of  the  four  initial  parameters  are  zero  and 
the  other  two  appear  as  unknowns.  Even  in  the  most  complex  matrix 

—  column  (c)  —  all  four  elements  are  functions  of  two  parameters 

—  Yq  and  0Q.  This  means  that  in  the  computational  process  all  the 

parameters  of  the  beginning  and  end  of  all  the  segments  will  be 
linear  functions  of  the  two  unknown  assumed  parameters.  • 

These  initial  parameter  columns  can  serve  as  the  parameters 
for  the  end  of  the  last  span.  In  this  case  the  signs  of  the  moments 
and  the  shearing  forces  must  be  reversed  and  the  subscript  0  re¬ 
placed  by  the  subscript  k. 

An  essential  feature  is  the  fact  that  all  the  parameters  of 
the  end  section  are  expressed  in  terms  of  two  parameters,  so  that 
the  four  equations  for  the  end  parameters  can  be  reduced  to  two 
homogeneous  equations  with  two  unknowns. 
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4. 6. 1.4,  Two-calculation  method 

The  determination  of  the  natural  vibration  frequency,  and  for 
the  rotating  shaft  the  circular  precession  rate  X,  is  accomplished 
?’•  .election. 

Taking  some  numerical  value  of  X,  we  formulate  for  all  the 
segments  of  the  shaft  being  analyzed  the  segment  matrices  and  the 
transition  matrices.  Then  we  select  one  of  the  initial  condition 
columns  (4.86)  in  accordance  with  the  conditions  at  the  zero  section 
[for  the  sake  of  definiteness  we  present  the  analysis  for  column 
(a)]. 

Using  the  linear  connection  between  the  parameters,  we  make 
two  calculations  of  the  first  span.  In  the  *  first  calculation  we 
eQ  =  1,  Qq  *  0;  in  the  second  calculation  we  take  0Q  *  0;  QQ  *  1. 

As  a  result  we  obtain  two  groups  of  coefficients  a,  b,  c,  d, 
from  which  we  formulate  the  Equations  (4.85)  of  the  parameters  of 
the  last  section  of  the  first  span  and  the  first  section  of  the 
second  span 


Y Oil" ^ *1  ^ A ~f* <*4^0 = 0*  ■ 
®on — 9m = Mo + &&£ 

= Af«  «*< c ify -{-  efici 

Qdu— 


(4.87) 


The  first  equation  of  this  system  provides  the  relationship 
between  8Q  and  Qq.  With  the  aid  of  this  equation, we  eliminate  from 

the  remaining  equations  one  of  the  parameters  (QQ,  for  example), 

as  a  result  of  which  we  obtain  the  column  for  calculating  the  next 
span 


(4.88) 


^ on 

0 

®0II 

M o 

Mw 

(!% 

Qou 

d'h+R, 

The  basic  column  now  contains  two  unknown  parameters :  0Q 


and  Rj. 
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Two  calculations  are  made  of  the  second  span.  In  the  first 
calculation  we  take  0Q  =  lj  Rj  *  0,  and  in  the  second  0Q  =  0; 

Rj  *  1.  As  a  result  we  obtain  a  system  of  equations  for  the  end  of 

the  second  span  which  is  similar  to  (4.87). 

If  there  is  a  third  span,  we  perform  operations  similar  to 
those  described  and  the  next  span  is  calculated.  In  this  case  the 
parameter  Rj  is  excluded,  and  in  its  place  there  appears  the  para¬ 
meter  Rjj. 

If  the  third  span  is  the  last,  we  obtain  the  equations  for  its 
its  end 


^ >iii— 

•M>m  ~sCjPo 
Q>m  —  d'fiy\-d'Jixx, 


(4.89) 


In  accordance  with  the  end  conditions,  two  of  these  equations 
are  set  equal  to  zero,  or  on  the  basis  of  (4.89)  and  the  end  condi¬ 
tions,  two  homogeneous  equations  with  the  two  unknowns  0Q  and  Rjj 

are  formulated. 

The  frequency  X  is  considered  to  have  been  selected  correctly 
if  the  second-order  determinant  A  composed  from  the  coefficients 
of  the  homogeneous  equations  equals  zero.  If  this  condition  is 
not  met  the  calculation  must  be  repeated  for  a  different  value  of  X. 

The  results  of  the  calculation  are  represented  in  graphical 
form  (Figure  4.24).  The  point  of  intersection  of  the  curve  with 
th6  abscissa  axis  is  the  sought  frequency. 

For  a  rotating  shaft  the  number  of  roots  is  in  general  equal 
to  twice  the  number  of  degrees  of  freedom  of  the  shaft  in  one  plane. 
In  this  case  half  of  the  roots  are  negative,  which  indicates  back¬ 
ward  precession. 

In  finding  the  critical  speeds,  after  assuming  the  frequency  X, 
the  condition  w  *  X  must  be  satisfied  to  formulate  the  matrices 
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T»y ’’•xy x-  ; 


for  transition  through  the  disks. 

In  this  case  the  number  of  roots 

will  be  equal  to  the  number  of 

shaft  masses ,  considering  the 

uisK  with  J  >  J  as  two  masses, 
e  p 

4. 6. 1.5.  Constructing  shaft 
vibration  mode  shapes 


1 

I  —  h 


Figure  4.24.  Curve  plotted 
from  calculation  results 


Sometimes  it  is  necessary  to 

construct  the  vibration  mode  shape.  We  can  judge  the  order  number 
of  the  found  frequency  from  the  vibration  mode  shape;  the  vibration 
mode  shape  shows  the  most  highly  stressed  segments  of  the  shaft, 
the  segments  with  the  highest  vibration  amplitude,  and  so  on 

The .vibration  mode  shape  is  constructed  from  the  previously 
calculated  parameters  Y  and  6  of  the  beginning  and  end  of  the  seg¬ 
ments  (we  consider  the  parameters  for  the  design  frequency  X^) .  To  • 

this  end  one  of  the  basic  parameters  (9Q,  for  example)  is  t;.ken  as 

unity  and  all  the  other  parameters  are  calculated  from  the  available 
relations.  Then  the  displacement  Y^  and  the  angles  0^^  at  the  ends 

of  the  s'egmt"  ,  are  plotted  to  a  convenient  scale,  after  which  it 
is  easy  to  con struct  the  elastic  line.  If  a  more  exact  construction 
of  the  bending  shape  of  any  segment  is  required,  this  is  accomplished 
U3ing  the  general  equation 

+Car(*‘)  -}-<?//(**)  («), 

for  which  the  constants  C1,  Cg,  C^,  are  determined  from  the  known 

parameters  Y  and  0  at  the  beginning  and  end  of  the  segment. 

Example  4. 3.  Calculate  by  the  Initial  parameter  method  the 
rotor  examined  in  Example  4.1.  The  rotor  shaft  mass  is  to  be 
neglected  in  the  calculation. 

The  rotor  consists  of  six  segments  of  constant  section  separated 
by  supports,  a  disk,  and  a  hinge  (see  Figure  4.14b). 
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Let  us  formulate  the  segment  matrices.  The  general  expression 
for  the  weightless  segment  matrix  is  defined  by  (4.78). 

The  influence  coefficients  appearing  in  the  matrices  are 

•  i*  n  i 

17'  an~EJ‘ 

The  numerical  values  of  the  segment  matrices  will  be 


,  1  0.06  0.53.10-*  —  X.06*  10 — ■ 

,  g?tTfc  1  0  ,<0  0.*77-10-4  _0.$310-« 

0  0  ■  — 0,06  : 
/=*  1.7*10  •  m*.  0  q  0  I>0 

„  I  1  0.15  1.768*  10— ♦  -8,79.10-* 

S,eg"l®nt  2  0  1.0  0.2313.10-4  -1.75R.10-* 


>0,15* 


3,2*10-*  *«  „  „ 


-0,15 

1.0 


„  .  1  0.05  0,195  -10-*  -0,326.10-* 

segment  3  Q  jf0  0,0781*  10-4  -  0,195.10-* 

1*0.05*  0  0  ,  0  _005 

3.2-10-*  *4  0  0  j 

1  0,03  0,0702- 10-*  —  0,0705- 10-* 
segment  4  0  j>0  0.0169.10-4  —  0.0702-10-* 

1*0.03*  0  0  J  0  _003 

1*3,2-10-*  *4  0  0  0  ,  0 

1  0.1  2.778-10 -t  -0,261. 10-* 

segment  5  0  l.O  0,o57-10r4  —2,778.10-* 

1*0,1*  0  „  _0f,  ; 

1*0.9.10-* *4  0  0  0  ,  0 


segment  6 

1*0,06* 

!=-  0,9-10-*  *4 


1  0,06  10-* 

0  1,0  0,333.10-4 

0  0  1,0 

0  0  0 


-  2- 10-» 
— 10-* 
-0,06 
1.0 


The  initial  parameter  column  is 


Ycx 

I'm 

■  *m 

*01 

A*oi 

r* 

0  5 

<?0l 

FTD-HC-23-780-7Q 


225 


where  m^  ■  3*5  kg.  The  minus  sign  is  used  for  the  last  element  of 
the  column  because  the  inertia  force  of  the  mass  m1  acts  on  the  left 


end  of  the  segment. 

We  take  »  1  and  after  assuming  a  value  of  X  (X  =  1700  sec 

for  example)  we  multiply  the  column  by  the  matrix  of  segment  lj  we 
obtain  the  segment  end  parameters 

i'u-'UWS+O.OeiM-O; 

AJ*i-60,«8  >  10*; 

Qu«--!0,il5- 10*. 

Since  segment  1  terminates  at  the  rigid  support,  where  the 
deflection  equals  zero,  the  first  equality  is  set  equal  to  zero 
an  eQ1  is  then  excluded  from  the  second  equality 

tn  «,  -1(1,4539; 

-13.0923; 

60,09*10*;  . 

0*1- -10. 115- 10*. 

The  column  of  the  initial  parameters  of  the  next  segment  (2) 
after  the  support  will  be 


-1 


0 

•« 

- 13,0428 

A?oj 

m 

eO.M^io* 

Qu 

-10,115  .10*+** 

where  RA  —  the  reaction  of  the  rigid  support  —  is  an  unknown 
quantity . 

After  multiplying  the  column  and  the  matrix  of  segment  2,  we 
obtain  the  parameters  of  the  end  of  the  segment 

-0,007857-8, 79.10-*#*, 

•«- 18,9090-  1,758- 10-4/?* 

<p>  2,1242*  10* — 0, 15/?*; 

Q„«_10,U510*-5-/?*. 

In  accordance  with  (4.81),  the  matrix  for  transition  through 
the  rotating  disk  will  be 


r 

% 
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I  0  0  0 

0  1  0  0 

0  0.025- 17001  1  0  * 

—  7 • 17002  0  0  1 

Multiplying  the  column  of  the  end  parameters  of  segment  2  by 
the  transition  matrix,  we  obtain  the  parameters  of  the  beginning 
of  the  next  segment  3 

— 0,007R07~R,79-10-»*a; 

*0J“  -18.0006-  1.758-10~*#ji; 

3.4904- lOf-O.mRx, 

Q«j“  -9,9571-10*  +  2,7782/?,*. 

Multiplication  of  the  parameters  of  the  beginning  of  the  seg¬ 
ment  by  the  matrix  3  yields  the  parameters  of  the  end  of  segment  3 

I'm  «  1,62076  -  2.1,8872- 10-*.**  -  0; 

H*»-48.ilt2-4,463llO-«J?4; 

A1*»— 3.9883- 10*— 0,415911?^; 

<?m~  -9.9571-10*  +  2,77821 ?*. 

With  the  aid  of  the  first  equality, we  exclude  from  all  the 

expressions,  after  which  the  parameters  of  the  end  of  the  segment 
will  be 

/?*  ~  6,910646- 10* 

•Mn.  17,2688; 

=-1.1141- 10*;  ' 

9,2421-10*. 

The  initial  parameters  of  the  next  segment  4,  after  the  support  B, 
are 


0 

«04 

* 

17,2683 

•r=* 

-1,1141-10* 

Qo4 

9,2421- 10*+** 

Multiplying  the  initial  parameters  by  the  matrix  4,  we  obtain 
the  parameters  of  the  end  of  the  segment 
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: 

0,57090 

•t* 

19,8855+  8* 

•  1 

0  k 

s 

Qos 

37,135+19* 

Km  «  0,58974  -  0,0705. 10-* 

«M  -  21.8445  -0, 0709- 10-*#*; 

Mh-  08358- 10«  —  0,05/9*  -  0; 

0*4 -9,2421- 10*+#,.  . 

A 

The  moment  in  the  hinge  is  zero;  therefore  the  third  equation 
is  set  equal  to  zero  and  then  used  to  exclude  RQ  from  all  the 
other  equations 

27,8038. 10% 

>*m-0,570H) 

1*4-10,8988,' 

0*4  =»  37, 135440*. 

The  initial  parameters  of  segment  5  will  be 


where  0^  —  the  rotation  angle  in  the  hinge  —  is  an  unknown 
quantity. 

Multiplication  of  the  initial  parameters  and  the  matrix  5 
yields  the  parameters  of  the  end  of  the  segment 

.  r„ — 0.88089 +  0;  l*»-0; 

•  l*-<— 88.2759+ •«; 

My- -3,7180*9* 

0*- 37, 1854-10* 

The  initial  parameters  of  the  last  segment,  after  excluding 
6h  from  the  preceding  equalities  and  passing  through  the  support 

C,  take  the  form 


0 

-74,4710 

% 

* 

-3,7185+ JO* 

Qh 

37, 180+ 10*  -Mfc 

Multiplying  by  the  matrix  of  the  last  segment  6,  we  obtain 
the  parameters  of  the  end  of  the  segment 
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r«- -  8,9345  -  a.  10-*% 

I*--  235,2681-10-*% 

.VH«  —  5,94164.10*— 0,06% 

Om  -  37, 1354- 10*+  %. 

In  accordance  with  (4.80)  the  matrix  of  the  mass  m^  will  be 

1  0  0  0 

0  too 

0  0  1  0  * 

-3.1700*  0  0  1 

Multiplying  the  matrix  by  the  parameters  of  the  end  of  the  segment, 
we  obtain  the  parameters  after  the  mass  —  at  the  free  right  end 
of  the  shaft 

-8,9245  -  2.10-*%; 

•*--235,2681  —  10-*%; 

.If*-  —  5,94164. 10*— 0,06%  -  0; 

Q*  —  114,5108. 10*4- 1,1734%  — 0. 

The  last  segment  is  a  cantilever  and  there  is  no  external  force 
or  moment  on  the  right;  therefore  the  last  two  equations  must  be 
equal  to  zero.  This  is  satisfied  if  the  corresponding  coefficients 
of  the  equations  are  proportional,  or  if  the  determinant  composed 
from  the  coefficients  of  the  equations  is  equal  to  zero.  We  verify 
the  latter  condition 

—(5,94164  •  1,1734-0,06  114,5108)  •  10*— — 0,10127  •  10*^0. 

The  determinant  is  not  equal  to  zero’,  therefore  the  frequency 

X  ■  1700  sec  used  in  the  calculation  1.2  not  correct.  The  calcula¬ 
tion  must  be  repeated  after  choosing  a  different  frequency. 

The  calculation  for  the  frequency  X  =  1725  sec-1  yields  the 
following  parameters  at  the  free  end  of  the  cantilever 

'.  n* - 8,4761—2  •  10-*%;, 

.  •»*— 223,4057-10“*%; 

'AU**— 5,6387 . 10*-‘0,06%— 0; 

<?»»-U0,9089. 10*+l,175536%-a 
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The  determinant  of  the  last  two  equations  equals 
— (5,6387  ■  1,178336 -110*089  *06)  •  t0*«0,Q097l. 

By  interpolation  from  the  values  of  the  determinants  obtained  from 
the  two  calculations,  we  find  that  the  critical  frequency  (first 
critical  speed)  is 

1722,8  //Sec . 

If  it  is  necessary  to  determine  the  support  reactions  and  the 
parameters  at  the  ends  of  all  the  segments  for  this  frequency,  we 
must  carry  out  still  another  cycle  of  calculations  with  the  fre¬ 
quency  equal  to  1722.8  sec”1.  The  quantities  obtained  as  a  result 
of  this  calculation  pertain  to  deflection  equal  to  one  (Y01  *  1). 

For  the  calculation  of  the  second  critical  speed,we  must  assume 
higher  valuef  of  the  frequency  X.  The  value  of  the  frequency  for 
which  the  end-3ection  determinant  passes  through  zero,  changing  sign 
from  positive  negative,  will  be  the  value  of  the  sought  critical  ■ 
speed. 

It  is  convenient  to  systematize  the  calculation  in  the  form 
of  a  table,  whose  arrangement  can  be  arbitrary. 

4.6.2.  Variational  Methods 

The  Rayleigh,  Ritz,  and  Bubnov-Galerkin  variational  methods 
were  examined  in  Chapters  II  and  III.  The  application  of  these 
methods  for  the  calculation  of  rotating  shafts  and  rotors  has  cer¬ 
tain  peculiarities. 

4. 6. 2.1.  Rayleigh  method 

The  free  vibrations  of  a  rotating  shaft  are  executed  in  the 
form  of  regular  precession.  As  a  result  of  this, the  inertial  forces 
and  moments  of  all  the  shaft  masses  and  disks  act  in  the' shaft 
bending  plane.  Therefore  .we  can  examine  the  deformation  of  the 
shaft  as  being  static,  and  we  can  formulate  the  sum  of  the  work  of 
all  the  inertial  forces  and  moments 
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~~  *  -rmaamyiTTf  f  fiffcrrir 


(4.90) 


where  k  —  is  the  number  of  disks  seated  on  the  shaft; 

A  —  is  the  free  vibration  circular  frequency  —  the 
regular  precession  rate; 

m±,  Jei*  Jpi  —  are  the  mass,  equatorial  and  polar  moments  of 
inertia  of  the  disk,  respectively; 

u  —  is  the  shaft  rotational  speed. 

The  work  of  the  external  forces  equals  the  potential  energy 
of  the  shaft  deformation 


-If. 


(ft. 91) 


Substituting  herein  (4.90),  we  obtain  the  Rayleigh  formula 


in  the  form 


where 


**Hr  2 


(ft. 92) 


In  accordance  with  the  Rayleigh  method,  the  potential  energy 
is  calculated  as  the  work  of  some  system  of  external  forces  and 
moments,  which  are  numerically  equal  respectively  to  the  masses 
and  moments  of  inertia  of  the  disks 


P,=mt; 

f). 


(4.93) 


The  calculation  is  made  for  precession  of  a  definite  form. 
Therefore  the  ratio  w/X  must  be  considered  constant.  In  the  cal¬ 
culation  of  the  critical  speeds, it  is  equal  to  one. 


Applying  the  forces  and  moments  to  the  shaft  at  the  points 
where  the  disks  are  located,  we  calculate  the  deflections  ni  and  the 
section  rotation  angles  6^ 

nfLer  this, we  calculate  the  deformation  potential  energy 


£(/»A+AfAy. 


The  final  form  of  the  Rayleigh  formula  will  be 


m 

2  (pto  +  *i*i> 

_ Lrl _ 


(4.94) 


It  should  be  noted  that  in  calculating  the  deflections  ni  and 

angles  the  positive  directions  of  the  forces  and  the  moments 

must  coincide  in  sign  with  the  directions  of  the  defi-rmations  in 

the  first  vibration  mode.  Usually  the  first  vibration  mode  shape 
is  obvious,  and  the  choice  of  the  directions  of  the  applied  forces 
and  moments  does  not  cause  any  difficulty.  The  signs  of  the  cal¬ 
culated  Hjl  and  61  can  serve  as  a  check  of  the  correctness  of  the 

basic  assumptions  with  regard  to  the  directions  of  action  of  the 
forces  and  moments. 

If  In  the  circulations  we  neglect  the  effect  of  the  inertial 
moments  of  the  disk't,  then  (4.94)  simplifies 

I**- Jr! — . 

,  •  %*** 

4. 6. 2. 2.  Frequency  equation  in  Rltz  form 

If  the  shaft  deflection  function  n(x)  is  known,  the  deformation 
potential  energy  is  calculated  with  the  aid  of  the  integral 
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in  this  connection  (4.91)  takes  the  form 


\ EJ  £  [«* -r)^]=°- 


(4.95) 


where  r^,  9.^  —  are  the  discrete  values  of  the  functions  n(x)  and 
dn/dx  for  the  disk  location  coordinates. 

In  view  of  the  fact  that  the  function  n(x)  is  not  known,  it 
is  replaced  by  the  approximate  function  <t>(x),  but  then  (4.95)  is 
not  satisfied  and  becomes  the  functional 


2  H +('•■- vf) 


(4.96) 


Of  all  the  possible  functions  $(x),  the  closest  to  the  exact  solu¬ 
tion  n(x)  will  be  that  for  which  the  functional  S  has  the  minimal 


value . 


We  represent  <Kx)  as  the  minimizing  function 


?(*)=2aA. 


(4.97) 


where  <|in  —  are  the  basic  functions,  which  must  satisfy  the  geometric 
boundary  conditions.  In  practical  calculations  it  is 
desirable  that  the  number  z  of  basic  functions  not  be 
made  large,  restricting  ourselves  to  two  or  three 
functions; 

a  —  are  the  variational  coefficients, 
n 

We  substitute  (4.97)  into  (4.96),  after  which  we  take  the 
derivative  of  S  with  respect  to  an  and  equate  it  to  zero 


(1.98) 
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where  a 


—  is  the  index  of  the  variational  coefficient  with  respect 
to  which  the  differentiation  is  performed. 

The  number  of  equations  in.  (4.98)  equals  the  number  of  basic 
f  .r.c*. 1  or. ;  z.  All  the  equations  are  homogeneous  and  contain  the 
unknown  coefficients  an< 

For  convenience  in  formulating  the  subsequent  aquations,  we 
denote  the  combinations  of  the  bi  .  .  functions 

{«&-*£  f'-u*  (‘'■w 


The  coefficients  Usn  and  Tgn  possess  the  reciprocity  property. 

With  the  aid  of  the  introduced  notations, we  write  the  system  of 
equations  (4.98).  Assuming  that  the  number  of  basic  functions 
equals  three,  we  obtain 

VTu)  +«,(*V -  W*)=<* 

The  determinant  of  this  system  of  equations  is  the  frequency 
equation  in  Ritz  form 

tfn-Wn  Un-VTuUu-»Tu 

C/tt-Ww  Un-VTn  Um~W*  =»0.  (4.101) 

I  uu-vru 

p 

The  smallest  root  X  of  (4.101)  is  the  square  of  the  sought  circular 
vibration  frequency  of  the  rotating  rotor  or  shaft.  If  X  *  u,  this 
frequency  will  be  the  critical  rotational  speed. 

The  minors  of  the  Determinant  (4.101)  to  the  elements  of  any 
row,  calculated  for  the  found  value  of  X2,  yield  a  series  of  number ^ 
proportional  to  the  coefficients  c*n 
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Aj :  Aj  i  Aj — flj  t  Oj :  Oj, 


(14.10?) 


Their  determination  makes  it  possible  to  construct  the  sjhaft  bend¬ 
ing  mode  shape  in  the  form  of  the  Function  (4.97). 

4.6.2. 3.  Construction  of  the  Minimizing  Function 

The  construction  of  the  assumed  minimizing  function  must  corre¬ 
spond  to  the  number  and  location  of  the  supports.  For  example,  for 
the  two-support  shaft  with  small  overhang, the  Function  (4.97)  can 
be  taken  in  the  form 

9(jc)=alstnn;-}-'aas!n2n|-}-ajSln3n;;  (4.103) 

5  *  (x/l j^),  x  is  taken  in  the  range  from  zero  to  1, 

where  l  —  is  the  overall  shaft  length; 

the  distance  between  supports. 

For  the  three-support  shaft  with  spans  of  different  length, 
the  minimizing  function  must  consists  of  two  parts 

?iW=a,  slnnj,  -f-  ctjsln 2a|,  -fas sin 3n$t),  0  <  5j  <  1; 

<?j (•*)  ==  3 ( — a, sin + a, sin 2n‘, — ctj sin 2,  0<S2<1, 

where 

A 

for  the  first  span 

for  the  second  span  0<jc </,. 

Then  the  Integral  (4.99)  breaks  down  into  two  integrals,  and 
the  computation  of  the  Coefficients  (4.100)  must  be  made  with  ac¬ 
count  for  the  fact  that  on  each  part  of  the  shaft  there  is  located 
a  mass  with  the  index  i. 

The  coefficient  B  is.  found  from  the  condition  that  the  deflec¬ 
tion  curves  match  at  the  center  support.  This  coefficient  equals 

b-jL 
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4 .7 .  Special  Problems  of  Vibrations  of 


Rotating  Shafts  and  Rotors 


4.7.I.  Free  Vibrations  of  Rotors  on  Anisotropically  Elastic  Supports 

In  practice,  shaft  supports  may  have  different  stiffness  in 
mutually  perpendicular  —  principal  —  directions.  This  is  asso¬ 
ciated  with  the  nature  of  the  specific  construction  of  the  turbo¬ 
machine  or  engine  .0.:  . 

If  the  difference  in  the  stiffnesses  is  not  large,  it  is  not 
taken  into  consideration  and  the  supports  are  assumed  to  be  axisym- 
metric.  For  those  cases  in  which  the  difference  in  support  stiff¬ 
nesses  is  significant,  it  is  necessary  to  take  into  consideration 
too  specific  characteristics  in  the  rotor  vibrations  which  appear 
be. Muse  of  disruption  of  axial  symmetry.  Such  supports  are  usually 
te  med  anisotropically  el?'. cic  supports. 

We  consider  a  shaft  with  a  single  disk  \Figure  4.25).  We 
denote  the  stiffness  of  the  supports  and  the  shaft  in  the  principal 
planes,  referred  to  the  center  of  gravity  of  the  disk,  as  follows: 

o*v  c*2,  c*2  —  are' the  stiffnesses  acting  in  the  xOz  plane; 

eJi,  c*^,  —  are  the  stiffnesses  acting  in  the  yOz  plane. 


We  write  the  differential 
equations  of  motion  as  the  equa¬ 
tions  of  equilibrium  of  the 
fotres  and  moments  in  terms  of 
projections  on  the  coordinate 
axes 


wa’o  -f  jf0  -f  cia?=  0;  \ 
*«o+'fiyo+«fj<*==0;  l 
J,u  -  f  rfjtfo  4-  c&a  -  0; 

A?  *t*  J '/■<*  4*  ~ 0.  I 


<4 . 104 ) 

(4.105) 


Figure  4.25.  Rotor  on 
anisotropically  elastic 
supports 
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Equations  (4.104)  and  (4.105)  form  a  unified  system,  since 
the  solutions  in  the  z^Zq  plane  are  connected  with  the  solutions 

in  the  other  yQz0  plane. 

The  solutions  of  the  equations  are  the  functions 


X0  —  X  COS 

~  ^  cos  X/; 

l)o~Y 

a=Aslr\U. 


(4.106) 


Substitution  of  the  Functions  (4.106)  into  (4.104)  and  (4.105) 
yields  a  system  of  homogeneous  algebraic  equations 


(rf \-m#)X+caB  -0: 

(rf, — e^A —0; 


The  arrangement  of  the  equations  and  the  terms  within  them  is 
such  that  we  obtain  the  same  sequence  of  amplitude  values  X,  B,  Y,  A 
horizontally  and  diagonally. 

The  determinant  of  the  System  (4.107)  has  the  form 

•  **  0  0 

Cjj._  r*  —  7,1*  0 

'Q  0  ef,--mX*  cfc 

0  J/*  CU  c^-jp 

The  roots  of  this  equation  are  the  free  vibration  frequencies 
of  a  rotating  rotor  on  anisotropically  elastic  supports . 

For  computational  convenience, the  determinant  can  be  trans¬ 
formed  to  the  form 


(«n— 


(4.109) 


where 
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<•*.  -mi* 


A  I  I  cf.  — «i5  Cf, 

r  A(==|  cf, 


(4.110) 


The  roots  of  the  Determinants  (4.110)  are  the  free  vibration 
frequencies  of  the  nonrotating  rotor  in  the  horizontal  and  vertical 
planes.  They  are  shown  in  the  frequency  diagram  (Figure  4.26)  by 
points  lying  on  the  ordinate  axis . 

The  position  of  the  horizontal 
asymptotes  is  determined  by  the 
condition  u  -►  *.  Therefore, the 
equations  of  the  asymptotes  are 

r' ~,nl*=Q;  cf,-wi*=0.  (4.111) 

The  slope  of  the  inclined  asymptote 
is  equal  to  the  ratio  J^/Jg. 

The  frequency  diagram  is 
easily  constructed  approximately 
from  the  zero  points  and  the  asymp¬ 
totes  by  following  the  rule:  from 
each  zero  point  there  emerges  only 
a  single  curve,  which  approaches 
one  of  the  nearest  asymptotes,  including  the  abscissa  axis.  Only 
a  single  curve  can  approach  each  horizontal  asymptote.  The  fre¬ 
quency  diagram  is  symmetric  about  the  abscissa  axis  and  the  ordinate 
axis,  i.e.,  the  numerical  value  of  the  natural  frequencies  is  inde¬ 
pendent  of  the  direction  of  rotation. 

The  rotor  with  a  single  disk  has  for  any  rotational  speed  four 
different  natural  vibration  frequencies,  which  is  the  same  as  the 
total  number  of  its  degrees  of  freedom.  Each  frequency  corresponds 
to  its  own  vibration  mode  in  the  form  of  forward  or  backward  irre¬ 
gular  precession..  The  precession  form  can  be  established  from  the 
amplitude  values  of  the  Functions  (4.106). 


Figure  4.26.  Natural  fre¬ 
quencies  of  rotor  on  aniso- 
tropically  elastic  supports 


1 
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The  relationship  between  the  amplitude  values  X  :  B  :  Y  :  A 
is  determined  as  the  ratio  of  the  minors  to  the  elements  of  any  row 
of  the  Determinant  (4.108). 

In  the  general  case  the  center  of  gravity  executes  motion  along 
an  elliptical  trajectory.  If  the  signs  of  the  amplitude  values  X 
and  Y  are  the  same,  then  the  describing  point  travels  along  the 
ellipse  in  the  positive  direction  —  the  precession  is  irregular 
and  forward.  If  the  signs  of  the  amplitudes  are  opposite,  the  pre¬ 
cession  is  backward.  The  ellipse  is  elongated  along  that  axis  for 
which  the  absolute  value  of  the  amplitude  is  larger. 

During  free  vibrations, the  principal  central  axis  of  the  disk 
describes  the  surface  of  an  elliptical  cone.  In  accordance  with 
(4.106)  and  the  conventional  rule  for  reckoning  the  angles  of  rota¬ 
tion  a  and  3  in  the  XqYqZq  axes,  tne  precession  of  the  axis  will  be 

forward  for  positive  signs  of  the  amplitudes  A  and  B.  The  preces¬ 
sion  will  be  bacKward  if  the  signs  of  these  amplitudes  are  opposite. 

The  overall  vibration  mode  shape  is  formed  as  the  superposi¬ 
tion  of  the  precession  of  the  principal  axis  on  the  center-of- 
gravity  motion  trajectory. 

If  the  stiffnesses  in  the  principal  planes  are  the  same, 

(4.109)  breaks  down  into  two  identical  equations 

(  i-JjL  -y-)]— cjj=0, 

which  yield  the  free  circular  vibration  frequencies. 

4.7.2.  Critical  Speeds  .of  Rotor  on  Anisotropically  Elastic  Supports 

We  shall  examine  the  simplest  case,  in  which  the  disk  is 
located  midway  between  the  supports  and  the  stiffness  coefficients 

c*2  =  '•{2  *  0  *  Then,  as  the  shaft  bends,  there  is  no  rotation  of  the 

disk  plane  and  inertial  bending  moments  do  not  arise.  We  denote 

by  c  and  c  the  stiffness  coefficients  along  the  x  and  y  axes 
x  y 

respectively.  If  the  d:.sk  center  of  gravity  is  shifted  by  the 
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distance  a,  relative  to  the  shaft  axis,  then  the  equations  of  the 
forced  vibrations  along  the  tw&  axes  will  be 


mx-\-cMx— intm*  co*  «*, 
my + c»y  ~  mfl“* st"  **• 


(4.112) 


The  solutions  of  the  equations  are  defined  by  the  functions 

Jc-sajfcosw/;  y=K.sln*i#,  (4.113) 


where 


.  xj— «4 

%-• Sc-:  X*=-SL.  ' 

*  m  0  m 


(4.114) 


The  amplitudes  of  the  forced  horizontal  and  vertical  vibrations 
are  shown  in  Figure  4.27  as  a  function  of  the  rotational  speed. 

The  rotor  on  anisotropically  elastic  supports  has  two  critical 
speeds 

‘\pi  ~  Xjfj  *%pj=At. 

For  a  rotational  speed  w  <  Xx  (below  the  lowest  natural  fre- 
> 

quency)  both  amplitude <  have  a  positive  sign.  This  means  that  the 


n 


Jr-J 


pj&TTrr— 


Xx<  U.  <  X, 
%>  r 


H 


Figure  4.27.  Shaft  precession  at  different 
rotatioral  speeds 
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describing  point  travels  along  the  elliptical  trajectory  in  the 
positive  direction  —  the  shaft  executes  forward  irregular  preces¬ 
sion.  With  approach  to  the  first  critical  speed, the  amplitude  X 
of  the  vibrations  along  the  x  axis  increases.  This  axis  of  the  el¬ 
lipse  becomes  longer. 

For  a  rotational  speed  X  <  to  <  X  ,  the  amplitudes  X  and  Y  have 

“  O’ 

different  signs.  In  this  connection,  under  the  influence  of  un¬ 
balance  the  shaft  executes  backward  precession.  The  axis  of  the 
ellipse  is  gradually  elongated  along  the  y  axis .  At  the  moment  when 
the  rotational  ^t-ed  equal  to  X  is  reached,  the  vibrations  become 

v 

nearly  planar  in  the  vertical  plane. 

In  the  supercritical  region  both  amplitudes  are  nega;ive,  and  the 
precession  becomes  forward.  As  the  rotational  speed  increases  the 
ellipse  approaches  a  circle  of  radius  a,  and  the  center  of  gi  .vity 
of  tne  disk  tends  to  take  a  position  on  the  axis  of  rotation. 

In  the  more  general  case,  with  account  for  the  gyroscopic 
moments  of, the  disk,  the  critical  speeds  are  found  from  the  fre¬ 
quency  diagram  (see  Figure  4.26)  as  the  points  of  intersection  of 
the  characteristics  with  the  straight  line  w  =  X.  The  precession 
form  at  the  critical  speed  is  determined  with  t-he  aid  of  che  signs 
and  magr'tudes  of  the  quantities  X,  Y,  B,  A,  which  are  found  as 
usual  from  the  Determinant  (4.108),. 

Thus,  the  effect  of  support  anisotropicity  shows  up  in  an  in¬ 
crease  of  the  number  of  shaft  vibration  critical  speeds  and  natural 
modes.  The  forced  vibrations  under  the  influence  of  unbalance  may 
have  the  form  of  either  forward  or  backward  irregular  precessio  .. 

4.7.3-  Vibrations  of  Rotor  Having  Different  Stiffnesses  in  the 
Principal  Bending  Planes 

The  rotor  which  has  different  bending  stiffness  in  the  two 
principal  directions  has  several  singular  properties  during  vibra¬ 
tion.  For  such  a  rotor  there  is  an  increase  of  the  number  of 
natural  vibration  frequencies  and  modes,  and  also  an  increase  of 
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the  number  of  critical  speeds.  Rotor  vibrations  may  be  caused 
during  rotation  by  static  transverse  loads . 

Differences  in  the  stiffnesses  in  the  principal  directions 
are  connected  primarily  with  the  shape  of  the  shaft.  If  the  shaft 
has  a  noncircular  cross  section,  slots,  depressions,  or  protuber¬ 
ances,  then  its  stiffnesses  will  be  different.  Differences  of  the 
stiffnesses  may  be  associated  with  the  specific  characteristics  of 
the  mounting  of  the  disks  or  other  components  on  the  shaft  and  with 
one  another.  For  example,  nonuniform  fit  of  components  shrunk  onto 
the  shaft,  variable  wall  thickness  of  the  shaft  and  sleeves,  non¬ 
uniformity  of  the  circumferential  positioning  of  attach  fittings, 
and  so  on. 


4.7. 3.1.  General  differential  equations 

In  order  to  clarify  the  primary  vibration  characteristics  of 
the  rotor  with  unequal  bending  stiffnesses,  we  shall  examine  a 
shaft  with  a  single  disk  located  at  the  midpoint.  We  shall  carry 
out  the  solution  in  the  xOy  moving  coordinate  axes  (Figure  4.28), 
para.lel  to  the  principal  stiff¬ 
ness  axes  of  the  shaft,  rotating 
together  with  the  shaft  with  the 
angular  velocity  u.  The  center 
of  gravity  of  the  disk  does  not 
coincide  with  the  shaft  axis, 
its  displacement  is  defined  by 
the  projections  a-j^  and  a2  on  the 
moving  axes. 

We  take  as  the  generalized 
coordinates  the  coordinates  x,  y 
of  the  center  of  gravity  in  the 
moving  coordinate*  axis  system. 

The  potential  energy  of  the  system  consists  of  the  shaft 
bending  energy  and  the  work  of  the  gravity  forces.  In  the  x,  y 
axes, this  potential  energy  will  be 

n  (•< — a  t  F  -f  fy  ( j/ — a  jFH-  (.t  sin  «•./  -f  r/  cos  »rf).  •  H5) 


Figure  4.28.  Coordinate 
axis  system  for  shaft 
with  different  stiffness 
in  different  planes 
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The  projections  of  the  absolute  velocity  of  the  center  of 
gravity  on  the  moving  axes  are  equal  to  the  sums  of  the  relative 
and  reference-frame  velocities 

x—«>y;  y-f  «*r, 

therefore  the  disk  kinetic  energy  is 

•»#)*+ (if -H**)1].  (4.1j.6) 


We  apply  the  Lagrange  equation 


JL(JL) — E.+ 

di  V  dq  '  *1 


After  differentiating  (4.115)  and  (4.116)  and  substituting 
into  the  Lagrange  equation,  we  obtain  the  differential  equations 
of  motion  in  the  moving  axes,  which  after  minor  transformations  are 
written  in  the  form 

x — 2y« -f {p\ — «*)  x = Cjfl ,  —  g  sin 

y+2x*-\-(p\— ui?)y=fyi2— gcosut,  (4.117) 


where 


Pi*— ;  (4.118) 

fft  "  M 

Equations  (4.117)  are  linear  and  are  conjugated  by  the  Coriolis 
acceleration  terms. 

4.7. 3 -2.  Free  vibrations.  Vibration  instability  conditions 

The  solutions  of  (4.117)  without  the  right  sides  define  the 
free  vibration  properties.  The  equations  are  solved  by  the  sub¬ 
stitution 

x=Ae";  y=Beu,  (4.119) 

after  which  we  obtain  a  system  of  two  homogeneous  algebraic 
equation' 

A',?  -  2 h»B  +  A =0; 

BK  -f  21w A  -f  (p’  -  u.2)  3  =-  0.  ‘ 
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The  determinant  of  the  system,  equated  to  zero,  yields  the 
equation 

'*•*+ (P; + P,  +“)  >■’ -»•  (4.120) 


This  equation  is  biquadratic  and  the  coefficient  of  X  is  always 
positive.  Therefore  the  roots  of  (4.120)  depend  on  the  sign  of  the 
free  term.  If 


(P\^)(Pl^)>  0. 


both  roots  of  (4.120)  are  negative 


**=“(£+/>•+  *>)± 


(4.121) 


(4.122) 


i.e. ,  briefly. 


*i=±4h;  *2=±iis 


and  the  Solutions  (4.119)  take  the  form 

x—  A^e!*'*  Atfr1*'1-,  y — B^'1  +  Btfr1*'1. 


(4.123) 


Analogous  functions  can  be  written  for  the  second  solution. 

The  coefficients  A^,  A2,  B^,  B2  are  found  from  ohe  initial  conditions. 


Let  us  assume  that  for  t  =  0" 


*~Afi  X=0;  ] 

y==0.  y=B0 


(4.124) 


then  (4.123)  take  the  form 


*— y  A*  ^ +e~h,f)=A0costNll 

>J=~  B0(e'",~e~'^')=  Baa\n^it. 

In  the  moving  axes  the  center  of  gravity  executes  harmonic  vibra¬ 
tions.  Its  motion  trajectory  is  an  ellipse  with  axes  AQ  and  BQ. 

The  vibrations  are  stable. 
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The  Condition  (4.121)  is  satisfied  when  both  parentheses  are 
simultaneously  positive  or  negative,  i.e.,  when  the  rotational 
speed  is  either  lower  than  or  higher  than  both  natural  frequencies 
(4.118). 


If 


<0, 


(4,125) 


we  see  easily  from  (4.122)  that  one  of  the  roots  is  positive. 
Therefore 

L=  +  j.\. 


Then  the  Solutions  (4.119)  take  the  form 
x=Aie'lt-\-  A3er>‘; 


(4.126) 


For  the  initial  conditions  (4.124), they  reduce  to  the  hyper¬ 
bolic  functions 

x—A0 chj«/;  y=B0shp/. 

This  means  that  the  rotor  motion  is  unstable  when  the  «/  ndition 
(4.125)  is  met.  Hence  we  conclude  that  for  a  rotor  speed  w  in  the 
range 

P*<Z.v‘<Pi f*  (4.127; 

the  rotor  deflections  increase  without  bound.  A  whole  region  of 
unstable  rotational  speeds  appears  as  a  result  of  the  fact  that  the 
shaft  section  is  not  circular. 

We  shall  examine  separately  the  effect  of  unbalance  and  the 
effect  of  the  weight  force  on  rotor  vibrations. 

4.7»3»3«  Forced  vibrations  due  to  unbalance 

Under  the  condition  g  =  0,  the  differential  equations  (4.117) 
have  particular  solutions  in  the  form  of  the  constants 


y 


(4.128) 
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The  solutions  show  that  the  rotor  loses  stability  for  u>  =  px  and 

u:  ~  p  ,  bending  in  one  case  along  the  x  axis  and  in  the  other  case 

y 

along  the  y  axis.  In  the  absence  of  these  resonant  relations',  the 
Solution  (4.128)  shows  the  direction  of  rotor  bending.  This  direc¬ 
tion  does  not  coincide  with  the  direction  of  the  eccentricity  and 
depends  on  ui. 

The  general  solution  of  (4.117)  is  formulated  as  the  sum  of 
solutions  of  homogeneous  equations  in  the  form  (4.123)  or  (4.126) 
and  the  particular  solutions  (4.128). 

If  w  <  p  <  p  or  p  <  p  <  as,  the  general  solutions  will  be 

a  j  a  y 

x = A, -f-  x*i 


after  determining  the  coefficients  A^,  for  the  initial  con¬ 
ditions  (4.124),  we  obtain  the  solutions  in  the  form 


x Aa  cos  j*,/  -f  **  ( l  —  cos  (V); 
y JV'Inp,/-!*  y*(l  -cos^), 


N! 


(4.129) 


The  solutions  show  that  stable  harmonic  vibrations  take  place 
about  the  static  equilibrium  position.  The  amplitudes  of  the  vibra- 
.ions  along  the  x  and  y  axes  are  connected  with  the  initial  perturba¬ 
tion.  The  vibration  frequency  depends  on  the  rotational  speed  ai  and 
is  found  from  (4.122). 

If  the  rotational  speed  lies  in  the  frequency  range 

Ps<*<Pt' 

the  general  solution  formulated  on  the  basis  of  (4.126)  and  (4.128) 
for  the  Conditions  (4.124)  takes  the  form 


jc=/0cM-M*U—  chyi):  1 
y**B0  shp/-fy*(l-chjrf).  j 


(4.130) 


The  solution  shows  that  the  rotor  is  unstable  for  rotational 

speeds  lying  between  the  frequencies  p  and  p  .  The  rotor 

x  y 
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deflections  will  increase  in  the  course  of  time  under  the  influence 
of  the  unbalance. 

Usually,  passage  through  the  critical  speeds  is  accomplished 
in  short  time  intervals  in  order  to  avoid  marked  increase  of  the 
vibration  amplitudes.  For  the  rotor  with  unequal  stiffnesses  rapid 
passage  through  the  entire  unstable  state  region  is  necessary. 

jj ■  7 »  3  •  4  •  Vibrations  due  to  weight  force 

The  differential  equations  (4.117)  correspond  to  the  posed 
conditions  if  we  set  therein  a.^  =  a2  =  0. 

The  particular  solutions  of  the  equations  will  be  the  functions 

jc*  =  j4*sthw/;  y*=B*co$*>t,  (4.131) 

where  A*,  B*  —  are  constants  of  integration,  whose  values  are  found 
by  substituting  the  functions  (4.131)  into  (4.117). 

After  substituting, we  obtain  the  algebraic  equations 

(pi-2J)A'+2»W^-g; 

Hence 

A' - - f-(Pl-W); 

where  A  is  the  determinant  of  the  System  (4.13 1) 

A  =  (/»’—  2> 'A)  [pl~  2wj)  —  4A 

The  particular  solution  (4.131)  represents  harmon"  ;  vibrations. 
The  disk  center  of  gravity,  which  in  this  case  coincides  with  the 
shaft  axis,  describes  in  tne  rotating  coordinate  axes  ar  elliptical 
tr*jectory  with  semiaxes  A*  and  B*. 

We  obtain  the  equation  of  the  center-of-gravity  motion  trajec¬ 
tory  in  the  xQy0  fixed  coordinate  axis  ?.  stem  by  projecting  the 

Displacements  (4.131)  on  these  axes 


(4.132) 

(4.133) 

(4.134) 
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-tj —xi  costi— yi  r  n  mi; 
y J  -  x9  sin  01/  -f  y*  cos  */; 

Substituting  herein  (A. 131),  by  means  of  simple  transformations  we 
reduce  these  equations  to  the  form 

Substitutic  herein  cf  (4.133)  yields  the  final  form  of  the 
equation  of  motion  of  the  center  of  gravity  in  projections  on  the 
fixed  axes 


(4.235) 


this  is  the  equation  of  a  circle  (Figure  4.29)  of  radius  r 

(**.136) 

The  center  of  the  circle  is  shifted  downward  along  the  axis  by 
the  distance  y 


y<= — ^  {pI+pI— &*). 


(4.137) 


These  formulas  show  that  the 
rotor  or  shaft  of  unequal  stiff¬ 
ness  under  the  influence  of  the 
weight  force  executes  forced 
vibrations  about  a  center  which 
is  shifted  downward  by  the  dis¬ 
tance  y  .  The  frequency  of  the 

w 

circular  vibrations  is  2ui; 
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Figure  4.29.  Trajectory  of 
center  of  mass  of  shaft 
with  different  stiffness 
in  different  planes 
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Formulas  (4.136)  and  (4.137)  show  that  the  circular  vibration 
amplitude  r  and  the  shift  yc  depend  on  the  rotational  speed. 

The  resonance  phenomenon  occurs  at  that  rotational  speed  at 
which  the  determinant  A  becomes  equal  to  zero.  The  shaft  deflec¬ 
tion  and  vibration  amplitude  increase  without  bound  under  the  influ¬ 
ence  of  the  weight  f;rce. 

We  determine  the  resonant  speed  by  equating  (4.134)  to  zero 

(Pl-%ty(p\  -  %?)  -  w=o. 

Hence  we  find 


-/ 


2 m  (fj,  +  e,)  ‘ 


(4.138) 


This  speed  is  called  the  "critical  speed  of  the  second  kind". 


4-7*4.  Forced  Vibrations  with  Account  for  External  and  Internal 
Friction  Forces 

The  friction  forces  in  rotating  shafts  and  rotors  usu  be 
divided  into  external  and  internal. 

External  friction  arisds  as  a  result  of  interaction  of  the  sh  .ft 
with  the  external  medium  —  friction  with  the  air  or  liquid,  friction 
in  seals,  friction  on  lateral  supporting  surfaces,  and  so  on. 

The  internal  friction  is  associated  with  deformation  of  the 
shaft.  It  appears  when  the  shaft  fibers  experience  alternating 
stresses.  For  example,  if  a  shaft,  performs  circular  vibrations, 
i.e.,  it  precesses  with  the  angular  velocity  fi  but  does  not  rev  lve 
in  the  process,  such  vibrations  will  be  accompanied  by  energy  losses 
in  internal  resistance  and  will  damp  out.  If  in  the  case  of  the 
same  circular  vibrations  the  shaft  revolves  in  ideal  bearings  with 
the  precessional  velocity,  then  its  fibers  will  not  have  alternatin'* 
stresses  and  there  will  not  be  any  losses  in  inelastic  resistance. 

In  the  general  case  the  friction  force  depends  on  the  relative 
velocity  of  the  shaft  deformation  in  the  coordinate  system  fixed 
with  the  shaft. 
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Let  us  examine  the  simplest  case  —  the  shaft  with  a  disk  at 
the  midpoint  (Figure  4.30).  The  shaft  precesses  under  the  influ¬ 
ence  of  the  external  rotating  force 

Q~He<*'  (4.139) 


Figure  4.30.  Illustrating  effect  of  internal  frictlo;, 
on  shaft  vibrations 
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The  position  of  the  disk  center  of  gravity  in  the  xQ,  yQ  fixed 
coordinate  system  is  defined  by  the  vector 

*>+*#»•  (4.140) 

At  the  same  time  the  shaft  revolves  about  the  curved  axis 
with  the  velocity  u>.  The  x,  y  coordinate  axes,  whose  origin  is 
located  on  the  line  of  supports,  rotates  with  the  same  velocity  m. 
The  position  of  the  center  of  the  disk  in  the  rotating  axis  system 
is  defined  by  the  vector 

z~z^T,m>.  (4.141) 

In  order  to  clarify  the  principle  of  the  action  of  friction 
forces  on  the  rotating  shaft,  we  take  the  viscous  friction  law  for 
these  forces.  Then  the  external  and  internal  friction  force  vectors 
are  expressed  by  the  relations 

(4.142) 

ft - K.  • 
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where  5  and  y  —  are  the  external  and  internal  friction  coeffi¬ 
cients  . 

Thus  the  external  friction  force  is  proportional  to  tne  abso¬ 
lute  velocity, and  the  internal  friction  force  is  proportional  to 
the  relative  velocity. 

For  external  friction  the  viscous  friction  law  corresponds 
quite  well  to  the  nature  of  the  losses.  This  law  is  less  suitable 
for  Internal  friction,  distorting  somewhat  the  quantitative  aspect, 
but  it  is  convenient  in  that  it  avoids  the  necessity  for  resolving 
the  question  of  the  direction  and  sign  of  the  internal  friction 
force . 

Differentiating  (4.141)  and  substituting  into  (4.143),  we 
obtain 

(4.144) 

This  formula  defines  the  internal  friction  force  in  the  x,  y 
rotating  axes.  To  convert  to  fixed  axes,  it  must  be  multiplied  by 

eiwt.  Then  we  obtain 

R>  0=^-'=  -  (4.145) 

The  differential  equation  of  forced  vibrations  with  account 
for  friction  in  vector  form  in  fixed  axes  has  the  form 


(4.146) 

We  seek  the  solution  of  the  equation  without  the  right  side, 
which  defines  *  free  vibrations,  in  the  form 


,<«*<»)*. 


substituting  this  solution  into  (4.146)  we  obtain 

(a+ib?-^{2n  +il)(a  /*)-£,+*?=(). 

where 


| 

i 
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Separating  the  real  and.  imaginary  parts,  wc  obtain  the  two  equations 


b- = k1  -f  {2a  -}-(»)  a  -f-  a1; 

« — «+ri(T~,)i 


(il  .147) 


these  equations  make  it  possible  to  draw  an  important  conclusion 
concerning  the  effect  of  internal  friction  forces. 

If  there  is  no  internal  friction  (y  ■  0),  we  obtain  from  the 
equations 


a  =  —n\  b—  ±V  *»  -«*; 


n(|  —  ~  C  • 


(4.148) 


These  are  the  previously  considered  damped  free  vibrations;  b 
is  the  damped  vibration  frequency,  close  to  the  harmonic  vibration 
frequency  k.  The  negative  value  cf  the  exponent  characterizes  the 
vibration  decay. 


The  case  when  a  *  0  is  possible.  Then  b 
takes  the  form 


k  and  the  solution 


These  are  undamped  harmonic  vibrations.  We  find  the  conditions 
for  which  such  vibrations  are  possible  from  (4.147): 


(4.149) 


Undamped  vibrations  in  the  case  with  external  and  internal 
friction  forces  acting  are  possible  if  the  shaft  rotational  speed  u> 
is  greater  than  the  natural  vibration  frequency  k,  i.e.,  greater 
than  the  critical  speed.  The  required  speed  differential  is  deter¬ 
mined  by  the  ratio  of  the  external  and  internal  friction  coefficients. 

If  the  internal  friction  is  large  or  the  speed  a  exceeds  the 
critical  speed  considerably,  the  exponent  a  will  have  a  positive 
value.  This  means  that  vibrations  will  take  place  with  increase  of 
the  amplitudes.  The  speed  of  the  developing  precession  will  be 
somewhat  greater  than  the  critical  speed  k.  In  this  case  the  inter¬ 
nal  friction  forces  will  be  the  vibration  exciter. 
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The  particular  solution  oi  the  complete  equation  for  forced 
vibrations  is  taken  in  the  form  of  the  right  side 


(i*  .150) 


After  substituting  this  expression  into  (4. 146)  and  minor  trans¬ 
formations,  we  obtain  the  formula  for  the  circular  vibration 
amplitude 


a_2 L  — i[g/iQ  +  iI(a— m)1 

m  (/H_02)5  +  [2«s  -4-  |I(2  —  U)]1  ‘ 


(4.151) 


The  vibration  amplitude  is  expressed  by  a  complex  number,  which 
indicates  the  existence  of  an  angular  shift  of  the  displacement  vec¬ 
tor  relative  to  the  disturbing  force  vector.  The  phase  angle  and 
the  vibration  amplitude  modulus  are  easily  found  on  the  basis  of 

(4.151). 

The  final  formula  for  the  shaft  deflection  with  account  for 
friction  in  the  forced  vibration  case  will  be 


where 


^  A»-0» 


(4.152) 


(4.153) 


In  the  particular  case  in  which  the  disturbing  force  is  an  unbal¬ 
anced  force 

a  =w;  H =ma»t, 

(4.152)  simplifies,  taking  the  usual  form  for  a  system  with  viscous 


friction 


z0=  k  [(A’-  a*)+(2«GJ*]“ 3 


(4.154) 


the  Internal  friction  component  cancels  out.  This  is  logical,  since 
under  the  influence  of  the  unbalanced  force  the  shaft  executes  for¬ 
ward  synchronous  precession,  having  a  deformed  static  state.  In 
this  case,  the  magnitude  of  the  deflection  depends  only  on  the  ex¬ 
ternal  friction. 
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4.7-5.  Rotor  Passage  Through  Critical  Speed 

The  majority  of  aviation  gas  turbine  engines  and  turbonachines 
have  rotor  operating  speeds  exceeding  their  critical  speeds.  This 
situation  is  associated  with  the  necessity  for  having  high  rotor 
tip  speeds  and  the  desire  at  the  same  time  to  minimize  structural 
weight . 

Engine  starting  speeds  are  low.  Therefore,  as  the  rotor  accel¬ 
erates  ana  apprcacnes  the  operating  speeds, it  is  necessary  to  pass 
through  one  or  more  critical  speeds. 

We  have  shown  above  that  under  the  influence  of  unbalance  the 
forced  vibration  amplitudes  tend  toward  infinitely  large  values. 

But  this  increase  takes  place  gradually,  in  the  course  of  time. 

Therefore  the  rate  at  which  the  critical  speeds  are  passed 
through  is  of  importance,  i.e.,  the  acceleration  or  deceleration 
of  the  rotation.  If  the  critical  speed  is  passed  rapidlyi  the  vibra- . 
tion  amplitudes  cannot  increase  markedly. 

Passage  through  the  critical  speed  is  associated  with  the  ex¬ 
penditure  of  power.  The  faster  the  a  eration,  the  greater  the 
required  power.  If  the  rotor  driving  power  is  inadequate,  the 
acceleration  will  be  slow,  with  a  large  increase  of  the  vibration 
amplitudes.  In  certain  cases  (if  there  are  losses  in  the  system), 
passage  through  the  critical  speed  with  the  aid  of  a  small  energy 
source  may  be  impossible. 

During  passage  through  the  critical  speed, the  rotor  vibrations 
are  unsteady.  The  processes  taking  place  in  passage  through  the 
critical  speed  for  a  given  rotor  acceleration  law  have  been  examined 
in  [14],  [15],  [11],  and  others. 

Let  us  consider  a  two-support  shaft  with  unbalanced  disk 
located  at  the  midpoint.  As  the  generalized  coordinates  we  take 
the  coordinates  x,  y  of  she  position  of  the  disk  mass  center  and 
the  rotation  angle  $  (Figure  4.31).  £s  a  result  of  the  location  of 
the  disk  at  the  midpoint,  its  axis  always  remains  parallel  to  the 
rotor  rotational  axis. 


i ne  x'Oi/Ui'  Kinetic  energy  is 
defined  by  the  formula 

r = -1-  [m  (jc* + i/*)  -t-Jjp] .  (4.155) 

Let  us  assume  that  the  shaft  is 
absolutely  rigid  in  torsion.  Then 
the  bending  potential  energy  will 
be 

n— Y  f  !(■*“ ac°S9)*+(tf—«  s,n?Pl»  (4.156) 


Figure  4.31.  Coordinates 
of  shaft  and  center-of- 
mass  location  for  nonuni¬ 
form  rotation 


Substituting  the  formulas  for 
T  and  n  into  the  Lagrange  equations, 
we  obtain  three  differential  equations 

a?; 

v-i  -kiy=k,a  sin?; 

+ a?  {x  sin  9—  y  cos  <?) — M  (<), 


(4.157) 


where  M(t)  —  is  the  moment  required  to  accelerate  the  rotor,  which 
depends  on  the  acceleration  law  and  the  variation  of 
the  x  and  y  coordinates. 

Let  us  examine  the  first  two  Equations  (4.157) »  which  define  the 
mass  center  motion  law.  We  assume  that  the  rotor  is  accelerated  with 
the  constant  acceleration  e.  Then  its  angular  velocity  varies 
linearly 

and  the  rotation  angle  equals 

?=<V+Y***t  (4.158) 

where  u>0  —  is  the  initial  rotational  speed. 

To  study  the  dynamics  of  rotor  passage  through  the  critical 
speed,  we  use  the  solutions  obtained  in  Sections  1.6  and  1.7. 

We  write  the  general  solution  of  (4.157)  in  definite  integral 
form.  In  accordance  with  (1.78)  the  solutions  will  have  the  form 
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x  =.  C*  cos  ky  -f  Cj  sin  At  -f  *a  ^  cos  <?  sin  k  (r —  t)  dt\ 

* 

j/=Cj'cosAr+C^sInAT  —  ka  j  sln?s!n k(x~t)dt.  • 


(4.159) 


(4.160) 


At  the  initial  moment  the  rotor  rotates  at  the  speed  which 

is  less  than  k.  In  this  case  the  disk  mass  center  travels  along  a 
circle  of  radius 


In  view  of  the  fact  that  the  acceleration  begins  from  low  speeds 
and  uQ  is  significantly  lower  than  k,  the  radius  rQ  *  a,  i.e.,  it 

is  a  very  small  quantity.  These  initial  conditions  are  ignored 


hereafter  and  we  take 


Cf=Cf=Cfi=C£=0. 


Formulas  (4.159)  and  (4.160),  with  account  for  substitution  of 
(4.158),  take  the  form 


x—ka  J  COS  s'  Si  -’/)<//; 

t 

J  sin  (V  sin*(T -/)<//. 


(4.161) 


(4.162) 


We  replace  the  products  of  the  trigonometric  functions  under 
the  integral  signs  by  differences  and  after  making  some  transforma¬ 
tions  we  write  (4.161)  and  (4.162)  in  the  form 


<*— jcosp  |  sinx’rfx+sta?  ^  cosjfdj.— 

y  .1  *•  x. 

—cos  y  j  sln/’dZ+sIn  pj  cos/*d/J; 

sln>'*^"cos^  «**+ 


(4.163) 
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+s,n?'Jj  sIn/srf/4-cos^l'  |’co$/*d/|,  (4.164) 


where 


A  — <40 
y?i  ; 

$~kx- 

(*-“  o)>. 
2«  ’ 

*  +  <*0  . 

y=kx+ 

(A+«40)* 

ya  ’ 

2<  ’ 

(4 . 165) 


The  limits  of  integration  are  obtained  from  these  expressions  by 
substituting  therein  t  *  t  and  t  =  0  respectively. 

To  find  the  vibration  amplitudes  when  passing  through  the 
critical  speed,  we  write  the  shaft  deflection  in  the  complex  form 

7=Jc-\-iy. 

Multiplying  (4.164)  by  i  and  combining  with  (4.163),  we  obtain 


= — --  je'J  ^  sinyVtx—ie1*  ycos x*rfx*“ 

,  2‘  l  X.  x« 

j\\nPdf+  ie~'rj'  cos  pdf  J  • 


(4.166) 


The  following  replacements  were  used  in  the  process  of  trans¬ 
forming  the  complex  expressions: 

cosjl  !-/stn(i  —  e1*; 

s!n  —  i  cos  -3  =  —  i  (cos  ?  -f  ^ s5n  ' 

— cos  y  4 1  sta  y  —  —  (cos  y  —i  sfn  y)  =  — 
sta  V  -ficos  3' = i  (cos  V — i  sin  y.)  =.  ie~l  >' . 

The  integrals  appearing  in  (4.166)  were  examined  in  Chapter  I. 
The  first  and  second  integrals  are  defined  by  (1.96)  and  (1.97). 
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The  third  and  fourth  integrals  are  snail  because  of  the  large  values 
of  the  limits  fQ  and  fT.  Their  magnitudes  constitute  fractions  of 

a  percent  in  relation  to  the  magnitude  of  the  first  two  integrals. 
Therefore, they  can  be  neglected  and  we  can  write  (4.166)  in  sim¬ 
plified  form 


(4.167) 


This  formula  in  vector  form  defines  the  position  of  the  disk 
mass  center  at  the  time  t. 

The  modulus  of  the  vector  —  the  quantity  preceding  the  factor 

4  Q 

e  —  is  a  variable  quantity  and  is  defined  by  the  values  of  the 
integrals  for  the  given  time  t .  The  direction  of  the  vector  is 
defined  by  the  angle  6.  In  accordance  with  (4.165)  the  vector 
rotates  with  the  natural  vibration  frequency  k. 

In  accordance  with  this  discussion,  we  write  (4.167)  in  the 


i). 


(4.168) 


where 


Uy=~£-; 

J,~j  xVy.:  /t—j  coixVjc* 

U  T» 

It  was  shown  in  Chapter  I  (see  Figure  1.15)  that  the  integrals 
and  J2  have  maxima  in  the  limits  of  the  first  period  xT*  There¬ 
fore  (see  Figure  1.16)  the  maximum  of  their  geometric  sum  is  ob¬ 
tained  for 


in  magnitude  it  equals 


•*=1,5; 
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Let  us  determine  the  time  when  the  amplitude  reacnes  the  maxi¬ 
mal  value  when  passing  through  the  critical  speed.  To  do  this  we 
express  the  time  from  the  first  formula  (4.165) 


At  this  time  the  shaft  speed  will  be 

*— *'Vt*/=  A-j-fr  1^2* ; 

in  relation  to  the  critical  speed  this  will  be 


Formula  (4.169)  shows  that  at  the  moment  when  the  maximal 
vibration  amplitude  is  reached  (xT  *  1.5)  the  shaft  rotational 
speed  exceeds  the  critical  speed  k.  The  magnitude  of  the  differ¬ 
ence  i;.  determined  by  the  second  term  of  the  formula. 

The  value  of  the  maximal  amplitude  is  found  from  the  formula 

(4.170) 

This  formula  shows  that  increase  of  the  acceleration  e  prevents 
the  development  of  large  vibration  amplitudes  during  passage  through 
the  critical  speed  region. 

Thus,  rotor  passage  through  the  critical  speed  region  during 
acceleration  is  accompanied  by  marked  increase  of  the  rotor  de¬ 
flections  (vibration  amplitudes).  The  latter  reach  their  maximal 
values  for  a  rotational  speed  exceeding  the  critical  speed  by  a  few 
percent.  The  greater  the  acceleration,  the  larger  the  shift  of  the 
deflection  peak  relative  to  the  critical  speed  but  the  smaller  the 
magnitude  of  the  maximal  deflection. 

Figure  1.17  can  serve  as  an  illustration  of  the?  variation  o* 
rotor  vibration  amplitudes  when  passing  through  the  critical  speed. 

Passage  through  the  critical  speed  region  during  deceleration 
leads  to  shift  of  the  peak  toward  a  lower  speed. 
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CHAPTER  5 


BENDING  VIBRATIONS  OF  CIRCULAR  PLATES  AND  DISKS 


5.1.  Circular  Plate  Vibration  Modes 

Circular  plates  of  constant  thickness  and  disks  of  variable 
profile  find  very  wide  application  in  the  structures  of  flight 
vehicle  engines. 

The  problems  concerning  vibrations  of  circular  plates  and  disks, 
differential  equations  used,  methods  for  their  solution,  and  so  on 
have  certain  specific  characteristics;  the  methods  for  solving  these 
problems  have  been  developed  extensively  and  therefore  must  be 
examined  separately  from  the  plates  of  noncircular  form. 

The  natural  vibration  modes  of  circular  plates  are  quite  varied 
but  they  can  be  divided  into  three  forms  —  based  on  the  number  of 
nodal  diameters  (Figure  5>1). 

Umbrella-type  vibrations  (see  Figure  5* la),  in  which  no  nodal 
diameters  are  formed.  Such  vibrations  arise  with  axial  excitation 
and  cause  axial  forces  along  the  disk  attach  contour.  If  the  disk 
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is  mounted  on  a  shaft,  a  longitudinal  force  appears  on  the  shaft;  if 
the  disk  is  mounted  along  the  outer  edge,  forces  develop  along  the 
contour  which  yield  a  resultant  parallel  to  the  disk  axis.  In  both 
cases  the  disk  interacts  with  the  supporting  system  by  means  of  the 

The  umbrella-type  vibrations 
have  a  large  number  of  modes  — 
one  for  each  of  the  nodal  circles. 
In  accordance  with  the  general 
theory,  the  number  of  nodal 
circles  is  one  less  than  the 
mode  number. 

Skew-symmetric  vlhratia 
(see  Figure  5.1,  bl,  cl),  in 
which  only  a  single  nodal 
diameter  is  formed  on  the  disk  and  several  nodal  circles  are  possible. 
Such  vibrations  arise  when  the  mounting  contour  rotates  around  a 
diametral  axis.  For  example,  during  bending  vibrations  of  a  shaft, 
bending  vibrations  of  a  disk  mounted  on  the  shaft  will  develop  with 
a  single  nodal  diameter  as  a  result  of  the  angular  oscillations  of 
the  section  where  the  disk  is  mounted. 

During  skew-symmetric  vibrations  there  is  inevitable  interaction 
of  the  disk  with  the  supporting  system  in  the  form  of  a  moment,  which 
arises  as  the  resultant  of  the  contour  forces. 

The  skew-symmetric  vibration  modes  differ  in  the  number  of 
nodal  circles. 

Fan-wise  vibrations  (see  Figure  5.1,  b2,  b3,  c2,  c3),  in  which 
several  nodal  diameters  together  with  nodal  circles  are  formed  on 
the  disk.  This  vibration  mode  is  the  most  varied,  since  an  entire 
spectrum  of  modes  with  nodal  circles  is  possible  for  each  number  of 
nodal  diameters. 


resultant  of  the  axial  forces. 


Figure  5.1.  Disk  vibration  modes. 
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In  spite  ox  the  great  variety,  all  the  fan-wise  inodes  have  one 
common  property  —  their  vibrations  are  dynamically  self-equilibrated, 
i.e.,  the  resultant  of  all  the  inertia  forces  and  their  moment  are 
equal  to  zero.  Therefore,  the  fan-wise  modes  do  not  cause  axial 
forces  or  bending  moments  on  the  supports. 

The  fan-wise  vibration  modes  are  easily  excited  and  arise 
under  the  action  of  the  always-pr»sent  axial  asymmetry  of  the  forces 
acting,  disk  restraint  conditions,  circumferential  distribution  of 
the  structural  elements,  and  also  because  of  nonhomogeneity  of  the 
disk  material. 

Naturally,  each  vibration  mode  has  its  own  frequency.  The 
modes  without  nodal  circles  have  the  lowest  frequencies.  The  larger 
the  number  of  circles,  the  higher  the  frequencies. 

The  structures  of  modern  flight  vehicle  engines  consist  primar¬ 
ily  of  thinwall  elements,  including  disks  and  plates;  therefore 
these  engines  must  be  analyzed  not  only  for  the  basic  simple  modes, 
but  also  for  the  more  complex  vibration  modes. 

5.2.  Differential  Equation  of  Bending  Vibrations 
of  Circular  Plates  of  Variable  Thickness 

Let  us  examine  the  general  case  of  deformation  of  a  circular 
plate  in  polar  coordinates. 

We  isolate  a  plate  element  (Figure  5.2).  We  apply  to  the 
edges  of  the  element  the  forces  and  moments  which  replace  the  action 
of  the  internal  forces.  The  forces  and  moments  are  referred  to 
unit  length  of  the  corresponding  circle  or  radius.  The  force  and 
moment  directions  shown  in  Figure  5.2  are  taken  as  positive. 

At  the  center  of  mass  of  the  element,  we  apply  the  mass  and 
surface  forces,  whose  intensity  is  denoted  in  the  projections  qz 
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±(Qs)dMrX  ^drd*. 

-4-  {Nfifididr,  q/d*  dr . 

*  * 

Combining  all  the  projections,  we  obtain  the  equation  of 
equilibrium  of  all  the  components.  Dividing  this  equation  by  rdrde, 
we  obtain 

(5.D 

* 

The  sum  of  the  projections  of  the  moments  on  the  radius  yields 
-Jr[|:(r.Mrt)4-~-  'fv]  -0,-0.  (5.2) 

The  sum  of  the  projections  of  the  moment  on  the  circumferential 
direction  yields 

7[>+7  (5.3) 


With  the  aid  of  these  equations  we  exclude  from  (5-1)  the 
derivatives  of  the  transverse  forces  rQr  and  Qfl.  In  so  doing  we 
consider  that  M0r  ■  Mr0.  We  obtain  the  equation 


'if  *  i.ut  9Mt  v***Vi  2  a*  » 

+tt* -+■* 

To  relate  this  equation  with  the  bending  deformations,  we 
replace  the  bending  and  torsional  moments  by  their  expressions 


(5.*0 


(5.5) 

anj’ 

(5.6) 

i  1 1  aw  \ 

(5.7) 
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where  W  is  the  plate  deflection; 

v  is  the  Poisson  coefficient; 

D  is  the  cylindrical  stiffness,  equal  to: 


D  W  (5.8) 

Substitution  of  the  moment  fbrmula  into  (5.*0  leads  to  the  basic 
equation  for  the  bending  deformations 


0VW-J-—  1 2  t>iyiu<  ££ _ L  £5-4-1.  ±!L _ i  EU 

dr  \  dr*~  r  dr*  r*  dr  T  r*  drdV  r*  d**)'r 

,*ior«r  .  /  i  dv,  j  d»ryi ,  i  d  /A.  , 

+«lirt+,lT5r+rt -sr)J+T  *(A,'r*'>+ 


(5.9) 


where  the  Laplace  operator  in  .polar  coordinates  defines  the  action 


vxr  .  \  ow  .  i 

dr*  "■  r  dr  '  r*  dV* 


(5.10) 


(5.11) 


For  disks  and  plates  of  constant  thickness,  the  eauation  takes 
the  quite  simple  form 

DvW+i-  ±  ±  (AW)-*,  =0.  (5.12) 

In  (5-9)  and  (5.12)  the  terms  containing  the  tangential  forces 
Qr0  and  Qr  are  dropped.  For  the  axisymmetric  stress  state  these 
forces  equal  zero. 


The  normal  forces  Nr  and  N0,  acting  in  the  plane  of  the  disk, 
are  axisymmetric  functions.  They  depend  on  the  stress  distribution 
in  the  disk  and  are  connected  with  the  restraint  conditions,  thermal 
stresses,  and  the  action  of  the  centrifugal  or  other  radial  forces. 
For  small  vibrations  they  can  be  considered  independent  of  the 
deflection  and  can  be  found  on  the  basis  of  strength  calculations  — 


«S9«**  tri  -j— *  -  ovjp*  «.r,v*r 


from  the  distribution  of  the  radial  and  circumferential  stresses  in 
the  disk 


Nl=9lh\  V»=9  tk. 


(5.13) 


The  transverse  load  intensity  during  vibrations  is  defined  by 
the  formula 


(5.14) 


where  p  is  the  plate  material  density. 

After  substituting  (5.14)  into  (5.12)  we  obtain  the  general 
linear  differential  equation  for  the  vibrations  of  a  circular  plate, 
in  wnich  the  deflections  are  expressed  in  the  polar  coordinates  r  and 
e  and  are,  in  addition,  functions  of  time 


0VW+-J-  ±  (A^+J-  ^-(AW-fcW'-O. 


(5.15) 


We  write  the  general  solution  (5.15)  in  the  form  of  the  product 
of  three  independent  functions 


W=*U(r)Y{i)T( 0. 


(5.16) 


The  functions  T(t)  and  V(0)  are  trigonometric  and,  with  account  for 
the  initial  condition  chosen,  can  oe  taken  in  the  form 


T(t)=coipt;  \ 
Vr(0)=cn»«l.  I 


(5.17) 


The  first  is  a  harmonic  vibration  function  with  the  circular  frequency 
p,  while  the  second  shows  the  distribution  of  the  deflections  along 
the  circumference  of  the  disk.  The  number  n  equals  the  number  of 
nodal  diameters  which  form  on  the  disk  during  vibrations. 

In  connection  with  (5.17)  the  general  solution  (5.16)  can  be 
written  in  the  form 
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W—U(c)tosnb‘  cos  pt.  (5.18) 

Substituting  this  into  (5.15),  we  obtain  the  differential  equation 
of  the  disk  bending  shape  in  the  meridional  plane 

CnWP-y  £(*✓■£)+£  NiU—QhpHJ=0,  (5.19) 


where 


<pmJ2L+L*L-+±j,  (5.20) 

1  rf*  r  ir  -ri  ’ 

The  further  solution  of  the  equations  requires  specification  of  the 
distribution  of  the  normal  forces  Nr  and  N0 . 

5.3.  Different  Cases  of  Solution  of  the 
Differential  Equation  for  the  Conditions 


5.3.1.  General  Solution 

If  there  are  no  normal  forces  in  the  disk  midplane  (Np  =  N0  ■  0), 
the  equation  takes  the  form 

V?V*t/-M/=0,  (5.21) 


where 


(5.22) 

The  equation  is  satisfied  by  the  substitution 


Vi C/-?W/.  (5.23) 

This  means  that  it  breaks  down  into  two  Bessel  equations 
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'-•*  ***■ 


<nu,  i 

*J+7 


-4-(?~~\  U=0: 
dr  •  \  r*J 


(«;.?U'i 

%  ^  •  —  f 


dPU  ,  1  dU 
d/V'r  dr 


U= 0. 


(5.25) 


The  solutions  of  these  equations  are  known  and  are  expressed  with  the 
aid  of  the  Bessel  functions,  respectively 


t/,  =  Cjy,  (Xr ) + C,K,  (Xr); 

Ua=Ctr'(\r)+C4K'(lr),  (5.27) 

where  /n(Xr),  y„(Xr)  are  Bessel  functions  of  the  first  and  second 

kind  of  nth  order  of  real  argument; 

/„(Xr),  Xn(Xf)  are  Bessel  functions  of  first  and  second  kind 
of  nth  order  and  purely  imaginary  argument. 

The  values  of  the  Bessel  functions  are  found  from  the  corresponding 
tables. 

The  general  solution  of  (5.21)  equals  the  sum  of  the  solutions 
of  both  Bessel  equations 

U^CtJ'Qs) +C8K,(Xr)+C,/,(Xr)+C4^(>J'),  (5.28) 

where  C^,  C2,  C^,  are  constants  which  are  found  from  the  given 

conditions  at  the  outer  and  inner  contours  of 
the  plate. 

5.3.2.  Plate  Without  Center  Hole,  Clamped  Along  the  Outer  Contour 

In  all  cases  with  continuous  disks  the  coefficients  C2  and  C^ 
are  to  be  taken  as  zero,  since  the  Bessel  functions  of  the  second 
kind  for  r  ■  0  become  infinite  and  must  be  excluded  from  the  general 
solution.  Then  the  solution  is 
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•v4t*KCH< 


(5.29) 


i/=c,y.(V)4-c,/.(Xr). 

If  the  plate  Is  clamped  along  the  contour  ,  the  boundary  conditions 
will  be 


U*= 0; 


Substitution  herein  of  the  general  solution  (5.29)  leads  to  the 
algebraic  equations 

|  (5 

o.  | 

Hence,  we  obtain  the  frequency  equation 

o.  (5 


The  products  J’  and  I’  are  expressed  with  the  aid  of  the  Bessel 
functions  themselves  by  known  relations 


(5.32) 


For  each  number  n  of  nodal  diameters  (5* 3D  has  its  roots,  arrs  ,  d 
in  ascending  order.  For  the  first- vibrations  modes  of  the  circular 
plate  clamped  along  the  contour,  the  value  of  the  roots  squared 


a  *  (XR)*  is  presented  in  Table  5.1  (see  [40]). 


TABLE  5.1 


Humber  of  nodal  • 

■  circles  S 

Humber  of  nodal  diameters  n 

B9 

m 

n 

• 

Values 

of  a- 

0 

10.24 

21,25 

33, £0 

51 

1 

39, SO  . 

.  CO, 80 

84,60 

111 

2 

89,00 

120,00 

133.C0 

190 

a 

138,3 

199 

243 

— 
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Using  this  table,  we  can  easily  determine  the  frequency  for 
any  of  these  natural  vibration  modes  from  the  formula 


(5.33) 


which  is  obtained  in  accordance  with  the  previously  adopted  notation 

(5.22). 


Knowing  the  coefficients  a,  it  is  easy  to  construct  the  free 
vibration  modes  (figure  5.3).  To  d:  this  we  use  one  of  the  Equations 
(5-30)  to  find  C^,  taking  Cj.  *  1.  The  mode  shape  is  constructed 
using  the  general  solution  (5.29). 


For  each  number  n  of  nodal  diameters  the  vibration  mode  shapes 
differ  in  the  number  of  nodal  circles.  The  lowest  frequency  corres¬ 
ponds  to  the  mode  shape  without  nodal  circles,  the  next  frequency 
corresponds  to  the  mode  shape  with  single  nodal  circle,  and  so  on. 

The  disposition  of  the  circles  can  be  found  by  setting  (5.29) 
equal  to  zero.  Then  we  obtain  the  equation 

from  which  we  find  the  radii  of  the  nodal  circles. 

5.3*3.  General  Boundary  Condition  Cases 


The  general  geometric  boundary  condition  case  is  the  specifica¬ 
tion  on  the  contour  of  definite  displacements  and  rotation  angles 


Frequently  these  displacements  are  related  with  the  elastic 
deformations  of  the  plate  mounting  or  with  other  conditions  of  inter¬ 
action  with  the  supporting  system. 
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Figure  5.3.  Plate  vibration 
inodes:  a  -  umbrella;  b,c  - 
modes  with  odd  and  even 
numbers  of  nodal  diameters, 
respectively;  0,1,2  -  number 
of  nodal  circles. 


In  addition  to  the  geometric 

conditions,  there  may  be  dynamic 

boundary  conditions,  which  are  defined 

by  specifying  on  the  disk  contour 

either  zero  or  certain  definite 

values  of  the  bending  moment  M 

and  the  torsional  moment  M  „ . 

r«  3 

expressed  by  (5-5)  and  (5.7),  and 
also  the  shearing  force  Qr 


Qt- -D-ftW- 
dr 

db  TdW  ,  /  I  dvr  , •  1  </!V\1 

dr[dr*+  [  r  dr  +  r*  c>»*  JJ  * 


(5.3*0 


In  accordance  with  general 
plate  and  shell  tneory,  tne  shear¬ 


ing  force  Q  and  the  torsional  moment  M  0  reduce  on  the  contour  to 
r  r 

the  generalized  shearing  force 


Qr=*Qr  4 


r 


dA1,t 

dt  * 


(5.35) 


Accordingly, 


(5.36) 

Let  us  transform* (5-5)  and  (5-36)  with  application  to  the  Bessel 
functions. 

Complementing  Formula  (5.5)  for  the  bending  moment  up  to  the 
complete  value  of  the  Laplace  operator  (5.10),  we  can  write  it  in 
the  form 


In  accordance  with  the  general  solution  (5.18) 

vVf = vj  U  cos  cos  pt% 
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and  the  moment  formula  can  be  transformed  to  the  form 

Aff^-D[TW-(i-v)(J-^-^.<;)]r0*«ecos^.  (5.37) 


The  upper  —  negative  —  sign  of  the  first  term  is  to  be  used  when 
the  Bessel  functions  of  real  argument  Jn  or  Yn  are  substituted  intc 
the  formula.  The  lower  —  positive  —  sign  is  to  be  used  when 
Bessel  functions  of  imaginary  argument  In  or  Kn  are  substituted. 

Denoting 

we  obtain  the  shorter  form  of  the  moment  formula 


(5.38) 


M,=  —DFm(U)co»  «8cos pt. 

Similar  transformations  of  (5.36)  yield 

qU ~d  - v).-£ £*)] cos«e.cos pt. 


(5.39) 


(5.40)  , 


The  remarks  concerning  the  signs  made  with  reference  to  (5-37) 
remain  valid  here  also. 


We  denote 


(5.41) 


then 


Q*s*  —DFq(U)  cos  n  8 -cot  pt. 

5.3.4.  Plate  Hinged  Along  Outer  Contour  (Figure  5.4a) 


(5.42) 


The  boundary  conditions  for  this  case  will  be  the  equalities 

€/*— 0;  Afft-0. 
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Figure  5*4.  Plate  restraint  conditions, 


In  accordance  with  the  general  solution  (5.29)  and  Formula 
(5.39),  we  obtain  the  following  boundary  condition  equations 

<V.(U?) +<:/„<**)= 0;  . 

Forming  the  system  determinant  and  equating  it  to  zero,  we 
obtain  the  equation 


j.m FmM*- /.<w w«=o.  °  H  J ; 

whose  roots  are  the  condition  for  the  existence  solutions  for  non¬ 
zero  and  C^. 

Expanding  the  functions  PM(In)  and  FM(Jn)  in  accordance  with 
(5.38)  and  using  the  formulas  for  the  derivatives  (5.32),  we  obtain 
the  frequency  equation 

4ci»/i(e). /.(«)-(! -v)«  \J,  (a)  (/i_i(a)  -f  /,+I  (a)] — 

~/.(«)lA-.(a)-A+.(«)D=0,  (5.44) 


where 


a=X*. 
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The  roots  of  this  equation,  when  squared,  are  the  coefficients 
of  (5*33).  Their  values  are  presented  in  Table  5.2. 


TABLE  5.2 


Number  of  nodal 
circles  S 

Number  of  nodal  diameters  n 

n=0 

/i = 1 

0 

zi-2 

Values  of  0"  j 

0 

4,929 

19,913 

25,703 

1 

29,912 

49,442 

70,057 

2 

74;.104 

—  . 

— 

In  the  more  general  case  in  which  the  disk  is  also  restrained 
along  an  inner  contour  of  large  radius  R1  (see  Figure  5.4d)  or  there 
is  a  free  central  hole  (see  Figure  5.4b),  the  complete  solution 
(5.28)  must  be  used.  In  this  connection,  to  find  the  coefficients 
Cl»  c2»  C3»  c4  we  must  specify  four  boundary  conditions  and  formulate 
a  more  complex  frequency  equation,  for  which  we  use  (5.39)  and  (5.42) 
and  their  Functions  (5.38)  and  (5.41). 


5.3.5  Plate  Restrained  at  the  Center 

We  write  the  following  equations  on  the  basis  of  the  boundary 
conditions  shown  in  Figure  5.4c. 

CMW+Cj:  M,)+CtKWt)+  CX(W,)=0; 

0. 

The  determinant  of  this  system  of  equations  is  the  frequency 
equation.  Its  elements  are  calculated  using  (5.32),  (5.38),  (5.41) 
as  complex  functions  of  a  ■  XR. 


For  a  large  value  of  the  roots  a  of  the  frequency  equation 
depend  essentially  on  the  magnitude  of  R^  and  must  be  calculated 
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each  tine  as  a  function  of  the  given  conditions. 

If  the  restraint  radius  is  comparatively  small 

#.<0,2#, 

its  effect  on  the  results  of  the  a  calculation  is  slight.  For  such 
cases  we  can  use  the  frequency  coefficients  shown  in  Table  5.3 
(see  [40]). 


TABLE  5.3 


Number  of  nodal 
circles  S 

Number  of  nodal  diameters  n 

/1— 0 

ak2 

0_ 

#i*3 

’ 

v 

alues  of  a"  j 

0 

3,75 

5.39 

12.49  • 

1 

20,91 

34,80 

£3,30 

2 

60.es 

— 

— 

Examining  vibrations  of  a  disk  with  a  single  nodal  diameter, 
we  identify  two  cases  (Figure  5.5).  In  case  a, the  support  is 
stationary,  but  during  the  vibrations  it  is  acted  upon  by  the  moments 
which  arise  as  a  result  of  the  skew-symmetric  disk  vibration  mode. 

In  case  b  the  support  can  rotate  freely  about  the  hinge  (about  the 
nodal  diameter).  The  disk  vibrations  are  free  and  the  resultant  of 
the  inertia  forces  from  the  vibrations  and  their  moment  are  equal 
to  zero. 

The  natural  vibration  frequencies  in  cases  a  and  b  are  different; 
»  their  coefficients  are  shown  in  Table  5.4  (see  [44]). 

We  note  that  the  first  mode  shape  a  without  a  nodal  circle  is 
.  not  clearly  observed  experimentally,  since  the  circumferential  deflec¬ 

tion  distribution  proportional  to  sin  e  is  not  maintained.  In  this 
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connection,  the  experimentally  measured 
frequency  of  this  lowest  vibration  mode 
shape  is  somewhat  lower  than  the  calcu¬ 
lated  value  based  on  the  coefficient 
shown  in  Table  5.4. 


*  .  5. 3. a.  Vibrations  of  Composite  Plates 

and  Closures 

Figure  5.5.  Restraint 
conditions  for  vibra¬ 
tions  with  single  nodal  There  are  many  structures  in  which 

diameter.  the  p^a^.e  consists  of  three  layers 

(Figure  5.6).  The  outer,  load-carrying 

layers  are  metal,  while  the  middle  layer  is  a  filler  which  does  not 

take  any  load  (see  Figure  5.6a). 


TABLE  5.4 


Number  of  nodal' 
circles  S 


Case  a 


Case  b 


Values  of  a 


3,42 

27.*  . 

*,/*-  0.1 


.  20.25 
SO.M 


Structures  in  which  the  space  between  the  plates  is  free  or 
filled  with  fluid, but  the  plates  are  attached  with  one  another  by 
uniformly  distributed  bonds  (see  Figure  5.6b),  are  of  this  same  type. 


i «////////.  //////  /// 

EnBn 


Figure  5.6.  Diagram  for  determining  stiffness  of 
sandwich  plate. 
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Vibr-ations  of  such  plates  can  be  realized  in  all  the  modes 
examined  above.  The  calculation  of  the  free  vibration  frequencies 
can  be  made  on  the  basis  of  (5-33),  using  the  coefficients  a2 
presented  for  continuous  plates. 

The  cylindrical  stiffness  and  material  density  used  in  the 
formula  should  be  the  equivalent  values. 

Assuming  that  the  deformation  is  distributed  linearly  through 
the  thickness  of  the  plate,  we  can  define  the  reduced  cylindrical 
stiffness  by  the  formula 


^=-3^Z!^(3«?~3//lA,+Af)+ 
H  (3/y* — 3//jAj+Aj), 


(5.45) 


where  E^,  Eg,  v2  are  respectively  the  elastic  moduli  and  Poisson 

coefficients  of  the  outer  layer  materials. 

The  position  of  the  middle  surface  for  given  layer  thicknesses 
and  overall  thickness  H  is  defined  by 


(5.46) 


The  reduced  material  density  of  the  composite  plate  can  be 
defined  approximately  by  the  formula 


where 


Q»f  ~-jj  (Ci*i  +  CjAj  +Co*o)» 


— h\ — *5; 


(5.47) 


Pq  is  the  filler  density. 
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For  a  hollow  plate  with  spot  bonds,  filled  with  a  fluid,  pQ  is 
defined  by  the  formula 

Oo=e*(l-«)+Ot«.  (5.48) 

where  P1;Lq  is  the  liquid  density; 

Pb  is  the  average  density  of  the  bond  material; 

v  is  the  relative  volume  of  the  bonds,  referred  to  unit 
volume  of  the  filled  space. 


5*4.  Circular  Plate  Natural  Vibration 
Mode  Orthogonality  Property 


All  the  pLate  natural  vibration  modes  are  orthogonal.  We 
obtain  the  orthogonality  condition  on  the  basis  of  the  displacement 
reciprocity  principle. 


* 


•» 


For  a  given  load  distribution  qj(re)  the  displacement  of  any 
point  of  the  plate  can  be  written  in  the  form  of  the  integral 

U'l=[*x.<lh(rb)dF,  (5.49) 

e 

where  kxs  —  the  influence  function  —  is  the  displacement  at  point 
x  caused  by  a  unit  force  acting  at  point  s. 

This  form  is  valid  for  linear  systems  with  distributed  parameters. 

The  same  expression  can  be  written  for  another  loading  qv(rfl) 
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W4,x(rO)dF  =  r  qjx(rd)dF  j  kx,q„(rh)dF.  (5.51) 

We  obtain  a  similar  expression  for  the  second  load 

[w,q„{rb)dF^q,x(r9)dF  )^kxtq,t(rV)dF .  (5.52) 

The  influence  functions  have  the  reciprocity  property 

kxi=ktxt 

Therefore,  the  order  of  integration  of  the  right  sides  of  (5.51)  and 
(5.52)  with  respect  to  the  x  and  s  coordinates  is  not  important. 

On  this  basis  we  equate  the  left  sides  of  (5.51)  and  (5.52) 

W4jx(rd)  dF  -•  f  Wjq,x(rb)dF,  (5.53) 

where 


dF—rdddr. 

This  equation  is  the  expression  of  the  generalized  Rayleigh 
reciprocity  principle. 

Let  us  apply  this  principle  for  free  vibrations  of  a  plate.  As 
is  known,  the  displacements  are  expressed  by  the  formulas 

VC'i  —  Uj(r)cos  ns  9  cos  pjt; 

W,~U,{r)  cos  ft.  9  cos  pj. 

Correspondingly,  the  distributed  loads  are  the  free  vibration 
inertia  forces 

qsx-m(r)p'}Wr, 

q-x~m(r)py/„ 
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where  m(r)  is  the  mass  of  the  plate  per  unit  surface  area. 

Substituting  the  displacements  and  loads  into  (5.53)*  we  obtain 
the  equation 

s  a* 

p7j^m(r)  Ut(r)Uj(r)rdrj  cos«j8*cos/»,W#=*  , 


= pljm(r)l/j(r)  UK  (r)  rdr  J  cos  rtj9-cos/»>646. 


Since  the  different  vibration  modes  have  different  frequencies  nj 
n  ■  n,  the  condition  must  be  satisfied 

v 


|  m  (r)  Uj  (r)  U,  ( r )  rdr  j  cos  n j  8  •  cos  n,  948 =0. 


(5.5*0 


For  modes  which  differ  in  the  number  of  nodal  diameter  (n^  ?  nv), 
the  condition  (5.5*0  is  always  satisfied  as  a  consequence  of  the 
second  integral 


j  cos  nfi-  cos  «, 646 =0. 


(5.55) 


This  yields  the  first  orthogonality  condition  —  the  circular  plate 
vibration  modes  which  have  a  different  number  of  nodal  diameters  are 
orthogonal. 

If  nj  ■  nv  *  n,  then  integral  (5.55)  is  not  equal  to  zero.  Then 
the  orthogonality  condition  for  the  vibration  modes  becomes  the  equation 


i  m  (r)Uj(r)L\(r)  rdr  =*0. 


(5.56) 


This  is  the  second  orthogonality  condition,  which  shows  the  sequence 
of  vibration  modes  with  the  same  number  of  nodal  circles.  The  number 
of  nodal  circles  of  a  given  mode  equals  the  mode  number  minus  one. 


The  mode  normalization  condition  is  the  equality 

m(r)t/j(r)rdrs*l. 


I 


(5.57) 
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5.5  =  Natural  Vibrations  »f  Rotating  Disks 
of  Constant  Thickness 

The  turbine  disks  of  the  modern  flight  vehicle  engines  have 
small  thickness,  comparatively  large  dimensions,  and  blades  of  con¬ 
siderable  weight  mounted  on  the  disk.  The  vibrations  of  such  disks 
are  performed  as  vibrations  cf  the  entire  system  with  nodal  diameters 
and  circles  which  may  be  located  both  on  the  disk  and  on  the  blades. 

The  natural  vibration  frequencies  of  the  disk  with  blades  lie 
below  the  natural  vibration  frequencies  of  the  isolated  blades,  and 
the  number  of  natural  frequencies  is  considerably  greater  than  for 
the  isolated  blade.  Therefore,  the  calculation  of  the  combined 
vibrations  of  the  disk  and  blades  for  modern  turbomachines  is 
extremely  important. 

The  analysis  of-  rotating  turbine  disks  is  among  the  most  diffi¬ 
cult  problems.  The  analysis  difficulties  are  associated  with  the 
complexity  of  the  geometric  shape  of  the  disk  and  blades,  and  also 
with  the  presence  of  centrifugal  forces  and  thermal  stresses. 

Calculation  of  rotating  disks  on  the  basis  of  the  solution  of 
the  general  differential  equation  is  possible  only  for  the  simplest 
cases,  and  this  calculation  requires  considerable  idealization. 
However,  this  calculation  makes  it  possible  to  identify  and  study 
the  general,  most  significant  properties  of  the  vibrations. 

5.5.1.  Disks  with  Rigid  Blades 

As  the  contour  load, we  shall  examine  rigid  blades  which  are 
spaced  uniformly  along  the  outer  rim  of  the  disk.  We  shall  assume 
that  the  principal  longitudinal  axis  of  the  blade  is  positioned 
radially,  and  we  neglect  the  moment  of  inertia  about  the  longitudinal 
axis  in  view  of  its  smallness. 
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We  denote  the  mass  of  the  blado  together  with  the  locking  part 
of  the  disk  by  the  symbol  mfe  and  the  moment  of  inertia  about  the  0yQ 
axis  by  the  symbol  Jb.  The  number  of  blades  is  z.  We  assume  that 
the  disk  fixity  along  the  circle  is  ideally  rigid. 


In  the  middle  plane  of  the  rotating  disk,  there  act  the  normal 
forces 


N,—aJt\  A\=M. 


(5.58) 


These  forces  are  determined  by  the  centrifugal  forces  of  both  the 
disk  itself  and  the  blades.  They  are  axisymmetric  and  are  functions 
of  the  radius. 


The  differential  equation  of  the  vibration  mode  of  such  a  disk 
is  the  Equation  (5.19) 

oA*/- a  l  (.v,  .g.) w-cw-o. 


The  general  solution  of  this  equation  for  variable  Nr  and  N0  is 
difficult  and  requires  tedious  calculations.  Therefore,  we  resort 
to  simplifying  assumptions. 

'  As  is  known,  the  Variability  of  the  radial  and  circumferential 
stresses  in  the  disk  is  created  by  the  centrifugal  forces  of  the 
mass  of  the  disk  itself.  The  stresses  orb  from  the  action  of  the 
blade  centrifugal  forces  are  constant  at  all  points  (Figure  5.7). 

If  the  disk  is  thin  and  the  blades  have  large  dimensions'  and 
weight,  the  variability  of  the  stresses  can  be  neglected,  taking 
the  stress  for  the  entire  disk  equal  to  the  stress  from  the  blades. 
Then 


(5.59) 


and  the  differential  Equation  (5.19)  takes  the  form 
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Figure  5.7.  Stress  distribution 
in  rotating  wheel:  shaded 
part  are  stresses  from  centrif¬ 
ugal  forces  of  the  disk  mass. 


vIrW-*sdi/~W  — 0,  (5.60) 

where 

X<=°±  p>.  (5.61) 

D  D 

The  equation  is  solved  by  the 
substitution 

x}u=+tiu,  (5.62) 

after  which  we  obtain  the 
characteristic  equation 


A 


.1 

* 4 
i 


(5.63) 


whose  roots  are 


x?=s-.-L«Hj/y«4+^ 

(5.64) 

7*’+j/t*  +  X4* 

(5.65) 

The  general  solution  is  formed  from  Bessel  functions  as  the  sum  of 
the  solutions  of  the  two  Bessel  Equations  (5.62) 


t/=--<V„(V)  W.lVh-C.MV)  -t-CAlV).  (5.66) 


The  transverse  force  and  moment  on  the  outer  contour  of  the 
disk  with  account  for  the  action  of  the  blade  centrifugal  forces 
are  defined  by  the  formulas  (Figure  5.8) 

;  (5.6/) 
(~)^cos »8*cos pi;  (5.68) 
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The  blads  vibration  inertia  force,  referred 
to  unit  length  of  the  circle  of  radius  R, 
is 

(  4r  ),]  co8«®*co«  pi;  (5.69) 

the  blade  centrifugal  force  i3 

**—%•*&%  (5.70) 

the  blade  inertial  moment  is 

Mt p5)  (£)«.«••«  pft  (5.71) 

where  is  the  blade  moment  of  inertia  about  an  axis  passing  through 
the  blade  mass  center,  perpendicular  to  the  plane  of 
vibration; 

tR  is  the  blade  pitch  along  the  outer  disk  circle  of  radius  R; 
«a  is  the  disk  angular  velocity. 

Equating  (5.67)  and  (5.68)  to  (5.42)  and  (5.39),  respectively, 
and  replacing  Qb,  Nb,  and  by  their  reduced  expression?,  we  obtain 
the  equations  for  the  dynamic  boundary  conditions 

(5.T2) 


Figure  5.8.  Diagram 
of  forces  created 
by  blades  on  outer 
contour  of  disk. 


(f)J- ' 


(5.73) 


The  geometric  boundary  conditions  for  the  inner  contour  of  the 
disk  will  be 


(5.74) 


FTD-HC-23-7S0-70 


284 


# 


Substituting  into  these  four  equations  the  general  solution 
(5. 66) ,  we  obtain  a  system  of  homogeneous  equations  from  which  we 
find  the  frequency  coefficient  a  ■  X  R  .  This  coefficient  not  only 
depends  on  the  geometric  dimensions  of  the  disk  and  blades ,  but  is 
also  a  function  of  the  angular  velocity  w  ,  i.e.,  k. 

cl 

Pigure  5.9  shows  the  curves  constructed  on  the  basis  of  these 
equations.  The  curves  are  shown  plotted  in  dimensionless  coordinates 
and  make  possible  direct  determination  of  the  natural  vibration 
frequency  of  a  disk  with  blades  as  a  function  of  the  angular  velocity. 
The  first  mode  has  not  nodal  circles,  the  second  mode  has  a  single 
nodal  circle. 


Figure  5.10  shows  the  nomo¬ 
gram  for  n  ■  2,  which  provides 
a  greater  degree  of  generality 
than  the  preceding  curves.  On 
the  nomogram  a  particular  disk 
will  correspond  to  its  own 
sloping  straight  line  emanating 
from  the  coordinate  origin. 

This  line  relates  the  coeffi¬ 
cients  ie  and  a,  the  angular 
velocity  and  the  frequency. 

cl 

Example  5.1.  Use  the 
,  nomogram  (see  Figure  5.10)  to 

find  the  first  and  second  natural 
vibration  frequencies  of  a  rotating  turbine  disk  with  respect  to  the 
mode  with  two  nodal  diameters. 

Given:  mass  of  all  the  blades  ■  2  kg;  radius  of  circle  of 
centers  of  gravity  of  the  blades  R„  *  120  ram;  outer  design  disk 

v 

radius  R  *  100  mm;  average  disk  thickness  h  «  10  mm;  disk  mass  « 

2.5  kg;  turbine  speed  n  ■  12,500  rpm. 


Figure  5.9.  Natural  vibration 
frequencies  of  rotating  disk. 
Curves  plotted  for  following 
geometric  dimensions:  x„  ■  0. 
Rx  ■  0.4R  c 
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V 


Figure  5.10.  Nomogram  for  calculating  natural 
vibration  frequencies  of  rotating  disks: 

Mjj  and  Md  are  blade  and  disk  masses;  RQ  is  the 

radius  of  the  bircle  of  blade  mass  centers;  R  is 
the  outer  design  radius  of  the  disk;  xc  is  the 

distance  from  the  root  section  to  the  blade  center 
of  mass;  R.  is  the  radiU3  of  the  disk  restraint 
circle. 
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We  calculate  the  diagram  ray  coefficient 


/.«,#«  .  /  2- 12  .  „ 
2.11,1?  “  Y  2*2, 3-10  r*°'M‘ 


The  blade  force  is  calculated  using  (5*70) 

AT,.  £**4-  -J  --eSb-  -2 

i%u>i3io  1/sec;  tf,»670kgf/cm. 
The  disk  cylindrical  stiffness 


0i|  O 

D-mib;-  sr^o^T0'"3"’ ksr/cmi 

•  ■’-o— 

yjt  =»  ^063  =»  0,603. 

The  points  of  intersection  of  the  ray  for  the  coefficient  0.69 
with  the  curves  for  the  parameter  kR  ■  0.6  yield  the  frequency 
coefficients: 


for  the  first  vibration  mode 
for  the  second  vibration  mode 


The  vibration  frequencies  of  the  rotating  disk  are  calculated 
from  the  formula 


C  p  ii 

For  the  material  density  p  ■  8*10"  (kgf'sec  )/cm  the  frequencies 
will  have  the  values  p.^  ■  3150  sec”1,  p2  *  25,500  sec”1. 


The  curves  shown  in  Figures  5.9  and  5.10  for  calculating  the 
rotating  disk  frequencies  yield  results  which  are  somewhat  high  in 
comparison  with  experiment  because  of  the  inevitable  deviations  from 
the  ideal  conditions  in  the  retention  of  the  disk  and  blades,  and 
also  because  of  the  assumptions  in  the  distribution  of  the  normal 
stresses  over  the  disk  and  because  of  blade  flexibility. 
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We  also  note  that  these  figure?  do  not  permit  determining  the 
natural  vibration  frequency  when  the  angular  velocity  is  low  and  the 
coefficient  k  has  a  small  value.  In  these  cases  it  is  better  to 
consider  the  nonrotating  disk. 

The  natural  vibration  frequencies  of  the  nonrotating  disk  with 
rigid  blades  can  be  found  from  the  formula 


where  u  »  XR  is  a  coefficient  obtained  as  a  result  of  the  solution 

of  the  system  of  Equations  (5.72),  (5.73),  (5. 7*0 

under  the  condition  that  ■  0. 

a 

Figure  5.11  shows  the  values  of  this  ‘.oefficient  for  the  first 
two  viDration  modes  of  a  disk  (without  nodal  circle  and  with  a  single 
nodal  circle)  with  two  nodal  diameters.  The  coefficients  are  given 
as  a  function  of  the  ratio 


» 

2  Mx  X  ' 

where  Mb  is  the  mass  of  all  the  blades;  Md  is  the  disk  mass. 

If  the  blades  are  not  long  and  their  center  of  gravity  lies 
near  the  base,  we  can  consider  them  as  point  masses  uniformly  dis¬ 
tributed  around  the  outer  periphery  of  the  disk. 

In  this  case  the  calculation  of  the  disk  vibrations  can  be  made 
using  the  formulas  presented  above  for  rigid  blades.  Setting  xc  »  0, 
we  obtain  considerable  simplification  of  the  equations. 

Figure  5.12  presents  curves  of  the  dimensionless  coefficients 
which  make  it  possible  to  determine  the  natural  vibration  frequencies 
of  rotating  disks  with  point  masses  for  the  modes  with  one,  two,  and 
three  nodal  diameters. 
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Figure  5.11.  Frequency  coeffi¬ 
cients  of  nonrotating  disk 

with  blades:  x„  «  0.2  R; 

c  * 

p^  ■  R^/R  *  0.25. 


Figure  5.12.  Natural  vibration 
frequency  coefficients  of 
rotating  disk  with  point  masses 
on  the  outer  contour:  radius 
of  circle  of  disk  restraint 
on  the  shaft  is  «  0.2. 


5.5.2.  Resolution  of  Disk  Natural  Vibrations  Into  Two  Waves 
Traveling  in  Opposite  Directions 


The  general  solution  (5.l8>  for  free  vibrations  of  a  disk 


UP=i/(r)cos«8-cosp< 


can  be  represented  in  the  form  of  $  sum,  expanding  the  product  of 
the  cosines  using  the  formula 

cos  n  8  •  cos  pt — -j-  [cos  («6 — pt)  -f  cos  («9  -f P% 

then 

f/(r){cos(n8— ^)+cos(«9-f  pt)). 

Each  of  the  terms  individually  satisfies  the  general  differential 
equation  of  disk  vibrations.  Therefore,  they  can  be  considered  as 
independent  solutions.  Each  of  the  solutions  yields  the  vibrations 
of  disk  points  which  are  shifted  in  phase  by  an  angle  proportional 


(5.75) 


(5.76) 
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to  the  s  coordinate.  As  a  result  of  this  the  vibrations  have  the 
form  of  phase  waves  traveling  around  the  disk  with  a  definite 
velocity. 

The  first  solution  is  a  wave  with  n  nodal  diameters,  traveling 
around  the  disk  in  the  positive  6  direction;  the  second  solution  is 
a  wave  traveling  in  the  opposite  '?'v>cction. 

It  is  convenient  to  define  the  position  of  the  wave  relative  to 
coordinate  a\os  fixed  with  the  disk  by  the  position  of  some  nodal 
diameter  (Figure  5.13).  The  equation  for  the  position  of  the  nodal 
diameter  is  the  equality 

cos  (n%?p  pt) =0i 

hence 

(5.77) 

The  plus  sign  relates  to  the  wave  traveling  forward;  the  minus  sign 
relates  to  the  wave  traveling  backward. 

We  obtain  the  rate  of  displace¬ 
ment  of  the  nodal  diameters  around  the 
disk,  and, consequently ,  the  velocity 
of  the  phase  waves,  by  differentiating 

(5.77): 

(5.78) 

The  waves  travel  in  opposite  directions 
with  the  same  velocity,  proportional 
to  the  natural  vibration  frequency. 

The  number  of  possible  phase  wave 
shapes  and  their  velocities  corresponds 


Figure  5.13.  Arrangement 
of  traveling  waves  on 
disk:  a  -  mode  traveling 
in  direction  of  disk 
rotation;  b  -  mode 
traveling  opposite  disk 
rotation. 


to  the  number  of  disk  natural  vibration  modes.  The  phase  waves  are 
a  different  form  of  disk  free  vibrations. 

The  rule  for  the  motion  of  the  phase  waves  also  holds  for  the 
rotating  disk,  with  account  for  the  change  of  the  natural  vibration 
frequency  owing  to  the  rotation.  Moreover,  the  velocities  of  the 
phase  waves  relative  to  stationary  coordinate  axes  are  of  great 
Importance.  If  we  denote  the  disk  rotational  velocity  by  wa,  the 
absolute  angular  velocities  of  the  phase  waves  will  be 

2- wa  ± »  (5.79) 

where  p  -  •  sk  natural  vibration  frequency  with  account  for 

rotation. 

Hence,  we  see  that  the  absolute  angular  velocities  of  the  phase 
waves  traveling  forward  and  of  the  phase  waves  traveling  backward 
are  different. 

Representation  of  free  vibrations  in  the  form  of  phase  wave 
oscillations  is  very  convenient  and  permits  the  solution  of  several 
special  problems. 

5.5.3.  Critical  Disk  Rotation  Speeds 

The  absolute  velocity  0  of  the  backward  traveling  wave  decreases 
with  increase  of  the  disk  angular  velocity  w  .  There  is  an  angular 

d 

velocity  at  which  the  absolute  velocity  of  the  wave  becomes  c;ual 
to  zero.  In  this  case  the  mode  shape  is  itself  stationary  relative 
to  the  fixed  axes,  and  all  the  points  of  the  rotating  disk,  follow¬ 
ing  this  mode  shape,  perform  transverse  oscillations.  This  state 
Is  vex*y  dangerous  and  the  rpm  corresponding  to  this  condition  has 
been  termed  the  disk  critical  speed. 

At  the  critical  speed  the  disk  loses  stability  and  cannot  counter¬ 
act  static  forces  acting  on  its  side  surface  or  on  the  blades ,  as 


FTD-HC-23-780-70 


291 


5 


a  result  of  which  large  bending  deformations  arise  and  lead  to  disk 
failure  or  blade  rupture. 

In  accordance  with  (5.79),  the  critical  speed  can  be  defined 
from  the  formula 


(5.80) 


where  p  is  the  disk  natural  vibration  frequency  at  a  rotational  speed 
equal  to  the  critical  speed. 


To  find  the  critical  speed  we  must  know  the  disk  vibration 
frequency  as  a  function  of  the  angular  velocity. 

Plotting  the  curve  p(w  )  (Figure  5*14)  and  drawing  the 

QL 

straight  line  p  *  nw  from  the  coordinate  origin,  we  find  the  critical 
speed  as  the  point  of  intersection  of  the  frequency  function  with 
the  line. 


Disks  of  constant  thickness  with  rigid 
blades  can  be  calculated  with  the  aid  of 
the  curves  shown  in  Figure  5.9,  which  are 
analogous  to  Figure  5.14  but  are  plotted 
in  dimensionless  quantities.  The  straight 
line  drawn  from  the  coordinate  origin  with 
the  slope  n  gives  the  point  of  intersection 
with  the  corresponding  frequency  curve. 

The  point  of  intersection  shows  the  value 
of  the  parameter  R  corresponding  to  the  disk  critical  speed. 


Figure  5.14.  Diagram 
for  determining  disk 
critical  3peed. 


The  vibration  mode  shape  without  nodal  circles,  n  *  2,  corres¬ 
ponds  to  the  parameter 


In  accordance  with  the  previously  introduced  notations  (5.61),  the 
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general  formula  for  calculating  the  critical  speed  takes  the  form 


(5.81) 


The  critical  speeds  for  the  vibration  modes  with  nodal  circles 

cannot  be  reached  in  practice  because  of  limitations  in  the  strength 

of  the  disk.  Therefore,  determination  of  their  coefficients  ci  Is 

cr 

not  required. 


In  accordance  with  Figure  5.12,  the  critical  speed  coefficients 
<»cr  for  disks  with  ponnt  masses  distributed  along  the  outer  circum¬ 
ference  are 


We  note  that  the  critical  speed  coefficients  a  for  vibrations 

cr 

with  a  different  number  of  nodal  diameters  lie  in  a  narrow  range. 

This  indicates  that  the  disk  has  an  entire  region  of  critical  speeds,, 
although  quite  narrow,  within  the  limits  of  which  it  can  have  large 
amplitudes  of  forced  vibrations  in  the  different  modes,  interacting 
with  the  static  pressure  field  on  its  side  surface. 


The  curves  presented  in  Figures  5*9  and  5.12  show  that  there 
are  no  critical  rotational  speeds  for  the  vibration  modes  with  a 
single  nodal  diameter.  This  is  explained  by  a  peculiarity  of  the 
vibration  mode  with  a  single  nodal  diameter. 

For  n  *  1  all  points  of  the  disk  travel  along  planar  curves  — 
circles.  The  resultants  of  the  inertia  forces  from  rotation  and 
the  transverse  vibrations  pass  through  the  center  of  the  disk  and 
balance  one  another.  As  a  result  of  this,  the  deformed  state  of  the 
disk  cannot  occur  without  the  participation  of  external  forces. 

Thus,  the  critical  speeds  of  disks  are  connected  with  vibrations 
in  the  modes  with  two  or  more  nodal  diameters . 
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In  most  cases  the  vibrations  of  turbomachine  disks  arise  as  a 
result  of  nonuniformity  of  the  gas  stream  approaching  the  working 
blades.  The  impulse  of  the  flow  acting  per  unit  surface  area  swept 
by  the  blades  depends  on  the  velocity  and  density  of  the  gas,  and 
also  on  the  static  pressure  in  the  stream.  This  impulse  can  be 
determined  on  the  basis  of  a  special  gasdynamic  calculation  of  the 
flow  passage  or  by  experimental  measurements  of  the  velocity  and 
pressure  field  ahead  of  and  behind  the  rotor. 

Figure  5.15  shows  examples  of  the  impulse  distribution,  referred 
to  the  average  radius  of  the  flow  passage.  Developing  the  surface 
of  the  impulse  diagram  onto  a  plane,  we  can  decompose  the  impulse 
diagram  into  a  Fourier  series,  representing,  them  as  the  sum 

h 

7  =  4) cos  («,8 — y,y,  (5.82) 

»« 1 

where  n^,  is  the  number  of  sinusoid  waves  within  the  limits  of  the 
circumference. 

Among  the  Fourier  series  harmonics, there  will  be  those  with 
large  amplitude  of  the  Impulse  1^.  Usually  these  harmonics  are 
determined  by  the  peculiarities  of  the  flow  passage  construction: 
the  number  of  entrance  channels,  the  number  of  combustion  chambers, 
number  of  different  struts  or  ribsi  number  of  guide  vanes,  and  so  on. 

Each  of  the  harmonics  of  the  overall  impulse  causes  its  own 
vibration  mode  respectively  nj,  which  occurs  when  the  disk  angular  , 
velocity  reaches  the  critical  speed  for  the  given  vibration  mode. 

We  note  that  there  is  always  nonuniformity  present  in  the  velocity  and 
pressure  field  in  turbomachines.  Therefore,  (to  avoid  dangerous 
resonant  phenomena)  it  is  recommended  that  the  existence  of  critical 
disk  angular  velocities,  particularly  those  with  number  of  nodal 
diameters  n  »  2,  3,  4,  not  be  permitted  in  the.  operating  speed  region. 

If  a  turbine  i3  constructed,  with  partial  gas  admission  or  with 
individual  nozzle  channels,  then  disk  passage  through  the  critical 
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Figure  5.15.  Decomposition  of  exciting  pulses 
into  harmonic  series:  a  -  distributed  pulses 
along  circumference  of  flow  passage;  b  -  local 
pulses  along  circumference  of  flow  passage. 


speed  should  be  avoided,  since  the  excitation  is  very  strong  in 
these  cases. 


5 .6.  Discrete  Model  Method  for  Calculating 
Natural  Vibration  Frequencies  of  Turbomachine  Disks 

The  computational  method  is  based  on  replacing  the  real  disk 
and  blades  by  an  equivalent  model,  consisting  of  weightless  ring 
and  bar  segments  and  Inertial  masses  concentrated  at  the  boundaries 
of  the  segments.  The  discrete  model  method  makes  it  possible  to 
analyze  disks  of  any  shape  subjected  to  various  loading  conditions. 

The  use  of  a  digital  computer  for  the  calculation  makes  it 
possible  to  select  a  computational  model  which  is  very  close  to  the 
actual  system  and  obtain  computational  results  which  are  in  very 
good  agreement  with  experiment. 
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To  construct  the  discrete  me del ,  the  disk  being  analysed  is 
broken  down  into  several  annular  segments  (Figure  5.16).  The  number 
of  disk  segments  should  be  at  least  three  or  four  in  calculating 
the  first  two  vibration  modes  for  disks  with  long  blades. 

The  mass  of  the  annular  segment  is  concentrated  on  the  section 
center-of-gravity  circle.  The  mass  per  unit  length  of  the  circle 
is 


mP=»oV. 

the  mass  and  section  indices  p  correspond  to  the  segment  indices. 

The  blade  masses  are  also  replaced  by  several  discrete  masses, 
as  was  shown  in  Section  3.11.5. 

f  i  t  f  r  t  >  f  [ 


t- 


*  1  s  I  1  1 7 


1  *'  2  y  3  y/l'*S'5  $  7 


Figure  5.16.  Discrete  model  of  disk. 
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It  is  convenient  to  use  a  continuous  sequential  notation  for  the 
annular  masses  and  the  numbering  of  the  segments  for  the  disk  and 
blades. 

The  segment  located  between  the  annular  masses  is  considered 
weightless  and  is  replaced  by  a  segment  of  constant  thickness  equal 
to  its  average  value.  If  the  disk  thickness  or  the  radial  and 
circumferential  stresses  in  the  disk  from  the  action  of  the  centri¬ 
fugal  forces  and  the  temperature  gradients  vary  significantly,  the 
segment  is  broken  down  into  several  smaller  weightless  subsegments. 
The  boundaries  of  the  subsegments  are  designated  by  primes. 

Let  us  find  the  connection  between  the  deflection,  section 
rotation  angle,  bending  moment,  and  shearing  force  at  the  (p  +  l)st 
section  and  the  corresponding  parameters  at  the  section  p. 

Prom  the  general  Equation  (5.19)  for  the  deformations  of  a 
circular  plate,  setting  p  *  0,  we  obtain  the  differential  equation 
of  deformation  of  a  weightless  ring  of  constant  thickness 

Dxixlu — y  £(.*✓—)+«*£  AW  =--0.  (5.83) 

The  general  solution  of  this  equation  consists  of  the  sum  of  four 
particular  solutions 

U^CtU,  -f  c«t/4. 

the  form  of  the  particular  solutiors  depends  on  the  nature  of  the 
stresses  or  and  o0  acting  in  the  midplane  of  the  disk. 

Taking  the  quantities  or  and  o0  constant  within  the  limits  of  a 
segment,  we  seek  the  solutions  in  the  form  of  the  function 

U=r*.  (5.84) 

Substituting  this  function  into  the  differential  equation,  we  obtain 
/>(**-«*) {($— 2)*’—  «i) — AT ftps*  -fA\r>»=0,  (5.85) 
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where  ra„  is  the  average  radius  of  the  segment. 

The  four  roots  of  this  equation  yield  the  four  particular 
solutions  which  comprise  the  overall  deflection  function  for  the 
segment 


U  Cxr*'  -f  cy’*  -J~  £,/■*•  -fC4r**. 


(5.86) 


If  o  «  oa  -  0,  i.e.,  there  are  no  stresses  in  the  disk  mid- 
r  o 

plane,  then  (5.85)  becomes 


(j3— 2)*— «*1=0, 


(5.87) 


which  has  the  roots 


s—±n;  t~2±n. 

The  general  solution  of  (5.83)  for  or  ■  o0  *  0  will  be 

£/=C,rs+*  4-Cjr»4-C,r*-»+C4r~«.  (5.88) 


If  Np  «  N0  »  N,  (5.83)  takes  the  form 

.ViV*t/-*?vW=0; 


Its  general  solution  is  known 

-f C,/.(«r)+C4/<i.(xr), 


(5.89) 


(5.90) 


where  In(icr)  and  K^wr)  are  Bessel  functions  of  the  first  and  second 
kind  of  imaginary  argument. 


If  it  is  desirable  to. avoid  use  of  the  Bessel  functions,  we 
can  replace  the  exact  solution  by  an  approximate  solution  in  the  form 
of  the  Function  (5.81*).  The  exponents  s  are  found  from  the 
characteristic  Equation  (5.85),  which  for  the  case  Nr  ■  N0  -  N  takes 
the  form 
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(5.91) 


(S’ -*»)[(*  ~2)»- «*- 0. 

Two  roots  of  this  equation  coincide  with  the  preceding  roots 
and  yield  the  exact  solution.  The  other  two  roots  differ  somewhat 
from  those  found  perviously  because  of  the  additional  term  in  the 
brackets.  These  roots  can  be  found  by  equating  the  bracketed 
quantity  to  zero. 

The  equation  for  the  deformations  of  the  outer  segment  of  the 
disk,  where  the  blade  retainers  are  located,  depends  on  the  retained 
design .  This  equation  can  be  obtained  by  special  calculations  on 
or  the  basis  of  experiments. 

For  an  approximate  evaluation,  the  retainer  portion  of  the  disk 
can  be  considered  continuous. 

To  formulate  the  equations  for  transition  through  a  segment  of 
the  disk,  we  write  the  formulas  for  the  bending  moment  and  generalized 
shearing  forces  acting  in  an  annular  section  of  a  circular  plate. 

In  accordance  with  (5.5),  the  moment  formula  is  written  a3 

In  accordance  with  (5-36)  the  generalized  shearing  force  will  be 

(1— v)«s  ~~  ("7^)| cos «®-cosp/. 

» 

Examining  the  amplitude  values  of  Mr  and  Qr,  we  drop  the  factor 
cos  n0*cos  pt. 

The  formulas  for  tve  deflection  functions  (5.84)  take  the  form 

M,=  - oj.  C,\t,(St - D+v^-n’Nr'r-*; 

•  (- 1  - 

Q*r—-D. 2  ClH*f-«2)(s,-2)-(l - V) «’(*, - 1)1 

i- 1 
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If  a  segment  is  broken  down  into  subsegments,  the  parameters 
found  for  the  end  of  the  preceding  subsegment  are  taken  as  the 
parameters  for  the  beginning  of  the  following  subsegment  and  the 
calculation  is  continued.  This  process  is  continued  until  all  thc- 
parameters  of  the  end  of  the  segment  at  the  section  ahead  of  the 
annular  mass  are  determined. 

Transition  through  the  annular  mass  is  accomplished  using  the 
known  matrix  formula 


/Vo:==/VW-i>«. 


(5.97) 


where  P(p-1)K 


and  Pp  £  are  the  parameters  of  the  section  p  ahead  of 
and  behind  the  mass,  respectively ; 


M„  is  the  mass  matrix 
P 


1 

0 

0 


boo 
1  o  o 
o  1  o 
0  0  1 


(5.98) 


For  the  blade  we  obtain  the  segment  deformation  equation  from 
the  general  Equation  (3*9). 


For  a  weightless  segment  of  constant  section,  this  equation 
takes  the  form 


EJ 


d*r 

4xi 


(5.99) 


where  EJ  is  the  average  stiffness  of  the  blade  segment  relative 
to  the  axis  of  minimal  stiffness; 

N  is  the  average  value  of  the  centrifugal  force  within  the 
limits  of  the  segment. 


The  differential  Equation  (5*99)  has  the  solution 

F  (x) = C,  ch  (xjc)  -|- C2  sh  (xx)  -f  C,x  -|-  C4; 

_J==JV  (5.100) 

£/  '  . 


FTD-HC-23-780-70 


gUTTifT  — r— ** 


301 


$ 

&' 


If  the  calculation  is  made  for  the  nonrotating  wheel,  N  ■  0,  and 
the  general  solution  will  be 


K(jc)=C,a-»-C^j 


(5.101) 


The  calculation  of  the  blade  segments  is  made  by  the  matrix 
method,  as  outlined  in  Section  3.11.5.  The  formula  for  transition 
through  the  segments  will  be 

Pp+\**LpP.p. 

For  the  deflection  function  (5.100)  the  matrix  Lp  has  the  form 


Lr 


1 

l 

rli  (*!’)  —  1 

&£J 

i*EJ 

0 

1 

■  *b<*0 

(h  (xi)~  1 

%EJ 

x2£/ 

0 

0 

ch(*/) 

0 

0 

—  xsh(x/) 

.  ch(*/)  . 

(5.102) 


The  length  l,  average  stiffness  EJ,  and  parameter  <  in  this 
matrix  have  different  values  for  each  blade  segment. 

Transition  through  the  mass  is  accomplished  using  (3.155). 


The  compatibility  conditions  for  the  disk  and  blades  at 
Section  5'  (see  Figure  5.16)  reduce  to  equality  of  the  bending 
moments  and  shearing  forces  of  the  disk  and  blades 


Afjr  — f fc'A*,*.; 


2tr., 


where  t^  is  the  blade  pitch  along  the  circle  r^f; 
z  is  the  number  of  blades. 


(5.103) 

(5.104) 
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In  addition  to  the  bending  vibrations ,  the  blade  performs 
torsional  vibrations.  The  result  of  this  is  the  development  in  the 
blade  root  of  a  twisting  moment  which  acts  on  the  outer  contour  of 
the  disk.  The  magnitude  of  the  twisting  moment  is  small,  and  may  be 
neglected  in  calculating  the  natural  frequencies  of  the  disk  and 
blades.  Account  for  the  twisting  moment  does  not  present  any 
difficulty  and  can  be  carried  out  within  the  limits  of  the  discrete 
model  method. 

The  transition  through  the  Joining  section  is  written  in  matrix 

form 


Pv.o—Ss‘P*,K 


where  S^, 


is  the  Joining  matrix 


St<= 


10  0  0 

0  10  0 

0  0  /»•  o 

0  0  G  tv 


(5.105) 


(5.106)  ‘ 


The  calculation  begins  with  the  Zero  section,  where  usually 
U0  ■  0,  <>  *  0.  Selecting  a  frequency  p,  we  calculate  all  the 
segments  —  from  zero  to  the  blade  tip  (the  section  after  the  last 
discrete  mass).  The  bending  moment  and  the  shearing  force  equal  zero 
at  the  blade  tip.  This  condition  is  used  to  formulate  the  boundary 
condition  equations  and  check  the  validity  of  the  choice  of  the 
frequency  p  in  the  beginning  of  the  calculation. 


The  determination  of  the  frequency  is  made  by  trial  and  error, 
as  was  shown  in  the  calculation  of  the  blade  alone. 


When  calculating  the  disk  critical  speed, the  frequency  p  is 
associated  with  the  wheel  angular  velocity  and  should  be  specified 
as  the  product 


p—tUA. 

* 
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Moreover,  the  stresses  in  the  disk  and  blades  owing  so  the 

p 

action  rtf  the  centrifugal  forces  vary  in  proportion  to  or.  Therefore, 
each  angular  velocity  must  have  its  own  diagram  of  the  stress  distri¬ 
bution  in  the  disk  and  blades. 

The  natural  vibration  frequency  found  as  a  result  of  the  cal¬ 
culation  yields  at  the  same  time  the  value  of  the  disk  critical  speed. 

Calculation  by  the  discrete  model  method  is  convenient  for 
computer  programming,  and  if  a  sufficiently  large  number  of  segments 
are  used  makes  it  possible  to  obtain  r<  computational  accuracy. 

The  stress  distribution  in  the  disk  and  r  \,.a?  ,  from  the  action  of 
centrifugal  forces  and  temperature  gradients  cam  be  calculated  by 
any  technique  and  should  be  specified  among  the  initial  data.  In 
the  case  of  computation  on  a  digital  computer,  these  stresses  are 
determined  in  the  process  of  the  general  computation  with  the  aid 
of  a  special  subprogram. 


5«7«  Calculation  of  Circular  Plates  and  Disks 
by  the  Rayleigh  Method 


The  Rayleigh  method  is  used  quite  successfully  to  calculate 
the  simple  vibration  modes  of  circular  plates  —  the  modes  without 
nodal  circles.  The  calculation  is  made  with  the  aid  of  the  known 
formula 


(5.107) 

which  requires  formulation  of  expressions  for  the  maximal  deformation 
-  « 
potential  energy  n  and  the  maximal  kinetic  energy  T  ,  calculated  for 

a  frequency  equal  to  unity.  '  -----  _  .  .  . 

5 . 7*1. ..  Eonsulas  for  Disk  Bending  Deformation  Potential  Energy 


To  calculate  the  potential  energy,  we  use  the  formulas  which  are 
familiar  from  general  courses  on  theory  of  elasticity. 
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'»^SM(5r+(Sr+*55+ 


where 


Eh* 


(5.108) 


12(1 -vJ)  ’ 

this  quantity  is  variable  for  plates  of  variable  thickness. 

Several  transformations  permit  writing  (5.108)  in  polar 
coordinates 


(5.109) 


unm  ,  1 

SV  . 

d»r\i 

\  <>r*  +  r 

dr 

"  r* 

dtp  ) 

(5.110) 


We  note  that  for  plates  clamped  along  the  contour  the  integral 

vanishes. 

The  potential  energy  for  bending  vibrations  in  the  fan-wise 
mode  with  several  nodal  diameters  is  obtained  after  substituting 
into  (5.110)  the  deflection  function 


Wm  „=i/(r)cos«8, 

n  D  f/«L+-L  M-OLuY- 

2  i  \V  rfr»  ^  r  dr  rt  } 


(5.111) 


For  axisyrametric  (umbrella)  vibrations,  for  which  the  deflection 
is  a  function  only  of  r,  the  potential  energy  formula  takes  the  form 
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(5.113) 


5.7.2.  Middle  Surface  Deformation  Potential  Energy 


This  expression  is  not  complete  for  rotating  and  nonuniformly 
heated  disks,  which  have  normal  stresses  in  the  midplane.  In  these 
disks  the  bending  deformations  are  accompanied  by  elongation  of 
the  middle  surface,  which  is  easily  visualized,  since  the  area  of 
the  deformed  wave  surface  Js  greater  than  the  surface  of  the  flat 
plate. 

For  small  deflections  the  normal  stresses  which  arise  in  the 
disk  midplane  because  of  its  elongation  are  negligibly  small,  and  the 
elongation  potential  energy  can  be  ignored.  However,  if  large 
stresses  from  centrifugal  forces  or  thermal  stresses  act  in  the 
mi dp lane ,  then  the  elongation  potential  energy  becomes  very  signifi¬ 
cant  and  neglect  of  this  energy  is  not  admissible. 


We  find  the  elongation  potential  energy  by  examining  the  plate 
as  an  absolutely  flexible  membrane. 

The  work  ol  elongation  of  an  elemental  volume  of  the  membrane 
is  equal  to  the  sum  of  the  work  in  the  principal  directions 

+[*# 

where  we  assume  that  the  bending  deformations  do  not  alter  the  normal 
stresses  ox  and  oy  in  the  midplane.  In  view  of  the  smallness  of 
the  deflections,  this  expression  can  be  simplified 


In  polar  coordinates  this  expression  has  the  form 


(5.114) 


* 
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I'U  J 

'  "  rJ  1 

{  *  J 

(5.115) 


Substituting  herein  for  the  fan-wise  mode  the  deflection 
function  (5.111)  and  integrating,  we  obtain  the  formula 


"»“tW  '(S),-|-*‘7fl/,]nfr- 


(5.116) 


The  stresses  ap  and  o0  are  axisymmetric  and  are  determined  in  the 
strength  calculations  for  the  given  radial  plate  loads  and  the 
temperature  distribution. 

For  the  umbrella  vibration  mode9  the  formula  will  have  the  form 


(5.117'' 


5.7.3*  Disk  Vibration  Kinetic  Energy 


The  disk  vibration  kinetic  energy  is  found  from  the  obvious 
formula 


where 


dm—tftrdMr ; 


(5.118) 


W —pU(r)<:oinQ  sin  pt. 


(5.119) 


After  substitution,  (5.118)  takes  the  form 

dT~~  Q/>5Ari/*(r)cos5;»& sin* ptdrdb. 

To  determine  ihe  maximal  kinetic  energy  of  the  vibrations  of 
the  entire  disk  we  set  sin  pt  ■  1  and  integrate  the  expression  over 
the  entire  surface,  - fter  which  we  obtain 

K 

7’.„=-§-  Qp'^hLPWrdr,  (5.120) 


M 

•if 

§ 

Na 

4 
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for  umbrella  vibrations 


>n  cpi^hUi(r)rdr. 


■  (5.121) 


Equating  the  potential  energy,  taken  in  the  form  of  the  sum 
JImax  +  nN,  to  the  kinetic  energy  [(5.120)  or  (5.121)],  we  can  write 
the  Rayleigh  formula  in  the  fo.rm 


(5.122) 


5.7.4.  Initial  Function  Choice 


As  is  known,  to  calculate  the  frequency  we  must  assume  the 
vibration  mode,  expressing  it  with  the  aid  of  a  definite  function 
U(r).  The  function  U(r)  must  correspond  to  the  vibration  mode  and 
must  of  necessity  satisfy  the  geometric  boundary  conditions. 


For  example,  for  the  disk  rigidly  clamped  along  a  circle  of 
radius  R  the  conditions  must  be  satisfied 

t/«)=0i  (£),_,  -O. 


If  the  plate  is  hinged,  only  the  first  condition  is  satisfied. 

For  disks  without  central  restraint  the  correspondence  of  the 
deflection  function  U(r)  to  the  vibration  mode  lies  in  the  fact  that, 
for  the  umbrella  and  fan-wise  vibration  modes  with  an  even  number 
of  nodal  diameters,  the  derivative  of  the  function  U(r)  at  the  disk 
center  (r  »  0)  is  equal  to  zero. 

For  the  fan-wise  modes  with  an  odd  number  n,  the  derivative  of 
the  function  U(r)  may  not  vanish  at  the  conter. 

The  disk  deflection  function  must  be  minimizing.  Therefore, 
it  must  contain  a  parameter  e,  which  is  selected  in  the  course  of 
the  calculation  so  that  the  unknown  frequency  will  be  minimal.  Here 
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the  parameter  z  identifies,  from  the  entire  given  function  family, the 
most  likely  vibration  mode. 

The  following  are  examples  of  the  assumed  functions  which  may  be 
used  in  the  calculations. 

(5.123) 

For  umbrella  vibrations  with  clamping  along  thj  outer  contour 

«/(')-<! +•'•>(  1~ ~)r\  (5.124) 

where  e  is  the  minimizing  parameter. 

For  disks,  restrained  at  the  center  of  along  an  inner  contour 
at  the  radius  R^,  the  deflection  functions  are  taken  in  the  form: 

If  the  inner  disk  restraint  radius  R-^  is  small  (it  does  not 
exceed  the  value  0.15  -  0.2  R),  the  simplest  expression  which  can 
be  taken  as  the  initial  disk  elastic  line  has  the  form  (Stodola) 

U(r)=*r (5.125) 

Another  simr le  function  is  (see  [7]) 

U(r)-r*(\+tr).  (5.126) 

Both  functions  do  not  satisfy  the  dynamic  boundary  conditions 
and  yield  approximately  the  same  accuracy  of  the  disk  vibration 
frequency  calculation.  The  value  of  ♦’he  fan-wise  vibration  'equency 
found  using  these  functions  may  exceed  the  exact  value  by  3  -  4)5. 

The  big  advantage  of  these  functions  is  the  simplicity  of  their 
application.  This  is  particularly  notable  with  regard  to  the  second 
function,  which  yields  simple  algebraic  equations  for  the  sought 
parameter  e. 

As  a  more  refined  function,  we  can  take 
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tf(r)-r»0+*M-B<*); 


(5.127) 


the  constants  A  and  B  are  selected  so  that  the  dynamic  boundary  , 
conditions  at  th».  outer  edge  of  the  disk  are  satisfied. 

If  the  radius  R1  is  sufficiently  large,  according  to  Stodola 
the  deflection  function  in  the  following  form  is  recommended 


0(r  )=(r-/?t)>. 


(5.128) 


This  formula  yields  good  results  for  values  of  R-^  no  larger  than 
(0.25  -  0.30)  R. 

5.8.  Vibrations  of  Heated  Circular  Plates  and  Disks 

A  large  number  of  engine  components  operate  at  high  temperatures. 
The  degree  of  temperature  rise  of  the  individual  parts  is  different,  • 
and  therefore  thermal  stresses  develop  in  the  components.  These 
stresses  have  a  significant  effect  on  the  vibrations  of  the  parts, 
altering  the  resonant  frequencies,  making  the  vibrations  unstable, 
and  altering  the  vibration  level.  The  combustion  chamber  dome, 
flat  diaphragms,  casing  walls,  and  turbine  disks  are  examples  of 
circular  nonuniformly  heated  plates  in  the  engines  which  operate  under 
the  action  of  thermal  stresses.  The  thermal  stresses  in  these  parts 
depend  on  the  temperature  f4eld,  and  also  on  the  degree  of  freedom 
or  restrictedness  of  the  thermal  deformations.  The  change  of  the 
material  elastic  modulus  with  temperature  rise  also  affects  the 
vibrations. 


5.8.1.  Uniformly  Heated  Plate  Clamped  Along  the  Outer  Contour 

If  the  outer  contour  of  the  plate  Is  clamped  so  that  radial 
deformations  are  not  allowed,  compressive  stresses  develop  in  the 
plate  when  it  is  heated.  The  stresses  will  be  the  same  at  all  sec¬ 
tions  and  will  depend  on  the  magnitude  of  the  temperature  rise 
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<,=-JL- aA<e,  (5.129) 

where  a  Is  the  linear  expansion  coefficient; 

At0  is  the  temperature  rise. 

The  appearance  of  compressive  stresses  leads  to  reduction  of 
the  natural  vibration  frequency,  which  depends  on  At°,  and  particularly 
markedly  for  thin  plates  of  large  diameter. 

The  equation  for  the  plate  vibrations  is  (5.60),  in  which  the 
second  term  is  to  be  taken  with  the  positive  sign  in  view  of  the 
fact  that  the  stresses  have  a  minus  sign 

W+W-w-ft 


where 


(5- 130 


The  general  solution  of  (5.130)  is  expressed  in  Bessel  functions 

i/=C^«(V)+^2^ *(V)+Cj/«(lir)+C4^«(*ar).  (5.132) 


where 


(5.133) 

I.«4+X4.  (5.13*0 

When  treating  a  plate  without  central  hole,  we  set  C2  -  =  0. 

The  clamped  outer  contour  conditions  yield  the  equations 

<V,lV?)+C,MV?)~  0; 

c,y;(V?)+<v;(v?)=o; 
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hence,  we  obtain  the  frequency  equation  for  the  plate 


A(V?)OV?w;(Xi*)/.(y?)=o. 


(5.135) 


The  roots  X  of  the  frequency  equation  are  the  frequency  coefficients; 
the  frequency  being  found  from  the  formula 


(5.136) 


As  usual,  the  coefficients  X  are  related  with  che  vibration  mode, 

i.e.,  they  depend  on  the  number  n  of  nodal  diameters  and  the  number 

s  of  nodal  circles.  In  addition,  they  depend  on  the  temperature  rise 

2 

At,  which  defines  the  coefficient  x^. 

The  frequency  Equation  (5.135)  makes  it  possible  to  calculate 
the  entire  frequency  spectrum  of  the  plate  in  question  for  any  value 
of  At. 

The  calculation  of  the  frequencies  of  the  fundamental  vibration 
modes,  without  nodal  circles,  is  easily  made  using  the  Rayleigh 
formula 

ift—  , 

^■u 

where  nm,*t  Hjf.  are  found  from  the  Formulas  (5.113),  (5.117),  (5.121), 

For  umbrella  vibrations,  the  function  must  be  symmetric  about 
the  center  of  the  plate. 

The  simplest  function  satisfying  the  conditions  listed  above  is 


(5.137) 


Although  this  function  does  not  contain  a  minimizing  parameter,  the 
frequency  determined  using  it  differs  from  the  exact  value  by  only 
1  -  2%. 
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The  potential  and  kinetic  energies  calculated  using  (5.113) 
and  (5*121)  are 


«itD 


rmu=itpw 


JL. 

3Rt  ' 
ft* 
10 


The  potential  energy  associated  with  the  thermal  stresses  is  calcu¬ 
lated  using  (5.117).  Because  of  the  compressive  stresses,  it  has  a 
minus  sign 


Equating  the  sum  of  the  potential  energies  to  the  kinetic  energy, 
we  obtain  the  frequency  formula 


/J320__£> _ 20_ 

3ft*  qA  3®  R*  ’ 


(5.138) 


The  first  terra  of  the  radicand  is  the  unheated  plate  frequency 
squared;  the  second  term  yields  the  correction  for  the  influence 
of  the  thermal  stresses. 

.  c 


Removing  the  fundamental  frequency  from  the  radical,  we  obtain 

(5.139) 


where 


Pa= 


10,33 

ft* 


the  elastic  modulus  E  in  the  cylindrical  stiffness  D  must  be  taken 
with  account  for  the  temperature. 


Formula  (5.139)  shows  that  thermal  stresses  reduce  the  plate 
natural  vibration  frequency  significantly.  This  effect  is  the 
stronger,  the  thinner  the  plate. 


■  rSWr*** 
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The  frequency  calculation  may  yield  better  results  if  we  take 
as  the  initial  function 

U(r, <5.i*o) 

The  minimizing  parameter  e  is  selected  so  as  to  obtain  the 
minimal  value  of  the  frequency  for  the  given  thermal  stress.  At  the 
same  time  the  vibration  mode  shape  is  refined. 

The  vibrations  of  a  plate  clamped  in  an  elastic  ring  (Figure 
5.17)  are  calculated  using  the  same  Formula  (5.139).  The  thermal 
stresses  in  the  plate,  which  are  necessary  for  the  calculation,  can 
be  found  from  the  formula 


where  E^,  E2  are  the  elastic  moduli  of  the  heated  plate  and  the 
cold  supporting  ring,  respectively. 

5.8.2.  Nonuniformly  Heated  Plate  with  Freely  Supported  Contour 

If  the  supporting  wall  has  small  thickness  6,  its  action  in 
restraining  radial  deformations  of  the  plate  is  small.  Therefore, 
we  can  examine  the  plate  with  freely  supported  edge  (Figure  5*18). 
The  plate  is  nonuniformly  heated,  the  temperature  rise  being  higher 
in  the  center  and  less  along  the  edges.  As  a  result  of  this, 
thermal  stresses  develop  in  the  plate  —  compression  in  the  central 
part  and  tension  along  the  edges.  This  alters  the  plate  natural 
vibration  frequencies. 

If  the  radial  temperature  distribution  law  is  given,  the 
stresses  are  calculated  using  the  strength  equations  (see  [12]) 


o(r)=  -Eattyir), 


(5.142) 


* 
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where  Atg  is  the  difference  of  the  temperatures  of  the  center  and 
edges  of  the  plate; 

f(r)  is  the  function  of  the  radial  and  circumferential  thermal 
stresses  in  the  free  circular  plate,  which  depends  on 
the  temperature  distribution  law. 


For  the  cubic  temperature  distribution  law 

a/=a/;[i -(-£-)*] 


(5.1^3) 


we  have 


For  the  quadratic  temperature  distribution  law 

-a  (-£-)’]. 


(5.144) 


(5.145) 


The  initial  plate  deflection  function  can  be  taken  in  the 
form  of  the  polynomial 


l/(r)  =  (l+er*)(l+ar*),  (5.146) 

which  does  not  require  satisfaction  of  the  dynamic  condition  MR  =  0 
at  the  outer  contour.  In  accordance  with  the  condition  (UR  =  0)  on 
the  contour,  tjpe  coefficient  a  equals 


V  t-r-n 

A 

\\ 

1 

l 


The  potential  and  kinetic  energies 
for  the  adopted  initial  function  with 


Figure  5*17.  Diagram  for  ■  n  =  0  are  expressed  by  the  formulas 
calculating  vibrations  of 
a  plate  mounted  in  an 
elastic  ring. 


FTD-HC-23-780-70 


315 


$* 

& 

~K 

&.<■ 

^r 

s 


¥ 


n„,1=nO  -£-[(1  +V)(1 +.**+{-  «**«]  i 


(5.147) 


(5.148) 


Equating  these  energies,  we  obtain  the  formula  for  calculating  the 
unheated  plate  frequencies 


/>’= 


2W 

i*ii>  ~t— r: 

,+Tv+T1' 


(5.149) 


where  y  *  eR*  is  a  parameter  which  is  to  be  selected  so  that  the 

2 

minimal  value  of  p  is  obtained. 


Taking  the  derivative  of  the  fraction  with  respect  to  y  and 
equating  it  to  zero,  we  obtain  an  equation  whose  roots  correspond 
to  the  minimal  frequency  values 

y(-— 0,25;  y,»14,5; 


The  first  root  yields  the  coefficient  for  calculating  the  first 
vibration  mode  frequency,  while  the  second  root  makes  possible  a 
rough  estimate  of  the  frequency  of  the  second  mode  with  a  single 
nodal  circle.  Calculating  the  value  of  the  fraction  (5.149)  for 
these  roots,  we  obtain 


4.92 

Ri 


(5.150) 


To  introduce  the  corrections  for  heating,  we  must  calculate 
the  middle  surface  deformation  energy  nN.  This  energy  is  calculated 
using  (5.117)  in  accordance  with  the  thermal  stress  distribution 
law.  Its  calculation  for  the  cubic  law  leads  to  the  formula 


(5.151) 

where  Atg  is  the  temperature  difference  between  the  center  and 
contour  of  the  plate. 
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Diagram  At® 


Figure  5 • 18 .  Diagram 
for  calculating 
vibrations  of  non- 
uniformly  heated 
plate. 


Writing  the  equation 


T max  *“  Ilmax + *Ijr 


and  substituting  therein  (5*1^7) *  (5.1^8) 
and  (5*151),  we  obtain  the  frequency  for¬ 


mula 


'’Hgr'.w-TT?-** 


(5.152) 


where 


/«(*)“■ 


0  +  v)(l  + 

,+TJ'  +  TJ'2 


/»(*)=• 


1 + 


Here  we  must  again  determine  the  parameter  eR^  =  y,  which  yields  the 
minimal  value  of  the  frequency;  this  parameter  will  be  a  function 
of  At°. 

In  view  of  the  fact  that  in  the  extremum  region  the  function 
changes  only  slightly  with  variation  of  e,  we  shall  use  the 
parameters  calculated  previously  for  the  estimate  of  the  influence 
of  heating  nonuniformity  on  the  frequency. 

Calculating  f^(y)  and  f2(y)  for  y^  =  -0.25,  we  o.tain 

*<«*  /?*e 


The  first  term  is  the  unheated  plate  frequency  squared,  and  tie 
second  term  yields  the  correction  for  heating  nonuniformity,  .‘‘he 
foriY.fl a  ■-  .n  finally  be  written  in  the  form 


P=Po  ]f  l-2.4^-aAf010- 


(5.153) 
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where 


Figure  5 ♦ 19  shows  the  plate  vibration  frequency  as  a  function 
of  the  degree  of  temperature  differential  of  its  central  part. 


Figure  5-19.  Effect  of  non¬ 
uni  .'orm  heating  on  vibration 
frequency  of  freely  supported 
plate. 


Heating  nonuniformity  has 
a  particularly  large  effect  on  the 
vibrations  of  relatively  thin 
freely  supported  plates. 

5.8.3.  Fan-Wise  Vibrations  of 

Nonuniformly  Heated  Disk 
With  Rigid  Blades 

It  is  well  known  that  turbine 


disks  operate  with  nonuniform  heating.  The  peripheral  part  of  the 
disk  has  a  temperature  which  is  several  hundred  degrees  higher  than 
the  central  part.  This  leads  to  significant  reduction  of  the 
natural  vibration  frequency. 


Particularly  large  temperature  gradients  arise  during  the 
startup  period  of  the  engine  or  turbomachine.  A  temporary  transient 
frequency  reduction  appears,  which  reaches  a  large  magnitude  at 
certain  moments.  This  phenomenon  creates  special  conditons  during 
starting,  which  are  discussed  below. 


We  shall  assume  that  the  disk  temperature  varies  in  accordance 
with  a  power  law  along  the  radius 

<5.15*0 

where  Atg  is  the  temperature  difference  between  the  periphery  and 
center  of  the  disk. 
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The  stresses  in  the  disk  are  found  from  the  formula 


0 =Ea^f(r),  (5.155) 

where  f(r)  are-  the  distribution  functions  of  and  o0,  which  are 
found  using  ( 5 • 144 )  and  (5. 145)  as  a  function  of  the  exponent  s. 


We  take  the  initial  function  for  fan-wise  vibrations  in  the 
form  ' 


-Vo +«*«). 


(5.156) 


where 


We  calculate  the  potential  and  kinetic  energy  functions  for 
n  *  2.  In  so  doing  we  consider  the  relations 

ia  du  Jq  j  ai 

etc. 

•or  jq  dr  R  oq 

In  accordance  with  (5.112),  for  the  adopted  deflection  function 
we  obtain 


^-[24.H8(l-v)(l+3.+-|..*)].  (5.157) 

The  potential  energy  of  the  midplane  deformation  resulting 
from  differential  heating  is  defined  by  (5.116) 

We  find  the  thermal  stresses  from  the  formulas 

and  a,=*-I-EaA6(l-4?).' 

5  ® 
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Substitution  of  these  formulas  into  the  expression  for  n^,  followed 
by  integration  and  substitution  of  the  limits,  yields 

(5-158) 

The  disk  kinetic  energy  is  calculated  from  (5.120) 

7\.„=y  qiiR'p'1  ^  te*(i +*e2)]a5rf®: 
after  integration  we  obtain 

(5.159) 

The  kinetic  energy  of  the  rigid  blades  is  defined  by  the 
def  >rmation  of  the  disk  outer  contour  using  the  formula 

(5.160) 

We  neglect  rotation  of  the  blade  about  the  longitudinal  axis.  m(x) 
is  the  mass  per: unit  length  of  the  blade,  which  for  the  linear  area 
distribution  law  is  expressed  by  the  formula 

f|),  (5.161) 

where  mQ  is  the  mass  at  the  root  section; 
c  is  the  taper  ratio. 

Substituting  into  (5.160) 

=  l-K  ~=2+4«. 

*  . 

we  obtain  the  expression  for  the  kinetic  energy  of  all  the  blades 
(c  «  0.5) 

r=f ■j-motp’lj-a  +•? +-|-<|+«Ki +207-+ 

•  +0+2»J*-~-].  (5.162) 
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For  convenience  of  the  further  calculations  we  express  the  blade 
mass  in  terms  of  the  disk  mass 


(5-163) 


where  k  is  the  weight  ratio  coefficient 

mJ~-=kQnR*h\ 

In  this  connection  the  coefficient  multiplying  the  bracketed 
quantity  in  (5.162)  alters  its  form 


+*>*£]• 


(5.164) 


We  write  the  equation 


IIm»* + n»r  “*  7*B«t + 1*; 


after  substituting  herein  (5.157),  (5.158),  (5.159),  (5.164),  we 
obtain  the  formula 


p  S,(«)-»)Si(«) 

'  R'vh  Sr(.)  +  *Sj(«)  * 


(5.165) 


in  which 


S,(«)=5,6+16,8*+32,4**; 

5t(«)— 0,172  +0,267*  +0,6.53**; 

ST  (.) =0,167  +0,25*  +0,1**; 

S1(«)=i-(l+*)*+-i-(l+.Kl+2«)^-+(i+2*)*-^. 


(5.166) 


In  (5.165)  the  parameter  e  is  to  be  selected  so  that  will 
have  the  minimal  value  for  the  given  conditions. 
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Disk  without  blades  and  without  heating.  In  this  case  (k  *  0; 
<t  =  0)  the  vibration  frequency  is  defined  by  the  formula 

j D  5,6  +  16.8*  +  32, 4«*  .g n\ 

P  —  R*Qh  0,167  +  0,251  +  0,1**  • 

Finding  the  extremum  of  the  fraction,  we  see  that  the  minimal 
frequency  corresponds  to 


e=» — 0,164, 


This  root  yields  the  frequency  coeffic.ent  for  the  first  vibration 
mode.  Using  this  root  to  calculate  the  fraction  (5.167),  we  obtain 


'”-2M °r  / v  •  (5'168) 


Disk  with  blades  without  heating.  In  this  case  the  vibration 
frequency  depends  on  the  blade  mass  and  is  defined  by  the  formula 


0*  D  SiM 
r  WqH  Sr  (*)  +  (*)  * 


(5.169) 


The  fraction  on  the  right  is  the  frequency  coefficient  squared 

2  2 

(a  )  .  It  depends  on  the  number  of  blades  and  their  dimensions. 

2 

Selecting  the  minimizing  coefficient  e,  we  calculate  a  for  several 
values  of  k  and  i/R  (Figure  5-20).  The  resulting  curves  make  it 
possible  to  calculate  the  natural  vibration  frequencies  of  disks  with 
blades  for  different  blade  dimensional  relationships  using  the 
formula 


'=jkV$-  (5-i7o) 

It  is  obvious  that  the  presence  of  blades  on  the  disk  reduces 
the  disk  natural  vibration  frequencies  significantly.  Even  compara¬ 
tively  small  blades,  whose  weight  amounts  to  25%  of  the  disk  weight, 
reduce  the  vibration  frequency  by  30  -  40J. 
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The  nonuni formly  heated  disk  with  blades  is  calculated  using 


the  complete  Formula  (5.165).  Selection  of  the  parameter  e  and 
calculation  of  the  frequency  coefficients  leads  to  the  formula 

(5.171) 

2  2 

where  a  and  are  taken  from  the  curves  shown  in  Figures  5.20  and 
5.21  as  a  function  of  the  blade  dimensions. 

The  ratio  of  the  frequencies  of  the  heated  and  unheated  disks 
is 

^r*—Vl-*4r  ■■■  (5-172) 

2  4 

The  ratio  of  the  coefficients  o^/ct  lies  in  a  narrow  range 

0,036 -+-0,039; 

(H 

Therefore,  the  approximate  estimate  of  the  vibration  frequency 
reduction  owing  to  heating  nonuni formiicy  can  be  made  using  the 
formula 

f-=/l~0.03^.  (5.173) 

p 

where  < t  is  calculated  from  (5.166)  and  depends  on  the  temperature 
difference  At°  and  on  the  disk  dimensional  relationship. 

The  thinner  the  disk,  the  larger  its  frequency  reduction  (for 
the  same  heating  nonuniformity).  The  frequency  reduction  may  reach 
20  -  25%. 

The  temperature  effect  is  increased  if  the  disk  has  a  rim  with 
large  temperature  gradient  at  the  point  where  the  rim  transitions 
into  the  disk. 
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If  the  disk  temperature  changes  during  operation,  there  will 
be  a  corresponding  change  of  its  natural  vibration  frequency. 


5.8.4.  Change  of  Disk  Critical  Speed  Resulting  Prom  Nonuniform 
Heating 


The  critical  speed  change  in  the  case  of  nonuniforin  disk  heat¬ 
ing  is  proportional  to  the  frequency  change 


WKP I  “'up 


(5.174) 


This  phenomenon  creates  dangerous  conditions  during  startup 
if  the  gas  turbine  engine  or  turbomachine  is  accelerated  to  maximal 
speed  immediately  after  starting,  without  warmup  at  low  speed. 


Figure  5.20.  Effect  of  blade 
dimensions  on  disk  vibration 
frequency . 


Figure  5.21.  Coefficient  of 
influence  of  heating  nonuni- 
forraity  on  vibration  frequency 
of  disk  with  blades. 


In  this  case  the  temperature  rise  of  the  blades  and  outer  part 
of  the  wheel  is  very  rapid,  while  the  central  part  heats  up  more 
slowly  (Figure  5.22).  The  temperature  rise  of  the  central  part  of 
the  disk  is  delayed  because  of  intense  heat  removal  into  the  shaft 
and  bearings. 

As  a  result  of  the  different  heating  rate  of  the  peripheral 
and  central  parts  of  the  wheel,  large  temperature  differences  develop 


I 

1 
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leads  to  marked 


in  the  wr.icn 

reduction  of  its  critical  speeds. 

If  the  rotor  has  a  small  critical 
speed  margin,  then  at  certain  times 
(a  and  b)  the  critical  speed  becomes 
equal  to  the  rotational  speed  and 
the  resonant  state  develops.  In 
this  case  serious  rotor  and  blad 
damage  may  arise  as  a  result  of 
the  large  amplitudes  of  the  vibra¬ 
tions  and  stresses. 

We  note  that  fan-wise  vibrations 
of  the  rotor  are  dynamically  balanced. 
Therefore,  even  with  large  amplitudes 
of  the  vibrations  they  are  not 
transmitted  to  the  case  and  cannot 
be  sensed  from  the  case  vibrations. 

Nor  can  wheel  vibrations  at  the 
critical  rotational  speed  be  detected 
with  the  aid  of  a  sensor  located  on  the  case  and  measuring  the 
clearance  between  the  sensor  and  the  wheel  rim.  As  a  result  of  the 
fact  that  the  vibrations  at  the  critical  speed  occur  in  the  form 
of  the  so-called  standing  wave,  the  distance  between  the  sensor  and 
the  wheel  rim  remains  constant  all  the  time,  and  in  any  case  its 
change  will  not  characterize  the  amplitude  of  the  vibrations  of 
the  resonating  critical  speed  mode.  Strain  gages  must  be  mounted 
directly  on  the  wheel  itself  in  order  to  measure  the  rotor  vibrations. 

Critical  speed  margins  of  1.5  -  2  must  be  provided  in  order  to 
eliminate  the  possibility  of  the  occurrence  of  these  resonant  states. 

5.9.  Damping  of  Plate  and  Disk  Vibrations 
By  Damping  Coatings 

* 

The  internal  inelastic  resistance  of  the  usual  constructional 


Figure  5.22.  Effect  of  disk 
heating-up  process  on  its 
resonant  states:  tQ  and 

t2  are  the  temperatures 

of  the  center  and  blade 
part  of  the  disk, respec¬ 
tively;  At  is  the  tem¬ 
perature  difference; 
a>r  is  the  rotor  speed; 

ui  is  the  critical 
cr 

speed  of  the  nonuni formly 
heated  disk. 
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materials  —  steels,  aL-mr.^n ,  inc  ether  alloys  —  is  small. 

Therefore,  large  vibration  aapiitudes  develop  at  resonance,  which 
lead  to  the  appearance  of  various  defects.  Increase  of  the  internal 
resistance  of  the  material  without  significant  deterioration  of  its 
mechanical  qualities  Is  not  possible.  Therefore , wherever  possible 
it  is  advisable  to  use  multilayer  plates  and  disks,  in  which  the 
structural  loads  are  taken  by  layers  consisting  of  strong  construc¬ 
tional  materials  and  damping  is  provided  by  layers  made  from  materials 
with  a  large  absorption  coefficient. 


steels  ,  a . r.~ , 


It  is  advantageous  to  make  the  damping  layers  the  outer  layers, 
where  the  bending  deformations  are  largest,  and  therefore  the  largest 
energy  absorption  and  the  best  damping  effect  will  be  observed. 

Thus,  from  the  viewpoint  of  improving  damping  and  efficient 
construction  is  the  sandwich  arrangement  in  which  the  center  layer 
is  the  structural  layer,  which  accepts  the  radial  and  axial  bending 
loads,  and  the  outer  layers  are  the  damping  layers. 

As  was  shown  in  Section  1.5,  the  ev^gy  absorbed  by  a  material 
during  a  vibration  period  is  proportic  i.  to  the  deformation  potential 
energy.  Therefore,  the  total  energy  ab.  .oed  by  the  sandwich  plate 
during  a  period  is  equal  to  the  sum 


tji=ir«no+t.n., . 


(5.175) 


where  ij>g  are  the  absorption  coefficients  for  the  materials  of 

the  center  (metal)  layer  and  the  coatings,  respectively; 

nQ,  IIs  are  the  deformation  potential  energies  of  the  same  parts 
of  the  plate. 

If  we  assume  that  the  deformations  are  distributed  linearly 
through  the  plate  thickness  (Figure  5.23a),  the  potential  energies  of 
the  center  and  outer  layers  can  be  calculated  using  the  same  general 
Formula  (5.112).  The  energies  will  differ  from  one  another  because 
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Figure  5.23.  Stress  distribution 
through  thickness  of  coated 
plate:  1  -  basic  plate;  2  - 
coating. 


of  the  difference  in  the  cylin¬ 
drical  stiffnesses.  The  cylin¬ 
drical  stiffness  for  the  center 
layer  is  found  from  <5.109), 
while  that  for  the  outer  layers 
is  calculated  from  the  formula 


'  12(1 -vj) 


(5.17o) 


The  ratio  of  the  energies 
dissipated  in  the  outer  damping 


layers  and  in  the  central  layer  is  defined  by  the  formula 

Lj  ^11/  ..  1»«  E ,  Hi -hi  l-v» 

L0  4/0n0  'i'cAi  B  hi  1  —  v; 


(5.177) 


This  formula  shows  that  to  obtain  large  damping  of  the  plate  vibrations 
materials  must  be  selected  for  the  outer  layers  which  have  the  largest 
product  ton  —  the  product  of  the  absorption  coefficient  by  the 
elastic  modulus.  Such  materials  are  the  fiberglasses,  which  in 
addition  to  the  noted  properties  also  have  other  important  qualities 
—  good  ability  to  bond  with  the  metals,  ability  to  operate  at 
temperatures  up  to  250°  C,  and  long-term  retention  of  the  damping 
properties. 


0  0,t  4f  at  £ 


Figure  5.24.  Effect  of  coating 
thickness  on  vibration  damping: 

-  glass  fiber  T  and  epoxy 

resin;  -  -  -  glass  fiber  and 

polyester  resin;  +  _ KAST-V  , 

A  —  nonwoven  material and 
phenol  formaldehyde  resin. 


The  properties  of  some 
materials  are  presented  in  Table 
5.5  (see  [32]  and  [14]).  The  data 
shown  in  this  table  indicate  that 
the  glass  reinforced  plastics 
have  better  damping  qualities  than 
the  metals.  However,  they  do  not 
have  high  strength  and  stiffness  a,, 
therefore  cannot  be  used  as  inde¬ 
pendent  structural  elements  of  the 
structure.  The  combination  of 
glass  reinforced  plastics  with 
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TABLE  5-5 


Material 

E-10-11 

N/m2 

iJiE-10"11 

Remarks 

Steel  3 

0.01  -  0.03 

2.1 

0.021  -  0.063 

_-3 

e  up  to  10 

Aluminum 

0.03  -  0.044 

0.58 

0.017  -  0.026 

e  up  to  10'3 

High-temper¬ 
ature  steel 
E1437B 

0.01 

- 

- 

a  up  to  15* 
107  N/m2 

Cold  drawn 
copper 

0.01 

1.0 

0.01 

- 

Cast  moly¬ 
bdenum 

0.014 

3.46 

0.048 

Cast  tungsten 

0.033 

3.86 

0.127 

- 

Epoxy  fiber¬ 
glass* 

0.2 

0.15 

0.03 

e  up  to  5‘10- 

Polyester 

fiberglass* 

1.0 

0.15 

0.15 

e  up  to  5 ’10” 

LKF1  plastic 

0.46 

- 

- 

a  more  than 
0.5*107  N/m2 

7FT-S 

fiberglass 

0.2 

o  more  than 
0.2-107  N/m^ 

V.  M.  Chernyshev,  Transactions  of  NAMI  (Central  Scientific  Research 
Institute  of  Automobiles  and  Automobile  Engines),  No.  49,  1962. 


metals  or  the  use  of  polymer  coatings  yield  a  stiff  and  strong 
structure  which  has  good  damping  qualities. 

Formula  (5.177)  yields  a  somewhat  high  estimate  of  the  potential 

i 

energy  of  the  outer  layers*  and  therefore  a  somewhat  high  estimate 
of  the  energy  absorbed  in  these  layers. 
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It  would  b.  more  correct  to  take  the  deformation  distribution 
across  the  thickness  of  the  plate  as  shown  in  scheme  b  (see  Figure 
5.23). 

Then  the  following  expression  should  be  used  for  the  cylindrical 
stiffness  in  (5.177) 


(5.178) 


Figure  5.24  shows  results  of  experiments  with  the  use  of  glass 
reinforced  plastics  to  damp  circular  steel  plates.  The  excitation 
force1,  were  the  same  in  all  the  experiments,  but  the  vibration 
amplitudes  decreased  sharply  with  increase  of  the  thickness  of  the 
coatings.  For  an  outer  layer  thickness  t/h  *  0.8, the  vibration 
amplitude  amounts  to  only  40$  of  the  vibration  amplitude  for  the 
undamped  plate. 
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CHAPTER  6 


CALCULATION  OP  VIBRATIONS  OF  COMPLEX  COMPOSITE  SYSTEMS 


The  structures  of  aircraft  gas  turbine  engines,  turbopump  units, 
and  their  components  consist  of  a  large  number  of  lightweight  parts 
of  various  configurations.  With  regard  to  vibrations  they  form  a 
complex  elastic  system  having  a  large  number  of  vibration  natural  fre¬ 
quencies  and  modes.  Any  components  and  systems  can  serve  as  examples: 
turbomachine  casing-rotor,  turbo-unit  and  its  supply  plumbing,  the 
rotor  system  consisting  of  shaft,  disks,  and  blades;  the  engine  and 
propeller;  heat  exchangers,  and  so  on. 

The  individual  parts  of  the  structures  are  usually  vibration 
analyzed  as  isolated  elements.  To  this  end  the  element  being  analysed 
is  isolated  from  the  overall  system  and  its  connections  with  the  rest 
of  the  system  are  replaced  by  definite  restraint  conditions,  formulated 
in  the  form  of  boundary  conditions.  Most  often  these  connections  are 
taken  in  the  form  of  rigid  restraints  —  clamped  ends  or  hinges. 
Sometimes  these  restraints  are  considered  elastic,  having  constant 
stiffnesses  which  are  independent  of  the  frequency. 

This  computational  approach  is  Justified  for  many  typical 
problems.  It  permits  considerable  simplification  of  the  problem  and 
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makes  it  possible  to  identify  the  characteristic  element  parameters 
which  affect  its  vibrations. 

However,  this  approach  makes  it  impossible  to  obtain  any  idea  of 
the  vibration  characteristics  of  the  individual  elements  in  the  system 
which  in  many  cases  are  very  significant,  and  also  excludes  the  possi¬ 
bility  of  studying  the  properties  of  the  entire  system. 

First  of  all,  we  note  that  the  individual  elements  in  the  system 
or  parts  of  the  system  do  not  have  their  own  natural  vibration  frequen 
cies.  The  complete  natural  frequency  spectrum  and  associated 
vibration  modes,  and  also  the  stress  distribution  in  the  e?.ement  an 
only  be  obtained  by  examining  the  system  as  a  unified  whole. 

The  interaction  of  the  elements  in  the  system  depends  on  the 
vibration  frequency.  Therefore,  analysis  of  the  elements  as  isolated 
parts  is  Justified  only  within  the  limits  of  the  definite  frequency 
range,  to  which  the  boundary  conditions  selected  for  the  calculation 
correspond. 

Certain  natural  vibration  frequencies  found  by  analysis  for  the 
isolated  elements  may  be  close  in  magnitude  to  certain  natural  fre¬ 
quencies  of  the  entire  system.  This  circumstance  will  confirm  the 
correctness  of  the  choice  of  the  analytic  scheme  and  the  boundary 
conditions  for  the  given  isolated  element,  and  will  also  show  the 
frequencies  for  which  analysis  of  the  isolated  element  yields  satis¬ 
factory  results  in  comparison  with  the  complete  analysis  of  ths 
entire  system. 

When  we  speak  of  forced  vibrations  and  resonances,  we  must  bear 
in  mind  that  resonant  vibrations  of  the  individual  elements  show  up 
as  a  result  of  resonance  of  the  entire  system.  Isolated  resonances 
of  the  Individual  parts  of  .the  system  do  not  exist. 

One  of  the  most  effective  methods  for  vibration  analysis  of 
complex  systems  is  the  dynamic  stiffness  method.  The  dynamic 
compliance  method  Is  of  the  same  type. 

FTD-HC-23-780-70 


331 


These  methods  are  being  developed  at  the  present  time  in  connec¬ 
tion  with  the  use  of  electronic  computers,  whicn  broadens  their 
capabilities  considerably. 

6.1.  Concepts  of  Dynamic  Stiffness  Coefficients 


The  dynamic  stiffness  method  is  based  on  use  of  dynamic  stiffness 
coefficients  and  formulation  from  these  coefficients  of  the  dynamic 
equilibrium  and  frequency  equations.  The  dynamic  stiffness  concept 
is  associated  with  forced  vibrations. 

As  is  known,  if  an  elastic  system  is  subjected  at  some  point  to 
a  harmonically  varying  force 
-  « 

Q— X  cos  pt, 

the  system  performs  forced  harmonic  vibrations  following  the  same  law 

0-Acospf. 

The  ratio  of  the  harmonic  force  to  the  displacement  of  a  point 
of  the  system  caused  by  this  force  in  the  direction  of  action  of  the 
force  is  called  the  dynamic  stiffness  coefficient 


f 


(6.1) 


Since  the  forced  vibration  function  is  identical  to  the  disturbing 
force  function,  the  dynamic  stiffness  coefficient  is  defined  as  the 
ratio  of  the  disturbing  force  amplitude  to  the  forced  vibration 
amplitude. 

The  system  dynamic  stiffness  coefficient  depends  on  the  system 
properties,  point  of  application  of  the  force,  and  disturbing  force 
frequency . 
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We  shall  define  this  coefficient  for  some  elementary  cases.  A 
free  solid  body  performs  harmonic  vibrations  under  the  action  of  a 
harmonic  force.  For  a  point  mass  m  (Figure  6.1a)  the  differential 
equation  of  motion  will  be 


m$-X  cot  pt; 


(6.2) 


its  solution  is 


f- — ~co*/* 

Hence,  the  dynamic  stiffness  coefficient  is 


(6.3) 


K  —  ®  ~  —  fttp*. 

# 


(6.4) 


Analogous  expressions  for  the  dynamic  stiffness  coefficient  are 
obtained  for  the  free  disk  (see  Figure  6. l,b)  under  the  action  of  a 
harmonic  moment,  and  for  the  ideally  rigid  bar  (see  Figure  6.1c) 
under  the  action  of  a  moment  about  the  hinge 


(6.5) 


The  dynamic  stiffness  coefficient  of  a  weightless  cantilever  bar 
with  point  mass  m  attached  to  its  end  (see  Figure  6. l,d)  is  equal  to 
the  sum  of  the  static  stiffness  coefficients  of  the  bar  and  the 
dynamic  stiffness  coefficient  of  the  mass 


K-c— mp». 


(6.6) 


The  condition  K  «  0  corresponds  to  natural  vibrations  of  the  bar 
Equation  (6.6)  yields  the  value  of  the  natural  vibration  frequency 

m 

With  the  aid  of  the  natural  vibration  frequency,  the  dynamic 
stiffness  Formula  (6.6)  can  be  written  in  the  form 
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Figure  6.1.  Elementary  schemes  for  determining 
dynamic  stiffness  coefficients. 


#c-c(i-#n. 


(6.7) 


where 


p~JL, 

y  m 

Analogous  expressions  are  obtained  for  the  systems  shown  in 
Figure  6.1, e  and  f. 


In  certain  problems,  systems  are  encountered  in  which  the  har¬ 
monic  force  is  applied  to  an  elastic  element  (see,  for  example, 

Figure  6.1g,  h,  i). 

Let  us  find  the  dynamic  stiffness  coefficient  for  the  scheme 
shown  in  Figure  6.1,g.  The  differential  equation  of  forced  vibrations 
for  the  system  will  be 
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mj-cfa*— ?)-0; 


’35,’'  ■^fa^^JroSS 


(6.8) 


while 


c(flr-f)  “*  c«s  Pl- 


(6.9) 


Therefore 


mq-X  cot  pt\ 


hence 


<~-JL.co.pt. 


Substitution  of  (6.9)  yields 


(6.10) 


taking  the  ratio  Q/q0,  we  obtain  the  dynamic  stiffness  coefficient 


*=»- 


t—m/P 


(6.11) 


We  denote  the  natural  vibration  frequency  of  the  system  in  question 
with  the  zero  section  fixed 

Then  the  formula  for  the  dynamic  stiffness  coefficient  takes  the  form 


(6.12) 


where 


P‘ 


FTD-HC-2 3-780-70 


335 


For  the  arrangement  shown  in  Figure  6. l,h,  the  moment  of  inertia 
J  is  substituted  in  place  of  m  in  the  dynamic  stiffness  formula. 

For  the  arrangement  shown  in  Figure  6.14,  a  factor  associated 
with  the  position  of  the  mas3  on  the  bar  appears  in  the  formula 


(6.13) 


to  calculate  the  natural  frequency  p„  the  left  end  of  the  bar  must  be 
restrained  on  a  hinged  support . 

In  practical  problems,  systems  are  encountered  on  which  there 
act  simultaneously  several  force  factors  of  the  same  frequency  — 
longitudinal  or  transverse  forces,  bending  and  twisting  moments,  and 
so  on. 

Figure  6.2  shows  as  an  example  the  rotor  of  a  turbomachine.  The 
harmonic  forces  of  the  interaction  with  the  case  are  applied  to  the 
rotor  support  Journals.  The  forces  are  connected  with  the  displace¬ 
ments  in  the  direction  of  action  of  the  forces  by  the  canonical 
equations.  These  equations  are  written  in  t..e  following  form  for 
the  force  and  displacement  amplitudes 


X^KuVt+Kxfi+KJ* 

Xt=K,1rl+ KrTr^r  *W. 

Xi~KnY ff/CjjK t+KJf }. 


(6.14) 


The  canonical  equations  are  analogous  to  the  canonical  equations 
used  in  the  displacement  method  in  elasticity  theory. 


The  number  of  equations  in  the  system  and  the  number  of  terms  in 
the  right  side  of  each  equation  is  equal  to  the  number  of  forces 
acting  on  the  system.  The  .dynamic  stiffness  coefficients  Kls  are  the 
basis  for  all  the  equations.  The  first  subscript  In  the  coefficient 
notation  shows  the  force  number,  the  second  indicates  the  direction 
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of  the  unit  displacement  with  which  the  given  dynamic  stiffness 
coefficient  is  connected.  All  the  coefficients  are  functions  of  the 
frequency . 

The  method  for  determining  the  dynamic  stiffness  coefficients 
follows  from  (6.  1*0.  We  impose  on  the  system  additional  constraints, 
so  that  the  displacements  in  the  directions  of  action  of  all  the 
forces  other  than  the  first  will  be  equal  to  zero:  Yg  =  0;  =  0. 

Then  the  harmonic  force  with  respect  to  the  first  direction  with 
amplitude  X.^  yields  vibrations  only  with  respect  to  the  first  direc¬ 
tion  with  the  amplitude  Y^.  Harmonic  reactions  with  the  amplitudes 
X2  and  X^  arise  from  the  additional  constraints. 

The  dynamic  stiffness  coefficients  will  be  the  ratios 

^u— i=*^; (6.15) 

If  the  direction  2  is  left  free,  we  obtain  the  coefficients 
K12*  K22*  K32’  and  80  on‘ 

The  dynamic  stiffness  coefficients  for  which  both  subscripts  are 
the  same  are  termed  proper,  since  they  represent  the  ratio  of  the 
force  to  the  displacement  in  the  proper  direction. 

The  coefficients  for  which  the  two  subscripts  are  different  are 
termed  improper  and  represent  the  reactions  of  the  additional  con¬ 
straints.,  The  improper  coefficients  possess  the  reciprocity  property 

r\ 

K,.-Krt.  (6.16) 

The  determination  of  the  dynamic  stiffness  coefficients  is  made 
on  the  basis  of  the  problem  of  forced  vibrations  of  the  given  system 
under  the  Influence  of  all  the  forces  applied  to  it. 
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Figure  6.2.  Determining  rotor  dynamic 
stiffness . 


! 


* 

a- 


6.2.  Singly-Connected  Systems 

Singly-connected  systems  are  those  which  can  be  cut  into  two 
parts,  replacing  the  action  of  the  discarded  part  by  only  a  single 
force  factor  —  shearing  force,  bending  moment,  torsional  moment,  or 
longitudinal  force. 

In  order  to  perform  this  division,  it  is  sufficient  that  the 
system  have  at  least  one  section  satisfying  the  single-connectedness 
condition.  The  two  component  parts  obtained  after  dividing  the 
system  may  no  longer  by  singly  connected. 

If  a  system  has  several  sections  of  singly-connected  interaction, 
its  division  into  two  systems  can  be  accomplished  along  any  of  these 
sections,  depending  on  which  path  yields  the  simplest  solution  of 
the  problem. 

In  the  majority  of  systems  performing  torsional  or  longitudinal 
vibrations,  any  section  satisfies  the  single-connectedness  condition. 
For  such  systems  the  choice  of  the  place  to  divide  the  system  is 
determined  by  the  technique  used  to  solve  the  problem. 
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The  singly-connected  systems  are  among  the  simplest  cases  of 
vibration  problems;  nevertheless,  their  solution  by  conventional 
methods  is  not  always  simple.  The  dynamic  stiffness  method  yields 
the  most  easily  visualized  solution  and  analysis  of  the  singly- 
connected  systems. 

6.2.1.  Cantilever  Bar  With  Mass  at  End 

In  this  problem  we  examine  the  vibrations  of  a  bar  with  account 
for  its  own  mass . 

Let  us  first  examine  the  cantilever  bar  of  constant  section 
(Figure  6.3).  The  bar  mass  per  unit  length  is  m;  the  concentrated 
mass  is  m^. 

We  cut  the  system  into  two 
parts,  applying  at  the  cuts  the 
internal  interaction  forces  Q. 

In  the  case  of  harmonic  vibrations 
Q  varies  harmonically 

Q=*Xcospf. 

Let  us  examine  the  forced 
vibrations  of  each  of  the  parts 
under  the  influence  of  the  forces  Q  and  find  the  dynamic  stiffness 
coefficients  for  these  parts. 

For  the  cantilever  bar  this  dependence  is  obtained  on  the  basis 
of  the  general  solution 

y=IC,5(^)+CJr(A0+CJV(^) +C4l/ («)J  cos  pt.  (6-17) 

The  boundary  conditions  for  the  forced  vibrations  are 

5=0;  y—y'—Q,  hence  C,  =C2=0; 
s-.i.'-o 
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Figure  6.3.  Partition  of  beam 
Into  two  parts  in  order  to  use 
the  dynamic  stiffness  method. 
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The  last  two  equalities  yield  the  equations 


c,S(*)+c4r(*H  0; 


~jLk*[CtV{k)+CtS(k)]~X, 


(6.18) 


Thus,  we  find  C^  and  C^,  after  which  substitution  into  (6.17)  yields 
the  bar  vibration  amplitude  function,  connected  with  the  exciting 
force  amplitude  X 


where 


(6.19) 


A(*)-S*(*)-r(*)V(Jk); 


(6.20) 


The  deflection  of  the  bar  end  is 

KdHjr-g-  . 

Taking  the  ratio  of  the  exciting  force  amplitude  to  the  vibration 
amplitude  of  the  bar  end,  where  this  force  is-  applied,  we  obtain  the 
dynamic  stiffness  coefficient 


(6.21) 


In  the  case  in  question  it  equals 


y  g/  tl _ _ 

ft  r<*)t/(*)-s(*)V(»)  * 


(6.22) 


The  parameter  k  is  connected  with  the  vibration  frequency  p  by  the 
known  formula 

Si 

The  dependence  of  the  dynamic  stiffness  coefficient  K  on  the 
frequency  is  shown  in  Figure  6.4. 
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Omitting  the  proof,  we  note  that  (6.22)  can  be  reduced  to  the 


forms 


KW- 


(-f)(-l)(-D- 

H0H0H0- 


(6.23) 


where  p^,  Pg  are  the  roots  of  the  expression  in  the  numerator  of 
(6.23);  in  the  present  case  they  are  the  natural 
vibration  frequencies  of  the  free  cantilever  bar 
(scheme  a  in  Figure  6.4); 

p,  ,  p9  are  the  roots  of  the  denominator  —  the  natural 

x# 

vibration  frequencies  of  the  cantilever  bar  with 
additional  constraint  in  the  direction  of  action  of 
the  force  (scheme  *  in  Figure  6.4). 

All  the  frequencies  are  found  using  the  general  formula 

-  **  Bl 
*  H  m  * 

where  the  natural  vibration  frequency  coefficient  k  is  taken  in 
accordance  with  the  particular  scheme. 

The  structure  of  (6,23)  is  common  for  any  linear  elastic  system. 
It  is  convenient  in  that  it  expresses  the  dependence  of  the  dynamic 
stiffness  coefficient  on  the  vibration  frequency  with  the  aid  of  the 
natural  vibration  frequencies  ~f  the  free  system  (type  a)  and  with 
an  imposed  constraint  (type  *). 

The  number  of  factors  which  must  be  taken  in  the  numerator  and 
denominator  of  (6.23)  depends  on  the  range  of  frequencies  within  the 
limits  of  which  it  is  necessary  to  construct  the  bar  dynamic  stiffness 
function  and  the  computational  accuracy  required.  If  we  restrict 
ourselves  to  three  factors  in  the  numerator  and  the  same  number  in 
the  denominator,  the  computational  error  will  not  exceed  2%  for  the 
first  and  second  natural  vibration  frequencies. 
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We  take  the  dynamic  stiffness  coefficient  for  the  free  mass  in 
accordance  with  (6.4) 

Km(?) - "-P*. 

Since  the  forces  X  applied  to  the  cutoff  parts  are  internal, 
their  sum  equals  zero.  This  is  equivalent  to  a  zero  value  of  the  sum 
of  the  dynamic  stiffness  coefficients 


K+Km-  0. 


(6.24) 


This  is  the  frequency  equation  of  the  dynamic  stiffness  method  for 
singly-connected  systems.  The  roots  of  the  equation  are  the  natural 
vibration  frequencies  of  a  bar  with  a  mass  at  the  end.  The  equation 
can  be  solved  analytically  or  graphically.  In  the  latter  case 
(Figure  6.5),  the  roots  of  the  equation  will  be  the  points  of  inter¬ 
section  of  the  dynamic  stiffness  curve  of  the  left  part  of  the 
system  with  the  dynamic  stiffness  curve  of  the  right  part  of  the 
system  —  the  point  mass  taken  with  reversed  sign. 

The  graphical  form  of  solution  with  the  aid  of  the  dynamic 
stiffness  coefficients  is  very  easily  visualized.  It  is  easy  to 
determine  the  influence  of  a  particular  parameter  from  this  presen¬ 
tation.  For  exmple,  drawing  straight  lines  for  different  magnitudes 
of  the  attached  mass  m^,  we  see  that  the  frequency  of  the  first 
vibration  mode  decreases  significantly  with  increase  of  the  mass  m^. 

A  similar  change  but  in  lesser  degree  takes  place  with  the  frequency 
of  the  second  vibration  mode.  The  frequencies  of  the  higher  natural 
vibration  modes  are  close  (slightly  higher)  to  the  frequencies  of  the 
bar  with  rigid  support  (scheme  *  in  Figure  6.4).  Change  of  the  mass 
m^  has  little  effect  on  these  frequencies. 

Analysis  of  the  bar  with  section  variable  along  the  length 
differs  from  the  above  analysis  only  ir.  the  dynamic  stiffness 
diagram. 
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Figure  6.5.  Determination  of  beam  natural 
vibration  frequencies  by  the  dynamic 
stiffness  method. 


To  construct  the  diagram  by  calculation  or  experimentally,  we 
determine  the  frequencies  of  the  natural  vibrations  of  the  free  can¬ 
tilever  bar  (scheme  a  in  Figure  6.4)  and  of  the  bar  with  an  additional 
support  (scheme  *  in  Figure  6.4).  After  this  we  use  (6.23)  to 
construct  the  dynamic  stiffness  diagram. 

As  before,  with  the  aid  of  the  diagram,  we  determine  the  natural 
vibration  frequencies  of  the  bar  of  variable  section  with  the  mass 
attached  to  it. 

6.2.2.  Vibrations  of  Bar  on  Elastic  Hinge  (Figure  6.6) 

The  system  has  a  single  section,  passing  through  the  hinge,  where 
the  8 ingle -connectedness  condition  is  satisfied. 

We  cut  the  system  into  two  parts  through  the  hinge,  applying  in 
the  cuts  the  Internal  force  moment 

M-Xcospt. 
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Figure  6.6.  Beam  with  elastic 
hinge  and  its  partition  into 
two  parts . 


We  shall  determine  the 
dynamic  stiffness  coefficients 
for  the  left  and  right  parts. 

On  the  basis  of  the  general 
solution  (6.17),  we  find  the 
deflection  equation  for  the  left 
part.  The  boundary  conditions 
will  be 

5=0;  K'=>"*=0; 

8=1;  y= 0;  ■—  ~r=X. 

R  dii 


Substituting  into  the  boundary  conditions  the  general  solution 

Y =C,S(*‘«)4.C,7'(tt)+Cai/  (A5)+C4y  (*5), 

we  obtain  for  the  first  two  conditions  *  0.  The  second  two 

equalities  yield  the  equations 

CjSW-K, r(*)=0; 

-^'[C,t/(*)+C,V'(*) 1=X. 

After  determining  and  C2  from  these  equations,  we  obtain  the 
solution  in  the  form 


r= 


(6.25) 


where 


m^swvw-rwmk). 

Differentiating  (6.25)  with  respect  to  we  obtain  the 

formula  for  the  rotation  angles,  which  for  the  bar  end  (fc**l)  yields 
the  dependence  of  the  section  rotation  angle  on  the  magnitude  of  the 
moment  X 
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-  t 


»(!)=* -X  — 


kEl  S  (*)  V  (h)  —  T  (*)  U  (*)  * 


(6.26) 


Hence,  the  dynamic  stiffness  coefficient  for  the  bar  section 
passing  through  the  hinge  will  be 


/  T(k)VQ)-si(ky  * 


(6.27) 


To  emphasize  the  definite  physical  significance  of  (6.27),  we 
transform  its  coefficient 

**/_* ».  r  -  *  * 


W  _  *g;  I  -  .  3  ,  .  3 

i  /*»  3  t*  aaJ^‘TT* 


where  JQ  is  the  moment  of  inertia  of  the  absolutely  rigid  bar  about 
the  hinge. 

Then  (6.27)  takes  the  form 


A»ir<*)K(*)-5*(*)l  * 


(6.28) 


for  low  frequencies,  when  *_*o  »  818  shown  previously  the  fraction  in 
(6.28)  approaches  one.  Therefore 


*(0)— /**. 

i.e.,  for  low  frequencies  the  moment  dynamic  stiffness  of  the  bar 
equals  the  moment  dynamic  stiffness  of  a  mass  with  moment  of  inertia 
JQ  rotating  freely  about  the  hinge. 

The  roots  of  the  expression  in  the  numerator  of  (6.28)  corre¬ 
spond  to  the  natural  vibration  frequencies  p^  of  the  bar  on  a  free 
hinge,  while  the  roots  of  the  expression  in  the  denominator  correspond 
to  the  frequencies  p^  of  the  clamped  bar,  i.e.,  the  roots  in  the 
denominator  correspond  to  the  system  with  an  additional  constraint 


FTD-HC-23-780-70 


in  the  direction  of  the  force  factor  X.  Therefore,  the  dynamic  stiff¬ 
ness  Formula  (6.28)  can  be  written  in  the  form 


MiMBf-S)- 


The  frequencies  p.  and  p.  are  found  from  the  known  formula 
J  j « 

-f/?- 


(6.29) 


where  k  is  taken  for  the  shaft  with  hinged  and  clamped  support, 
respectively. 

Figure  6.7  shows  the  dynamic  stiffness  coefficients  as  a  function 
of  frequency.  The  dashed  line  shows  the  dynamic  stiffness  of  the 
absolutely  rigid  bar. 

The  hinge  stiffness  is  constant  and  independent  of  the  frequency. 
Therefore,  the  frequency  equation  for  the  system  in  question  will  be 


K+/C.-0. 


(6.30) 


The  horizontal  lines,  corresponding  to  the  static  stiffnesses  of  the 
hinge,  plotted  with  reversed  sign  on  the  bar  dynamic  stiffness  dia¬ 
gram,  yield  points  of  intersection  with  the  dynamic  stiffness  curves. 
These  points  show  the  system  natural  vibration  frequencies.  The  point 
of  intersection  with  the  dashed  line  yields  the  natural  vibration  fre¬ 
quency  of  the  absolutely  rigid  bar  with  elastic  hinge.  Because  of 
the  bar  elasticity,  the  natural  vibration  frequency  is  lower  in  com¬ 
parison  with  the  vibration  frequency  of  the  rigid  bar,  and  higher 
vibration  modes  appear.  If.  the  hinge  stiffness  approaches  zero,  we 
arrive  at  the  natural  vibration  frequencies  of  the  bar  on  a  free 
hinge.  If  the  hinge  stiffness  increases,  the  frequencies  approach 
those  of  the  clamped  cantilever  bar. 
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Figure  6.7.  Diagram  of  dynamic  stiffnesses 
of  beam  with  elastic  hinge. 


This  analysis  is  completely  applicable  to  the  blade  of  variable 
section,  with  the  sole  difference  that  the  natural  vibration  frequen 
cies  will  be  numerically  different  for  the  blade. 

6.2.3.  Analysis  of  Two-Support  Shaft  With  Overhang  (Figure  6.8) 

We  divide  the  system  into  two  parts  by  a  cut  through  the  left 
support  A.  The  dynamic  stiffhess.  coefficie.  •  of  the  left  cantilever 
part  was  obtained  in  the  preceding  example  and  is  defined  by  (6.29). 

The  dynamic  stiffness  coefficient  for  the  right  side  is  defined 
by  (6.23).  But  here,  Kgt  corresponds  to  the  moment  static  stiffness 
of  the  two-support  bar. 

This  coefficient  equals 


~  327 

A*»s*  I  • 


The  natural  vibration  frequencies  pA  and  pA  must  be  taken  for 
the  beam  with  hinged  suppox'ts  (scheme  a)  and  with  the  left  end 
clamped  (scheme  *  in  Figure  6.8).  The  frequency  coefficients  for 
these  cases  are,  respectively,  (see  [1]) 
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ftmtw  » 

scheme  a  I 
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scheme «  l| 

L_  JL  scheme  * 


Figure  6.8.  Beam  with  cantilever 
on  two  supports  and  its 
partition. 


Figure  6.9.  Dynamic  stiffnesses 
of  component  parts:  solid 
curves  are  for  cantilever  part 
of  system;  dashed  curves  are 
for  two-support  part  of  system; 
points  of  intersection  of  the 
curves  are  the  natural  vibration 
frequencies  of  the  system  in 
question. 


M  - 

*l»- 


*?=»«*;  4a*;  9s*  etc.;  . 

*  15,418;  49,96;  104,25  etc. 


Superposing  the  dynamic  stiffness  coefficient  diagram  for  the 
two-support  part  (with  reversed  sign)  on  the  analogous  diagram  for 
the  cantilever  part,  we  obtain  the  natural  vibration  frequencies  of 
the  two-support  beam  with  overhang  (Figure  6.9)  as  the  points  of 
intersection  of  the  dynamic  stiffness  curves.  The  problem  solution 
13  very  easily  visualized  and  makes  it  possible  to  evaluate  the 
influence  of  the  length  and  stiffness  of  the  cantilever  and  primary 
parts  of  the  beam,  and  also  permits  solving  the  problem  in  the  case 
of  stiffness  which  is  variable  along  the  length. 
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6.3.  Multiply -Connected  Systems 

4 

In  vibration  analysis,  the  multiply-connected  systems  are  those 
which  consist  of  several  unlike  simpler  systems  which  are  connected 
with  one  another  by  several  characteristic  constraints.  .For  example, 
the  turbopump  assembly  and  its  support  (Figure  6.10)  can  be  analyzed 
as  a  system  consisting  of  three  parts  —  rotor,  case,  and  support. 

The  rotor,  in  turn,  can  be  analyzed  as  a  system  consisting  of  an  inte¬ 
gral  or  composite  shaft,  disks,  and  blades.  The  disk  with  its  blades 
is  also  a  multiply -connected  system,  since  the  connection  between  the 
blades  and  the  disk  is  expressed  with  the  aid  of  several  components 
— transverse  forces,  bending  and  rotational  moments  (Figure  6.11). 

6.3.1.  Formulation  of  General  Equations  of  the  Dynamic  Stiffness 
Method 


In  order  to  formulate  the  computational  equations,  the  complex 
system  is  divided  into  several  simpler  parts  (see  Figure  6.10). 

At  each  section  along  which  the  system  is  divided,  the  corre¬ 
sponding  forces  and  moment  replacing  the  action  of  the  discarded 
constraints  are  applied.  Since  the  system  performs  harmonic 
vibrations,  the  force  factors  at  the  sections  are  harmonic  functions 
of  the  frequency  p. 

The  forces  and  moments  applied  at  the  cuts  are  considered  as 
external  disturbing  factors 

Qt^Xi  cos  pL 


For  each  Isolated  part  we  solve  the  forced  vibration  problem, 
in  which  the  method  presented  In  Section  6.1  is  used  to  find  the 
dynamic  stiffness  coefficients  Kls.  After  this,  systems  of  canonica 
Equations  (6.14)  of  the  following  form  are  written  for  all  the  parts 
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Figure  6.10.  Diagram  for  Figure  6.11.  Schematic  showing 

vibration  analysis  of  multiply-  multiple-connectedness  of  disk 
connected  system.  and  blades. 


Kffi.  (6.31) 

i-i 

where  N  is  the  index  of  the  system  part; 

n  is  the  number  of  constraints  for  the  system  N. 

N  N+l 

For  each  constraint  there  are  Ijwo  expressions  X.^  and  X^  ,  with 
the  condition  being  satisfied 


(6.32) 


Combining  these  expressions  pairwise,  we  obtain  the  system  of 
dynamic  stiffness  equations.  With  application  to  Figure  6.10,  this 
system  will  be 


2  '-1.2,3; 

i-i 


I  A'iiT, + (/Cii + ii* )  K4  -h  (/C| * + AT'" )  K, = 0.  /=*4,5. 

i-i 
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The  equations  are  homogeneous;  therefore,  the  condition  for  the 
existence  of  solutions  is  vanishing  of  the  determinant 


K\i+K" 

K\}  f  K\\ 

*!»+*!! 

tfll 

*8 

K'n+K'A 

A'Ja+KJJ 

A  = 

.  *u 

KU+KiV 

*8 

*a+*ir  *a+*u‘ 

(6.33) 


This  is  the  basic  frequency  equation  of  the  system.  Its  roots 
are  the  natural  vibration  frequencies. 

The  solution  of  the  equation  can  be  carried  out  in  various  ways. 
One  v.c. y  is  the  trial  and  error  method.  Assuming  a  frequency,  the 
equations  associated  with  the  determination  are  used  to  calculate  the 
values  of  the  dynamic  stiffness  coefficients.  Then  the  determinant 
itself  is  calculated.  In  the  computational  process,  the  curve  A(p  ) 
is  plotted,  which  shows  the  zero  points  of  the  determinant.  Although 
the  value  of  the  determinant  is  a  continuous  function,  its  calculation 
is  made  difficult  by  the  large  number  of  points  of  discontinuity  of 
the  dynamic  stiffness  functions,  and  this  calculation  is  very  tedious 
for  a  determinant  of  high  order. 


Another  method  Is  to  expand  the  determinant  into  a  row.  After 
replacing  the  dynamic  stiffness  coefficients  in  the  row  by  their  func¬ 
tions,  a  frequency  equation  which  does  not  contain  points  of  discon¬ 
tinuity  can  be  obtained  for  systems  which  are  not  too  complex.  Thi3 
method  is  in  essence  the  method  for  composing  the  frequency  equation 
of  the  system  with  the  aid  of  the  dynamic  stiffness  coefficients. 

In  principle,  the  dynamic  stiffness  method  is  one  of  the  exact 
methods  for  analysis  of  linear  systems.  It  permits  determining  the 
frequencies  of  all  the  natural  vibration  modes  in  any  sequence. 
Moreover,  this  method  makes  it  possible  to  Introduce  simplifications 
by  replacing  the  exact  expressions  for  the  dynamic  stiffness 


m 


♦ 
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coefficients  of  the  individual  elements  by  approximate  expressions, 
and  also  makes  it  possible  to  include  in  the  calculations  the 
coefficients  found  experimentally. 

6.3.2.  Vibrations  of  Blades  Connected  by  an  External  Shroud  Ring 


The  shroud  ring  connecting  the  turbine  rotor  blade  tips 
(Figure  6.12)  usually  is  very  thin.  Therefore,  we  can  assume  that 
the  shroud  axial  circle  —  the  circle  of  centers  of  gravity  of  its 
sections  —  coincides  with  the  blade  tip  circle.  We  assume  that  the 
connection  of  the  blades  with  the  shroud  is  ideally  rigid;  therefore, 
the  angle  between  the  blade  longitudinal  axis  and  the  shroud  axis  is 
the  same  in  the  undeformed  and  deformed  states. 


Figure  6.12.  Schematic  of  shroud  ring  operation. 


The  primary  vibration  mode  of  the  shrouded  blades  is  that  in 
which  all  the  blades  vibrate  synchronously  and  uniformly  (see  "'igure 
6.12a).  In  this  case,  the  shroud  ring  displaces  with  respect  to  th~ 
circle  by  the  magnitude  Y  of  the  deflection  of  the  blade  tips,  -'nd  the 
angle  e  of  rotation  of  the  shroud  sections  at  the  points  of  connectior 
with  the  blades  equals  the  angle  of  rotation  of  the  blade  t^p 
sections . 

As  a  result  of  shroud  bending,  the  restoring  moment  of  the 
shroud  elastic  forces  acts  on  the  blade  tips. 
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As  a  result  of  the  Identity  of  the  deformations  of  all  the  blades 
and  all  the  shroud  segments,  on  the  curved  shroud  axial  line,  there 
are  inflection  points  at  which  the  bending  moment  equals  zero,  and 
only  a  shearing  force  acts.  We  note  also  that  the  inflection  points 
lie  on  the  initial  shroud  circular  axis. 

We  isolate  one  of  the  blades  and  the  shroud  segments  adjacent  to 
it  by  sections  passing  through  the  inflection  points.  We  replace  the 
action  of  the  adjacent  segments  by  hinged  supports  (see  Figure  6.12b). 
The  vibrations  of  the  isolated  blade  of  the  resulting  scheme  will  be 
identical  to  the  vibrations  of  the  same  blade  in  the  complete  assembly . 


We  3hall  use  the  dynamic  stiffness  method  to  solve  the  problem. 
We  divide  the  system  into  two  parts  (Figure  6.13)  by  sections 
passing  through  the  blade  tip  and  apply  to  both  parts  the  force  and 
moment  replacing  the  internal  interaction  forces. 


For  the  lower  part  (I),  the 
connection  between  the  force  and 
moment  and  the  deformations  — 
deflection  Y  and  rotation  angle  e 
—  is  defined  by  the  equations 


Xl-Ktf+K'J.  j 


(6.3*0 


Figure  6.13.  Determining  the 
dynamic  stiffnesses  and  natural 
vibration  frequencies  of 
shrouded  blades. 


For  the  upper  part  (II),  as 
a  result  of  the  fact  that  the 
force  and  moment  are  applied  at 
the  midpoint  of  the  span,  the 
mixed  stiffness  coefficients  are 
missing 


Ik 
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Therefore,  we  have  for  the  upper  part  of  the  system 


X\  =  —mtfPY\  X"~ct 8, 


(6.35) 


where  m.  and  cu  are,  respectively,  the  mass  and  moment  stiffness  of 

So  9 

the  shroud  segment. 

Combining  the  corresponding  equalities  (6.3*0  and  (6.35)  anu 
equating  the  sum  to  zero,  we  obtain  homogeneous  equations.  The  deter¬ 
minant  composed  of  the  equation  coefficients  must  equal  zero 


K\  i-mtP*  K\t 


(6.36) 


We  expand  the  determinant  and  solve  it  for  c. 


(*!*)5  c 

Kn — 


(6.37) 


The  left  side  of  this  equality  is  the  moment  dynamic  stiffness  coeffi¬ 
cient  of  the  blade  with  the  shroud  mass  in  attached  to  it  (Figure  6.14). 
In  order  to  verify  this  we  must  examine  the  problem  of  forced  vibra¬ 
tions  of  a  bar  having  a  concentrated  mass  at  the  end  under  the  action 
of  the  harmonic  bending  moment  M. 

This  coefficient,  which  we  denote  by  K*,  can  be  found  using  the 
formula 


! _ SfLW, 

EJ  \  f\  )  l 

p\  M 

p\) 

'  (’-iK 

‘-5)0 

..  ’ 
pi*) 

(6.38) 

where  the  coefficient  EJ /l  is  the  static  moment  stiffness  coefficient 
of  the  uniform  bar  (for  the  blade  of  variable  section  this  coefficient 
has  a  different  value);  p1,  p2,  p  ,  and  so  on  are  the  natural  vibration 
frequencies  of  the  free  blade  witii  mass  at  the  end  (scheme  a  in 
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Figure  6.14);  p,  ,  p-  ,  pa  ,  and  so  on  are  the  natural  vibration  fre- 
quencies  of  the  blade  with  additional  constraint  (scheme  *). 

The  static  moment  stiffness  of  the  shroud  segment  is  found  from 
the  formula 

(6.39) 

Plotting  the  dynamic  stiffness  characteristic  using  (6.38)  and 
drawing  the  straight  line  ca  parallel  to  the  abscissa  axis  (Figure 
6.15),  we  obtain  points  of  intersection  which  yield  the  natural 
vibration  frequencies  of  blades  connected  by  a  common  shroud  ring. 

The  system  frequencies  p1(J,  p2c,  and  so  on,  differ  from  one 
another  in  the  number  of  nodes  on  the  blades. 


Figure  6.14,  Determining  the  Figure  6.15.  Determining  the 

dynamic  moment  stiffness  frequencies  of  shrouded  blades, 

coefficient. 


I  6.3.3.  Vibrations  of  Blades  Connected  by  Lashing  Wire 

i 


One  version  of  lashed  blade  vibrations  is  that  for  which  the 
blade  vibration  amplitudes  are  different  and  are  distribute  sinusoi¬ 
dally  along  the  wheel  periphery.  Correspondingly,  an  even  number  of 
radial  nodal  lines  is  formed  on  the  blade  portion  of  the  rotor.  The 
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blade  vibration  amplitudes  equal  zero  on  the  nodal  lines.  Between 
the  nodal  lines  there  are  located  the  crests,  where  the  amplitudes 
have  the  largest  value. 

Let  us  examine  this  case  for  blades  connected  by  a  lashing  wire 
(Figure  6.16).  As  is  known,  the  wire  ring  is  passed  through  holes  in 
the  blades.  The  ring  diameter  and  the  wire  diameter  are  determi>~ 

.  by  the  lashing  design. 

As  a  result  of  the  small  blade  thickness,  we  can  consider  that 
the  wire  lashing  is  hinged  with  the  blade.  The  constraint  arises  by 
virtue  of  the  friction  force  owing  to  the  action  of  the  centrifugal 
force  of  the  lashing  wire. 

During  vibration,  the  effect  of  the  ring  on  the  blades  shows  up 
in  the  form  of  transverse  forces,  and  the  lashing  wire  is'  subjected 
to  longitudinal  loads.  In  this  process  the  ring  points  which  coincide 
with  the  nodal  lines  remain  stationary  all  the  time  (the  case  of 
possible  slippage  of  the  lashing  wire  in  the  hole  is  not  considered). 

We  delete  the  constraints  between  the  blades  and  the  lashing 
wire,  replacing  their  action  by  the  corresponding  forces 

Qi  **  X  i  cos  pt. 

The  amplitude  of  the  transverse  force  acting  on  the  blade  is 
connected  with  the  amplitude  of  the  blade  vibrations  at  this  same 
section  by  the  dynamic  stiffness  coefficient 

(6.4o) 

The  blade  dynamic  stiffness  coefficient  is  found  from  (6.23). 

*  In  this  formula  Kgt  is  taken  for  the  static  force  at  the  point  of 
contact  between  the  blade  and  lashing  ring  (see  Figure  6.16).  The 
frequencies  in  the  numerator  of  (6.23)  are  the  natural  vibration 

*  frequencies  of  the  free  blade  (scheme  a  in  Figure  6.16).  The 

ts 
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scheme  a  scheme  » 


figure  6.16.  Diagram  for  determining  blade  dynamic 
stiffness  coefficients  at  point  of  connection  of 
lashing  wire. 


Figure  6.17.  Determining  frequencies  of  shrouded 
blades  with  band  working  in  axial  compression. 


frequencies  p.  in  the  denominator  are  the  natural  vibration  frequen- 
cies  of  the  blade  with  additional  constraint  as  shown  in  scheme  *  in 
Figure  6.16.  These  frequencies  can  be  found  by  calculation  or  experi¬ 
mentally.  The  dynamic  stiffness  coefficient  is  shown  in  Figure  6.17 
as  a  function  of  frequency.  In  view  of  the  fact  that  the  construction 
of  all  the  blades  is  the  same,  the  plotted  function  and  (6.40) 
are  valid  for  all  the  blades. 

We  consider  the  lashing  ring  weightless,  since  its  mass  is  small 
in  comparison  with  the  mass  of  all  the  blades.  We  represent  the 
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longitudinal  load  on  the  ring  from  the  action  of  all  the  blades  as  a 
distributed  load.  The  load  intensity  is 


where  t  is  the  blade  pitch  along  the  lashing  ring. 


The  ratio  Kfa/t  is  constant  for  a  given  frequency;  therefore,  the 
wire  longitudinal  load  is  proportional  to  its  longitudinal  deformation. 


We  write  the  differential  Equation  (3.79)  for  the  longitudinal 
deformations  of  the  lashing  wire 


x=rf, 


(6.42) 


where  EF  is  the  lashing  wire  compressional  stiffness; 
r  is  the  lashing  wire  radius; 
is  the  coordinate. 

After  substitution  from  (6.41),  (6.42)  is  written  in  more 
general  form 


(6.43) 


where 


vJ=_&£L 
tEF  ' 

The  general  solution  of  (6.43)  is 


(6.44) 


Y  —  C,  cos  Vf-r-Cj  sin  vf.  (6.45) 

The  lashing  wire  deformation  distribution  along  its  circumference 
must  satisfy  the  periodicity  condition 
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K(?)--=K(?-j-2a), 


(6.46) 


Substituting  herein  the  general  solution,  we  obtain  the  condition 


a  1,2,3  .  etc. 


(6.47) 


i.e.,  within  the  limits  of  the  circumference  there  must  be  a  whole 
number  of  lashing  ring  longitudinal  deformation  waves. 

Replacing  v  in  (6.44)  by  n  ,  we  obtain  the  frequency  equation 
for  the  vibrations  of  blades  connected  by  a  lashing  wire 

(6.48) 

The  equation  is  solved  graphically  (see  Figure  6.17)  by  drawing 
on  the  blade  dynamic  stiffness  characteristic  curve,  plotted  using 
(6.23),.  horizontal  lines  corresponding  to  the  right  side  of  (6.48). 

The  points  of  intersection  yield  the  natural  vibration  frequencies 
Pic.Psc.Pie,  and  so  on,  of  the  lashed  blades. 

Each  value  of  n  corresponds  to  its  own  natural  vibration  frequency 
spectrum  of  the  lashed  blades.  The  vibration  modes  within  the  limits 
of  the  spectrum  differ  in  the  number  of  nodes  on  the  blade.  The 
vibration  modes  of  all  the  blades  are  similar. 


The  case  n  »  1  corresponds  to  a  single  lashing  ring  longitudinal 
deformation  wave  and,  therefore,  to  a  single  direction  of  the  blade 
deflections.  For  these  vibration  modes,  the  deformation  of  the  lashing 
ring  gives  the  most  significant  reduction  of  the  natural  frequencies 
in  comparison  with  the  ideally  rigid  band.  The  larger  the  number  of 
blades  and  the  smaller  the  section  of  the  lashing  wire,  the  greater 
the  frequency  reduction. 

For  n  ■  2  and  more,  the  effect  of  band  deformations  is  consider¬ 
ably  less.  The  na  ural  frequencies  are  close  to  those  of  the  blade 
with  ideally  rigid  band. 
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T.iis  is  explained  by  the  fact  that  the  length  of  the  band  segment 
between  the  nodal  points  is  reduced,  and  the  number  of  blades  loading 
the  given  segment  is  reduced.  The  band  longitudinal  deformations 
become  negligible,  and  the  band  operates  as  a  rigid  connection  between 
the  blades. 


With  respect  to  the  number  of  waves  lying  in  the  limits  of  the 
circumference,  the  number  of  natural  vibration  modes  lashed  blades 
depends  on  the  number  of  blades  3n  the  rotor: 


■  .",*en  number  of  blades 


for  an  odd  number  of  blades 


(6.1»9) 


(6.50) 


6.3.4.  Determination  of  Shaft  Critical  Speed  With  Account  for  Disk 
Deformation 


Usually,  in  calculating  the  critical  speed  of  a  shaft,  it  is 
assumed  that  the  disks  seated  on  the  shaft  are  absolutely  rigid.  This 
assumption  may  be  the  cause  of  considerable  discrepancy  between  experi¬ 
mental  and  calculated  values  of  the  critical  speed  in  light-weight 
designs  with  thin  disks  and  heavy  blades  mounted  on  the  disks.  The 
error  depends  on  where  the  disk  is  mounted  on  the  shaft,  with  the 
error  increasing  when  the  disk  is  located  at  sections  which  rotate 
through  a  large  angle  during  bending. 

Analysis  of  the  shaft  with  account  for  disk  deformation  is  made 
by  the  dynamic  stiffness  method. 


Let  us  consider  a  shaft  with  cantilever  disk  (Figure  6.18).  We 
divide  the  system  into  two  parts  by  a  cut  passing  through  the  point 
where  the  disk  is  mounted  on  the  shaft.  Since  during  deformation  of 
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Figure  6.18.  Partitioning  of 
shaft  with  flexible  disk  for 
determining  dynamic  stiffness 
coefficients. 


the  shaft  the  disk  rotates  about 
the  principal  axis,  its  mixed  dy¬ 
namic  stiffness  coefficients  equal 
zero.  This  makes  it  possible  to 
examine  a  singly-connected  system, 
leaving  the  disk  mass  in  the  form 
of  a  point  at  the  end  of  the 
shaft  and  isolating  only  the 
moment  dynamic  stiffness  of  the 
disk. 

fhe  frequency  equation  of 
the  system  will  be 


/c,+/c,-o. 

The  shaft  dynamic  stiffness  is  found  from  the  formula 


(6.51) 


ae/  * 

(-*: 

H-f 

)••• 

(6.52) 


where  p^  and  p^t  are  the  natural  vibration  frequencies  of  schemes 

a  and  *  respectively  (Figure  6.18). 

The  vibration  frequencies  of  these  systems  can  be  determined  by 
any  method,  including  the  dynamic  stiffness  method. 

If  we  neglect  the  shaft  mass  proper,  assuming  that  the  disk  mass 
exceeds  that  of  the  shaft  considerably,  the  dynamic  stiffness  coeffi¬ 
cient  of  interest  to  us  is  found  from  the  formula 


*  33  («»«»-««)  **"»' 


(6.53) 
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where  <*ii»  om.  a»  are  the  influence  coefficients; 

a)  is  the  shaft  angular  velocity. 

The  disk  dynamic  stiffness  is  proportional  to  its  dynamic  moment 
for  forward  precession 

(6.54) 

The  calculation  of  this  moment  is  made  with  account  for  disk 
bending  under  the  action  of  the  centrifugal  forces  of  the  blades  and 
the  disk  itself. 

Figure  6.19. shows  curves  of  the  specific  dynamic  stiffness  of  a 
disk  with  blades  as  a  function  of  the  dimensionless  angular  velocity. 


Figure  6.19.  Specific  dynamic  stiffness 
of  disk  for  forward  synchronous  precession 


f^^OS^K9VeSxsSt^  «i 


IS  ?Mk 


Cn^ 

where  D~  is  the  cylindrical  stiffness  of  the  disk. 

The  parameter  x  equals 


,.yS.  (6.56) 

where  R  Is  the  disk  radius;  N  is  the  blade  centrifugal  force,  referred 
to  unit  length  of  the  disk  circumfeience : 


(6.57' 


The  parameter  vd  indicates  the  disk  weight  in  relation  to  blade 
weight 

(6.58) 

where  z  and  m^  are  the  number  of  blades  and  mass  of  a  single  blade, 
respectively. 

l. 

The  upper  series  of  curves  shows  the  dynamic  stiffnesses  for  the 
nondeforming  'M'.k.  We  see  that  the  difference  between  the  dynamic 
stiffnesses  or  the  rigid  and  flexible  disks  is  very  significant,  par¬ 
ticularly  for  high  angular  velocities  and  heavy  blades. 

We  obtain  the  critical  speed  of  the  shaft  with  account  for  disk 
bending  by  solving. (6.51) .  To  do  this,  the  dynamic  Btlffness  curve 
of  the  disk  with  reversed  sign  is  superposed  on  the  shaft  dynamic 
stiffness  curve  (Figure  6.30).  The  points  of  intersection  of  the 
curves  correspond  to  the  critical  speeds  of  the  shaft  with  flexible 
disk.’  In  the  same  figure  the  dashed  curve  shows  the  dynamic  stiffness 
curve  of  the  nondeforming  disk,  which  indicates  the  critical  speed 
for  rigid  disks. 

The  value  of  the  critical  speed  for  the  flexible  disk  lies  in 
the  range 
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Figure  6.20.  Use  of  dynamic 
stiffnesses  to  determine 
critical  speed  of  shaft 
with  flexible  disk. 


(6.59) 

i.e.,  between  the  shaft  critical  speed 
obtained  without  account  for  the  restor¬ 
ing  moment  of  the  disk  and  the  critical 
speed  of  the  shaft  wich  a  rigid  disk. 
Depending  on  the  degree  of  disk  flexi¬ 
bility,  the  critical  speed  may  be  close 
to  one  limit  cr  the  other.  For  the 
first  critical  speed,  the  correction 
can  reach  20  -  30%. 


If  the  shaft  is  analyzed  with 
account  for  its  distributed  mass,  the  second  and  higher  critical 
speeds  are  less  sensitive  to  disk  flexibility. 

6.3.5.  Generalized  Dynamic  Stiffness  and  Initial  Parameter  Method 

The  generalized  method  is  finding  more  and  more  application 
recently  in  connection  with  the  advances  in  computer  technology. 
Further  development  of  this  method  is  opening  up  vast  promise  for  more 
complete  and  exact  studies  of  the  vibrations  of  complex  elastic 
systems . 


The  .initial  parameter  method  was  examined  in  Section  4.6.1. 

We  shall  dwell  here  on  the  characteristics  of  its  combination  with 
the  dynamic  stiffness  method,  using  the  example  of  the  configuration 
shown  in  Figure  6.10. 

As  we  have  mentioned  previously,  the  system  is  divided  into 
three  parts  —  I,  II,  III  —  by  deleting  the  internal  constraints  and 
replacing  them  by  equal  and  opposite  forces. 

The  system  I  is  calculated  first.  The  purpose  of  the  calculation 
is  to  find  the  dynamic  stiffness  coefficients  at  tne  points  of  the 
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deleted  constraints.  To  this  end  the  system  I  is  rigidly  restrained 
with  respect  to  all  the  constraints  in  question.  Releasing  in  turn 
one  of  the  constraints  and  applying  in  its  place  a  disturbing  harmonic 
force  of  given  frequency,  we  calculate  the  displacement  amplitude  in 
the  direction  of  action  of  the  force  and  the  reaction  of  the  imposed 
constraints.  The  ratios  of  the  amplitudes  of  the  force  acting  and 
the  constraint  reactions  to  the  resulting  displacement  amplitude  are 
the  dynamic  stiffness  coefficients.  The  calculation  is  made  by  the 
initial  parameter  method  using  the  scheme  discussed  previously. 

The  transition  through  the  section  where  the  harmonic  force  acts 
is  accomplished  with  the  aid  of  the  matrix 


1  0  0  0 
0  10  0 
0  0  10* 
-*},  0  0  1 


(6.60) 


This  matrix  is  similar  to  that  used  for  transition  through  an 
elastic  support.  The  proper  dynamic  stiffness  coefficient  K\,  is 
unknown;  it  will  appear  in  general  form  in  all  the  expressions  for 
the  initial  and  final  parameters  of  the  subsequent  segments.  The 
numerical  value  of  the  coefficient  is  found  after  the  formulas 
are  obtained  for  the  parameters  of  the  ened  of  the  next  segment  of 
system  I.  Applying  the  boundary  conditions,  we  form  from  the  formulas 
for  the  parameters  a  system  of  two  homogeneous  equations.  The  system 
determinant,  equated  to  zero,  forms  the  equation  from  which  we  find 
the  numerical  value  of  K},  for  the  frequency  assumed  in  the  beginning 
of  the  calculation. 

Transition  through  sections  with  rigid  additional  constraints 
is  accomplished  like  the  transition  through  a  conventional  rigid  sup¬ 
port.  The  support  reactions  are  the  improper  dynamic  stiffness 
coefficients. 

As  a  result  of  the  calculation  for  a  given  frequency,  we  obtain 
the  values  of  all  the  dynamic  stiffness  coefficients  of  system  I. 
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Then  system  II  is  calculated.  In  this  case,  the  dynamic  stiff¬ 
ness  coefficients  for  the  constraints  discarded  on  the  system  I  side 
are  considered  known,  and  those  on  the  system  II  side  are  unknown. 

In  the  first  case,  the  numerical  values  of  the  dynamic  stiffness 
coefficients  found  in  calculating  system  I  are  used,  with  reversed 
sign.  With  the  aid  of  these  coefficients,  the  forces  oacting  on 
system  II  from  system  I  can  be  written  in  the  form  of  the  sums 


1=1.2, 


»  .  •  ■  I*. 


(6.61) 


where  n  is  the  number  of  constraints  between  systems  I  and  II. 

In  calculating  the  dynamic  coefficients  for  the  constraints 
facing  system  III,  system  II  is  rigidly  restrained  in  the  direction 
of  all  the  constraints  being  calculated.  The  calculation  is  performed 
by  the  initial  parameter  method  by  freeing  in  turn  one  of  the  con¬ 
straints  and  applying  in  its  place  the  harmonic  force 

Q  X,  cot  pt. 

As  a  result  of  the  calculation,  we  find  the  vibration  amplitude  in 
the  direction  of  the  applied  harmonic  force  and  all  the  reactions  of 
the  additional  constraints,  which  yields  the  dynamic  stiffness 
coefficients. 

After  making  the  calculation  for  several  values  of  the  frequency 
p,  we  obtain  the  coefficients  as  a  function  of  frequency. 

In  the  calculation  using  the  initial  parameter  method,  transition 
through  the  sections  where  the  constraints  facing  system  III  act  is 
accomplished  with  the  aid  of  the  matrix  (6.60),  just  as  in  the 
calculation  of  system  I. 
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Transition  through  the  section  where  the  harmonic  forces  from 
system  I  act  is  accomplished  in  accordance  with  (6.61),  using  the 
following  matrix  formula 


Yx 

1  0  0  0.  0  0 

0  0  0  1  0  0 

Mt 

— 

0  0  0  0  1  0. 

Q? 

*!,*!.*!, 0  0  1 

(6.62) 


where  Q“  ,  are  the  transverse  forces  ahead  of  and  behind  the 
section. 

The  dynamic  stiffness  coefficients  appearing  in  the  large 
matrix  are  known  and  have  numerical  values.  In  accordance  with  (6.62), 
the  parameters  Y^,  0^  M1  do  not  change  when  passing  through  the 
section.  The  parameter  Q^e  acquires  temporarily  three  unknown  values 
—  Yl*  Y2*  ^3*  The  first  value  is  excluded  immediately,  since  it  is 
expressed  with  the  aid  of  the  assumed  parameters  of  the  beginning  of 
the  segment.  The  remaining  values  are  excluded  in  the  course  of 
passage  through  the  corresponding  sections. 


The  transition  matrices  for  the  second  section  will  have  the 


form 


r9 

•* 

Af, 

Q? 

0  1  0  0  0  0 
0  0  0  1  0  0 
6  0  0  Q  1  0 
0  1 


(6.63) 


For  the  last  section  of  segment  II,  as  before,  we  obtain  two 
closing  homogeneous  equations,  from  which  we  find  the  dynamic  stiff¬ 
ness  coefficient  *{{  t  and  then  the  reactions  of  the  imposed  rigid 
constraints  — the . improper,  dynamic  stiffnesses  KJJ  . 

For  the  calculation  of  the  last  part  —  system  III  —  we  use  the 
dynamic  stiffness  coefficients  found  in  calculating  system  II,  with 
reversed  sign. 

*Y 
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The  system  III  is  the  support  and  represents  a  series  of 
several  isolated  elastic-  or  rigid  devices.  We  formulate  the  equations 
of  equilibrium  of  the  effective  external  forces  and  elastic  forces 
for  this  support 


ctYt  —  —  K  »  K„  J 

where  c^,  c^  are  the  support  static  stiffness  coefficients. 

The  equations  are  homogeneous  and  their  determinant  must  equal 


zero 


*4  +  *ii 


*il  ct+K" 


~  0. 


(6.65) 


The  frequencies  for  which  the  determinant  vanishes  are  the 
natural  vibration  frequencies  of  the  entire  system. 
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PART  II 


NONLINEAR  VIBRATIONS 


The  real  structures  of  mechanisms  of  various  devices,  particular¬ 
ly  flight  vehicle  engines,  are  nonlinear  systems.  Their  nonlinearity 
lies  in  the  fact  that  one  or  more  of  the  principal  parameters,  such 
as  stiffnesses,  internal  resistance  and  friction,  and  in  certain 
cases  the  masses,  depend  on  the  displacements.  Because  of  these  non- 
linearities  the  system  motion  is  described  by  nonlinear  equations. 

The  nonlinearities  are  a  consequence  of  violation  of  Hooke's 
law,  which  is  associated  with  tie  materials  and  working  stresses 
used,  nonlinearity  of  the  boundary  conditions,  and  in  certain  cases 
singularities  of  the  mechanism  kinematics. 

A  typical  nonlinearity  in  machines  is  created  by  clearances, 
loose  fit  of  articulations  or  excessive  tightening  of  joints,  when 
the  material  in  the  joint  region  is  subjected  to  a  stress  close  to 
the  proportional  limit.  The  sliding  supports  of  shafts  and  rotors 
have  characteristic  nonlinear  properties.  The  self-oscillating 
systems  are  a  special  class  of  nonlinear  systems. 

Nonlinearity  of  the  parameters  imparts  several  special  properties 
to  the  systems,  differing  markedly  from  those  which  are  described  by 
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linear  vibration  theory.  For  example,  the  free  vibration  frequencies 
of  the  nonlinear  systems  depend  on  the  amplitudes.  In  this  connec¬ 
tion,  the  concept  of  resonance  in  the  form  in  which  it  is  discussed 
in  linear  systems  does  not  exist  in  nonlinear  systems. 

In  the  solution  of  the  nonlinear  differential  equations,  we 
do  not  use  the  principle  of  particular  solution  superpositioning. 
Therefore,  in  nonlinear  system  vibration  theory  the  formulation  of 
the  question  of  principal  vibrations  and  their  forms  does  not  appear, 
and  the  principle  of  vibration  summation  Is  not  used.  The  self- 
oscillating  systems  have  the  property  under  certain  conditions  of 
performing  steady-state  harmonic  vibrations  in  the  absence  of  an 
external  harmonic  exciter,  and  so  on. 

One  of  the  basic  problems  for  nonlinear  systems  is  vibration 
stability  and  determination  of  the  conditions  under  which  stable 
vibrations  may  become  unstable.  The  majority  of  the  studies  concern 
equations  with  small  parameters  of  the  nonlinear  terms.  In  these 
studies  it  is  shown  what  phenomena  can  be  expected  because  of  the 
presence  of  small  nonlinearities. 

Nonlinear  vibration  theory  and  the  problems  examined  in  this 
theory  yield  more  profound  and  complete  understanding  of  the  vibra¬ 
tions  of  mechanical  systems  than  is  given  by  linear  theory,  based 
on  the  linearized  equations,  from  which  the  small  but  sometimes 
important  nonlinear  terms  are  excluded. 

However,  we  note  that  nonlinear  system  vibration  theory,  in 
view  of  its  complexity,  has  been  developed  primarily  for  simple 
systems  and  in  application  to  individual  specific  problems.  This 
remark  is  particularly  valid  in  relation  to  systems  with  large 
nonlinearities. 


as?*** 


CHAPTER  7 


VIBRATIONS  OP  NONLINEAR  CONSERVATIVE  SYSTEMS 


7.1.  Phase  Plane  Method 


In  all  conservative  systems  the  sum  of  the  kinetic  and  potential 
energies  remains  constant  in  the  course  of  time 


f-f  n~£=coo*t. 


(7.1) 


where  E  is  the  overall  energy  level  of  the  system. 

Substituting  into  (7.1)  the  expression  for  the  kinetic  energy, 
we  obtain  the  equation  of  motion  of  the  conservative  system  in¬ 
general  form 


T^+n=£*  (7.2) 

The  nature  of  the  motion  defined  by  this  equation  depends 
on  the  form  of  the  potential  energy  function  a.  A  particular  form 
of  the  motion  is  periodic  motion,  i.e.,  vibrations. 
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For  nonlinear  systems  the  potential  energy  is  expressed  by  a 
polynomial  of  order  higher  than  second  or  by  some  other-  complex 
function;  therefore,  integration  of  (7.2)  is  not  possible  in 
practice.  Nevertheless,  it  does  permit  study  of  many  systems  and 
determination  of  the  nature  and  properties  of  their  vibrations. 

One  of  the  general  analysis  methods  is  the  phase  plane  method. 
In  accordance  with  this  method  the  motion  of  an  oscillating  point 
is  represented  in  the  "velocity-displacement"  coordinates  or  in 
quantities  proportional  to  them.  The  coordinate  plane  is  called 
the  phase  plane. 


For  a  linear  system 


The  vibration  equation  takes  the  form 


(7.3) 


- 2£;' 


(7  .*0 


denoting 


— ;  **=*■£.• 

■  *  *  m 


(7.5) 


we  obtain 


A\ 


(7.6) 


Harmonic  vibrations  are  represented  In  the  q,  y  phase  plane  in 
the  form  of  a  family  of  circles  of  radius  A  (Figure  7.1).  The 
radius  of  the  describing  point  circle  is  the  larger,  the  larger  the 
magnitude  of  the-  energy  E  imparted  to  the  system  at  the  initial 
moment . 

If  we  take  as  the  reference  time  the  moment  when  the  system 
passes  through  the  equilibrium  position,  then 
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Figure  7,1.  Represen¬ 
tation  of  harmonic 
vibrations  in  phase 
plane. 


If  we  take  as  the  reference  tiihe  the 
position  of  maximal  deflection,  then 

7o=0;  £=yc<?o- 

The  position  of  the  describing  point  on  the 
phase  tro'c-’l  rv  defines  at  each  moment  of 
time  the  sysn.  r  isplacement  and  velocity. 


The  motion  of  the  point  along  the  phase 
trajectory  always  takes  place  in  the  clockwise  direction.  This  is 
easily  seen  directly  from  the  phase  diagram:  the  upper  part  of  the 
trajectory  corresponds  to  positive  velocities.  This  means  that  dis¬ 
placement  can  take  place  on  the  diagram  only  from  left  to  right. 
Conversely,  the  lower  part  of  the  diagram  corresponds  to  negative 
velocities.  This  means  that  the  displacement  here  takes  place  from 
right  to  left.  This  all  leads  to  motion  of  the  describing  point,  as 
noted  above,  in  the  clockwise  direction. 

For  harmonic  vibrations  tne  motion  of  the  describing  point 
along  the  phase  trajectory  takes  place  at  constant  velocity.  To 
verify  this,  we  calculate  the  angle  6  between  the  radius  vector  of  the 
describing  point  and  the  y  axis 


coi 8  = 

^  A  MA 


differentiating  sin  8,  we  obtain 


A  cot  I 


!*r 


l.e.,  the  angular  velocity  of  the  radius  vector  is  constant  and 
equal  to  the  circular  frequency  of  the  harmonic  vibrations. 
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In  the  general'  case  the  describing  point  velocity  along  the 
phase  trajectory  is  variable. 

7.1.1.  General  Method  for  Determining  Motion  of  Nonlinear  Conser¬ 
vative  System 

Equation  (7.2) 

yields  an  extremely  simple,  and  at  the  same  time  comprehensive, 
condition  for  the  motion  of  a  nonlinear  conservative  system.  It  is 
not  limited  by  the  magnitudes  of  the  velocities  and  displacements, 
nor  by  the  condition  that  the  motion  be  periodic. 

The  total  energy  E  in  a  conservative  system  remains  constant 
in  the  course  of  the  entire  time.  If  the  potential  energy  is  known 
as  a  function  of  the  displacement,  then  the  distribution  of  the 
energy  E  between  potential  and  kinetic  for  any  position  can  be  found 
from  the  graph  (Figure  7.2).  The  points  of  Intersection  of  the  curve 
n(q)  with  the  straight  line  characterizing  the  level  E  correspond 
to  the  Instantaneous  states  of  rest.  The  motion  velocity  is  found 
easily  from  the  difference  between  the  total  energy  and  the  potential 
energy 

g  =  ±yr j-VE-Tl(gj.  (7.7) 

Formula  (7.7)  connects  the  velocity  and  displacement  and  is  the  most 
general  form  of  the  equation  of  the  system  phase  trajectory.  The 
choice  of  the  level  from  which  the  potential  and  total  energy  are 
reckoned  is  not  Important,  since  the  velocity  is  determined  by  their 
difference . 

Equation  (7. .7)  shows  .that  tne  phase  trajectories  are  symmetric 
about  the  q  axis.  The  derivative  yields  the  phase  trajectory  slope 

di _ i  <m 

dq  /2*(£-n<f)r  <tq‘  (7.8) 
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Figure  1.2.  Energy 
distribution  in  con¬ 
servative  system 


At  the  point  of  intersection  of  the 
phase  trajectory  with  the  q  axis,  the  denomi¬ 
nator  of  the  fraction  equals  zero.  This 
means  that  the  phase  trajectory  crosses  the 
axis  at  a  right  angle.  These  properties  are 
general  and  facilitate  the  construction  and 
analysis  of  the  phase  trajectories. 


Let  us  examine  the  motion  of  some  conservative  system  whose 
potential  energy  function  is  given  by  the  curve  shown  in  Figure  7.3. 
If  the  system  1 •  disturbed  from  the  rest  state,  imparting  to  it  the 
energy  E^,  the  nature  of  its  possible  motions  can  be  defined  with  the 
old  of  the  phase  trajectories  shown  in  this  same,  figure.  System 
motion  is  possible  w_ithin  the  limits  of  the  segments  ab  and  cd  and 
also  for  q  <  qg .  On  th  segments  ab  or  cd  the  phase  trajectories 
are  closed;  consequently,  here  the  motion  has  the  form  of  periodic 
stable  vibrations.  As  for  the  left  side  of  the  diagram,  here  within 
the  limits  of  ^he  segment  shown  the  motion  is  irreversible,  of  the 
so-called  "runaway  type." 

If  the  system  energy  level  is  reduced,  the  phase  trajectories 
on  segments  ao  and  cd  will  contract  to  a  point.  This  Indicates  that 
for  a  low  energy  level  periodic  motions  become  impossible  on  tne 
segments  cd  and  ab.  It  Is  true  that,  in  accordance  with  the  potential 
function  being  considered,  motion  on  segment  cd  can  be  obtained  for 
a  lower  energy  le^el  than  on  segment  ab.  For  a  system  energy  level 
below  Eq,  periodic  motions  in  the  system  become  Impossible. 

If  the  system  energy  level  is  increased,  the  ranges  of  possible 
periodic  motions  will  increase.  When  the  energy  imparted  reaches  the 
value  E2,  corresponding  to  the  first  maximum  of  the  curve  n(q),  the 
points  b  and  c  merg«  at  the  point  f.  The  system  is  unstable  in  the 
po~!tion  qf.  From  this  position  it  can  travel  to  the  right  —  into 
the  region  of  periodic  motion  cd  —  but  it  can  also  travel  to  the 
left  —  into  the  region  ab. 
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Figure  7*3.  Phase  trajectories  of 
periodic  motions  of  a  system  with 
uifferent  energy  levels . 

Further  increase  of  the  system  energy  leads  to  merging  of  zones  ' 
ab  and  cd.  The  phase  trajectory  becomes  a  curve  surrounding  both 
zones.  The  motion  on  this  segment  retains  the  stable  periodic  motion 
form,  but  the  velocity  varies  in  a  complex  fashion  within  the  limits 
of  a  period.  The  system  oscillates,  jumping  from  zone  ab  into  zone 
cd  and  back. 

For  the  energy  level  E^,  corresponding  to  the  second  maximum 
of  the  potential  function,  an  unstable  position  qg  again  appears  in 
the  system.  From  the  position  qg  the  system  can  perform  periodic 
motion,  but  it  can  also  move  out  into  uhe  region  of  the  runaway 
trajectory. 

If  exce  -3ive  energy  (more  than  E^)  is  imparted  to  the  system, 
it  becomes  unstable,  since  the  system  departs  along  a  runaway 
trajectory  from  any  position. 

This  xatnple  indicates  the  well  known  relationship,  which  is 
that  an  elastic  system  is  stable  in  the  minimum  region  of  the 
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potential  energy  function,  while  in  the  maximum  region  it  is  unstable. 

Por  those  regions  where  the  phase  trajectory  Is  closed,  the 
vibration  period  can  be  found  from  (7.7).  To  t.jis  end,  after 
separating  variables  we  write  this  equation  in  the  form 


dt^  l/«  Jl 

V  tyT-i 


(7-9) 


Integrating  in  the  limits  from  one  extreme  position  to  the  other, 
for  example,  from  a  to  b  (see  Figure  7-3)>  and  doubling  the  result, 
we  obtain  the  vibration  period 


r  “2j/  2  ^  y  a-:i(*>{ 


(7.10) 


the  vibration  period  has  its  own  value  for  each  closed  phase 
trajectory.  In  other  words,  the  system  vibration  period  depends  on 
the  initial  conditions,  which  define  the  energy  level  E. 

In  many  practical  cases  direct  integration  of  (7.2)  to  obtain 
the  system  motion  law  of  (7.10)  to  determine  the  vibration  period 
is  difficult,  even  if  graphical  integration  methodB  are  used.  This 
is  associated  with  the  fact  that  the  denominator  of  (7.10)  vanishes 
at  the  integration  limits.  These' problems  are  solved  by  approximate 
methods . 

7.1.2.  Free  Vibrations  of  System  with  Backlash 


In  practice,  systems  with  backlash  are  encountered  quite  fre¬ 
quently.  The  motion  of  the  oscillating  mass  in  a  system  with  back¬ 
lash  consists  of  two  parts.  The  first  part  is  free  motion  in  the 
limits  permitted  by  the  backlash;  this  motion  takes  place  at  constant 
velocity.  The  second  part  is  the  motion  which  arises  as  a  result 
of  deformations  of  the  elastic  elements  of  the  system.  In  this  case 
there  is  conversion  of  kinetic  energy  into  deformation  potential 
energy . 


FTD-HC-23-780- ’0 


378 


Restricting  ourselves  to  a  quadratic  relationship,  we  write  the 
potential  energy  equation  in  the  form 

n=~-c(?=F?o)*.  (7.11) 

where  c  is  the  system  stiffness  coefficient; 

qQ  is  the  free  displacement,  corresponding  to  half  the  backlash. 

*  The  minus  sign  is  taken  for  q  >  q^;  the  plus  sign,  for  q  <  qQ. 

Substituting  (7.11)  into  (7.2),  we  obtain 

mq*+c(<:+q<y=2E',  (7.12) 

denoting 

i-=v;  (7.13) 

P  * 

/*'  - 

where  p=»yr-i.,  we  obtain  for  q  >  qQ 

(7 .1*0 

This  is  the  equation  of  a  circle  with  center  at  the  point  0* 
at  the  distance  qQ  from  the  coordinate  origin  (Figure  7.*0.  It  is 
valid  only  for  half  the  circle,  when  q  >  qQ.  For  q  <  qQ  the  mass 
moves  freely  and  the  phase  trajectory  is  parallel  to  .  •»  q  axis. 

The  left  side  of  the  diagram,  for  negative  displacements,  is  symmetric 
to  the  right  side. 

The  phase  diagram  shows  that  the  phase  trajectories  of  the 
system  with  backlash  are  a  family  of  closed  curves  with  common  pole 
at  the  center.  This  means  that  free  vibrations  of  the  system  are 
always  stable  and  can  continue  infinitely  long.  The  vibration  range 
dept  'ds  on  the  magnitude  of  the  initial  energy. 

The  motion  law  is  not  harmonic,  but  consists  of  segments  of 
harmonic  motion  and  segments  of  constant  velocity  (Figure  7.5).  The 
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Figure  7.5.  Law  of  motion  of 
system  with  backlash. 


Figure  7.4.  Characteristic 
of  elastic  force  of  system 
with  backlash  and  phase 
trajectory  of  its  oscilla¬ 
tions 


complete  period  of  the  system 
vibrations  is 

'“-+*•  (7-15) 


The  first  term  of  this  formula  is  the  period  of  the  purely  harmonic 
vibration  of  the  system  without  backlash.  The  second  term  is  the 
time  required  for  taking  up  the  backlash  in  one  direction  or  the 
other  at  the  maximal  velocity  Qq.  The  latter  is  found  from  (7.12), 
where  we  set 


9~9o=0. 


Then 


substituting  this  expression  into  (7.15),  we  obtain 


(7.16) 


The  vibration  period  of  a  system  with  backlash  is  longer  than  that 
of  the  system  without  backlash.  This  difference  may  be  quite  large. 
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For  example .  If  the  hacklaah  Is  commensurate  with  the  amplitude  of 
the  harmonic  part  of  the  vibrations 


2<to* 


the  vibration  period  Increases  by  more  than  30*.  The  vibration  ^ 
frequency  decreases  correspondingly.  Depending  on  the  magnltu 
the  backlash,  a  particular  system  may  have  different  free  vibration 

frequencies . 

7.1.3*  Vibrations  of  System  with  Preload 

The  characteristic  of  the  elastic  force  oi  a  system  with  preload 

is  shown  in  Figure  7-6.  The  characteristic  may  be  asymmetric 
is  shown  m  ng  relative  to  zero.  Such  systems  are 

rj.c?»  x  frequently  encountered  in  machinery 

1  /  In  the  form  of  special  devices. 


"sT7&Jv 


Figure  ,.6.  Characteristic 
of  elastic  force  of  system 
with  preload  and  phase 
trajectory  of  system 
oscillations. 


Examples  are  flexible  coupling, 
elastic  supports,  and  under-torqued 
connections . 

The  system  potential  energy  is 
defined  by  the  function 

where  PQ  is  the  preload  force; 

c  is  the  stiffness  of  the 
elastic  elements. 


phase  trajectory  equation  of  a  half-period  will  be 


m’q1  \-2Pi/q-\-cq'i~2E. 


(7.17) 


Denoting 


P 
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where 


(7.18) 


we  reduce  (7.17)  to  the  equation  of  a  circle 


03  +  **=*  f*. 


The  center  O’  of  the  circle  has  the  coordinate  xQt  *  -q„  (see 
Figure  7.6). 


The  curve  for  the  second  half-period  is  symmetric  to  that  for 
the  first  half.  The  two  circles  intersect  on  the  diagram  axis. 


All  the  phase  trajectories  are  formed  by  concencric  arcs 
drawn  from  the  centers  O’  and  are  closed  curves.  This  indicates 
that  the  system  vibrations  are  stable.  The  vibration  period  is 
defined  by  the  formula 


t =-“  —2  arc  sinS^ . 


(7.19) 


The  vibration  period  of  the  system  in  question  is  shorter 
than  that  of  the  linear  system  with  the  same  stiffness.  This  means 
that  the  introduction  of  preload  increases  the  natural  vibration 
frequency.  The  increase  may  be  quite  large;  it  is  determined  by 
the  ratio  q»/r.  Using  the  notation  (7.18),  this  ratio  equals 


(7.20) 

<•?:  ▼  .  Pa, 

The  fraction  in  the  denominator  of  (7.20)  is  the  ratio  of  the  energy 
imparted  to  the  system  at  the  initial  moment  and  the  elastic  element 
pre-compression  energy.  For  example,  if  this  ratio  equals  one,  in 
accordance  with  (7.19)  the  vibration  period  is  reduced  by  a  factor 
of  two,  i.e.,  the  vibration  frequency  will  be  twice  that  of  the 
linear  system.  The  higher  the  system  energy,  i.e.,  the  larger  the 
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vibration  range  in  comparison  with  the  preload, the  closer  the 
frequency  of  the  nonlinear  system  is  to  that  of  the  linear  system. 


7.2.  Small  Parameter  Method 

The  phase  trajectories  show  that  nonlinear  conservative 
systems  may  perform  periodic  vibrations  in  the  minimum  region  of  the 
potential  energy  function. 


According  to  Lyapunov's  general  theory,  the  solution  of  the 
nonlinear  system  vibration  equation  may  be  constructed  in  the  form 
of  the  sum  of  functions  arranged  in  a  series  in  powers  of  an 
Initial  parameter 

0  (?)=*$>(?)  + 


•  t 


2*  , 


(7.21) 


where  A  is  the  initial  parameter,  associated  with  the  sysoem  energy 
level.  The  amplitude  qQ  (vibration  range)  or  the  maximal  velocity 
qQ  can  be  taken  as  this  parameter.  The  parameter  A  must  oe  suffi¬ 
ciently  small  in  the  region  of  the  potential  energy  minimum.  The 
nonlinear  vibration  period  T  is  the  unknown  quantity.  In  constructing 
the  solution,  it  is  also  represent*:'',  in  the  form  of  an  expansion 


2t 


7"— (1 4  Af>i  'r  -j-  .  .  .). 


(7.22) 


The  coefficients  h  ,  h2  and  so  on  are  found  in  the  process  of  con¬ 
structing  the  solution  from  the  motion  periodicity  conditions.  The 
functions  <|»^,  $2,  i^»  appearing  in  the  general  construction,  must 
satisfy  the  initial  conditions.  The  latter  may  be  taken  in  two 
forms : 

a)  for  t  =  0;  $  =  0  we  have  q  *  qn,  qn  »  0; 


then 


io =A*t(0) -M*h(0)+*»h(9fc 

?o=M(0)+^(0)+^(0)=:0;' 
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hence 


*=*«;  ^i(0)=l;  fc(0)=0;  fc(0)=0;l 

fc<0)=0;  <fc(0)=0;  ^(0)=0;  / 

b)  for  t  *  0;  ^  *  0  we  have  qQ  *  0;  q(0)  *  qQj 


(7.23) 


hence 


^(0)+^(0)4^(0)=0; 

?o=^(0)+^(0)+A*^(0); 


*«(0)=1;  fc(0)=0;  k(0)=0:l 
ti(0)=0;  fc(0)=0;  *»(0)~0.  ) 

7.2.1.  Free  Vibrations  of  Asymmetric  Nonlinear  Systems 


(7.24) 


In  engineering  problems  we  may  encounter  cases  in  which  the 
characteristic  of  the  elastic  system  is  asymmetric  relative  to  the 
center.  This  may  occur  in  the  case  of  asymmetry  of  the  structure. 

In  the  case  of  differential  preload  of  elastic  elements  which  then 
operate  differently  in  the  direction  of  positive  and  negative  dis¬ 
placements,  In  the  case  of  action  of  weight  force  or  acceleration 
force  which  shifts  the  zero  point  from  the  axis  of  symmetry. 

For  asymmetric  systems  the  potential  energy  function  is 
expressed  in  the  form  of  a  power-law  polynomial 

The  system  asymraetrv  Is  associated  with  the  second  term  of  the 
potential  energy  function.  The  larger  the  coefficient  a,  the  more 
marked  the  asymmetry  of  the  system.  In  the  general  case  all  the 
odd-power  terms  of  the  polynomial  reflect  the  system  asymmetry 
properties. 

Substituting  the  function  H  into  the  Lagrange  equation,  we 
obtain  the  nonlinear  asymmetric  system  differential  equation  of  motion 
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m£ + ^ + «0* + ty*; —  0. 


(7.25) 


The  phase  plane  method  shews  that  the  periodic  solutions  for 
the  nonlinear  systems  should  be  sought  in  the  region  of  the  potential 
energy  minimum.  Therefore,  before  seeking  the  solution  of  the 
differential  equation  we  should  analyze  the  function  n  for  minimum 
and  maximum. 


The  coordinates  of  the  extremum  of  the  function  n  are  found 
from  the  derivative.  A  minimum  of  the  function  n  is  located  at 


0.  The  other  two  coordinates  are  found  from  the  equation 

c+aq+bq*-0,  , 


(7.26) 


hence 


— a±  y  a.i — 4ie 


(7.27) 


Let  us  examine  this  solution  when  the  coefficients  a,  b,  c 
are  positive.  If  the  asymmetry  coefficient  a  is  small,  other  extrema 
do  not  exist.  The  form  of  the  function  n(q)  and  the  elastic  charac¬ 
teristic  of  the  system  are  shown  in  Figure  7.7a. 


If  of  >  4bc  the  curve  n(q)  has  another  minimum  (see  Figure 
7.7b)  at 


...  a+  f  a*—4ie 

2* 


(7.28) 


and  a  single  maximum  at 


a—  f  gi — ike 


(7.29) 


In  this  case  the  construction  of  the  periodic  solution  of  the 
differential  Equation  (7.25)  in  the  region  of  the  first  minimum  may 
be  carried  out,  provided  the  maximal  shift  Jn  the  negative  direction 
does  not  exceed  the  coordinate  defined  by  (7.29). 
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Figure  7.7.  Characteristic  of 
asymmetric  systems. 


We  3hall  find  the  periodic 
solution  of  (7.25)  in  the  form 
of  an  expansion  in  powers  of  the 
small  deflection  qQ.  But  we  first 
divide  all  the  terms  of  the  equa¬ 
tion  by  m 


fl+**f+ Y4*+to'=0» 


(7-30) 


where 


and  we  refer  the  equation  to  the  characteristic  time.  Reduction  of 
the  equation  to  cnaracteristic  time  is  accomplished  by  the  substitu¬ 
tion 


where  p  is  the  average  circular  frequency  of  free  vibrations  of  the 
nonlinear  system.  This  is  the  average  angular  velocity  of  the 
radius  vector  of  the  describing  point  on  the  phase  trajectory 

P  ~T' 

where  T  is  the  vibration  period. 

As  a  result  of  nonharmonicity  of  the  vibrations,  the  true 
angular  velocity  of  the  radius  vector  differs  from  the  average  value, 

The  time  derivatives  are  replaced 

q=tLi2-=pdJL, 

*  rfj  <tt 


similarly 
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Rauat ion  (7.30)  takes  the  form 

g+TSf+^+^-O-  (7-3D 

In  accordance  with  Lyapunov's  theory  and  Krylov's  method, 
limiting  the  solution  of  the  equation  to  three  terms,  we  construct 
the  solution  in  the  form  of  a  sum  in  powers  of  the  small  parameter 

qn 

</  <?)=*>*.  (?)•  (7.32) 

In  thu  following  we  take  the  conditions  (7.23)  as  the  initial 
conditions  for  the  sought  solutions. 

At  the  same  time,  as  suggested  by  Drylov,  we  represent  the 
circular  frequency  in  the  form  of  the  expansion 

qahx  -f  q'jfti',  (7.33) 


hence 


q° 


The  coefficients  h^,  h2  are  to  be  determined.  We  note  that 
they  are  dimensional. 


We  substitute  (7.32)  and  (7.33)  into  the  differential  Equation 
(7.31)  and,  collecting  terms  with  the  same  powers  of  qQ,  we  obtain 
the  equations 


(7. 3^) 


In  accordance  with  the  initial  conditions  (7.23),  we  obtain 
!i  om  the  first  equation 


(7.35) 


FTD-HC-23 -780-70 


3«7 


After  substituting  this  value  ox*  into  the  second  equation, 
it  takes  the  X’orm 

'V 

£ + h 4 cos  f  -  -i co**  *• 

The  solution  of  this  equation  is  composed  of  the  general  solution 
of  the  homogeneous  equation  and  the  particular  solutions 

= C,  cos  ? + C3  sfn  ? + sin  ? -f  -}- 5j  co*  2?, 


where 


*— i  i  * 


6 


(7.36) 


To  avoid  the  nonperiodic  solution,  which  does  not  correspond 
to  periodic  motion  of  the  system  in  question,  we  make  use  of  the 
free  coefficient  h15  setting  it  and  therefore  31  equal  to  zero.  Then 
the  solution  of  the  equation  will  be 

& — c,  cos  9  -j-C,sln  <p  4-  B0 4-  Ba  cos  2* . 


In  accordance  with  the  initial  conditions  *2(0)  *  °»  *2^  *  °» 
we  obtain  C2  *  0  and  also  «  ~(B0  +  Bg). 

The  final  form  of  the  second  solution  will  be 


k— £«“  (£*-r£j)cos?-fi?jCos2y.  (7.37) 

Substituting  ^  and  into  the  third  equation  (7.3*0,  we 
obtain  this  equation  in  the  form 

4i+^s=^cosT-“'Cos»9-2^-^cos». 

We  replace 
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r 


WIWI. 


'PP*9[?*£sg?g^^ 


cos*  f = ~~  (3  cot  <?  -f-  cos  3?); 

cos*  ?  *  ( 1  -f  cos  2* ); 

z 

cos  ?  cos  2? = -j-  (cos  9  -f  cos  3?); 


after  this  we  obtain 


*+W*~T  ^-s^-(a<+Ta,)]co,,+ 

+^iB0+B2){\  -fcos2?)- (^--£ A,) '083?. 


(7.38) 


The  particular  solution  of  this  equation  contains  a  term  with 
the  factor 


^=Do-f-0,<psln  <?+0,  cos  2? -fD,cos  3». 


(7.39) 


Substitution  of  the  solution  (7*39)  into  the  differential 
Equation  (7.38)  permits  finding  the  coefficients 


Da~—l-D* 


(7.40) 


“■-t£-t£-2£(5*+t8,)]! 

To  exclude  the  secular  term  from  the  solution  ( 7 . 39 ),  we  equate 
to  zero,  which  yields 

A*“M-2v(*o+y**);  (7.41) 

The  complete  solution  of  the  equation  will  be 

ifc=C,cos<?-f  C«sln«p-f0p  ^1  —  -^-cos  2<?j  -j-D,cos3?. 

In  accordance  with  the  initial  conditions 

fc(0)=0;  $>(0)=0; 

therefore 
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and  finally 


A>  (l-—  cos2f  )  ~  A>+0»)  C08<?  +0,cos3?.  (7.42) 


Restricting  ourselves  to  the  terms  found  for  the  expansion, 
we  write  the  general  solution  of  (7.31) 

V  (?) = 7o  cos  ? + [fl8  -  (fl0 + £a)  cos  ? + fi2  co*  2?] + 


+9S[£,»(.1  -  ycos2?)~  (-f*D«+D»)  cos?+D,co*3?  J; 


(7 .43) 


To  convert  to  the  time  t  in  the  solution, we  must  make  the  substitution 
♦  *  pt. 


In  accordance  with  (7*33)»  the  average  circular  frequency  is 

(7.44) 

2 

p  appears  in  the  denominator  of  the  formulas  for  the  coeffi¬ 
cients  Bq  and  B2.  Therefore,  the  calculation  of  p2  using  (7.44) 
is  made  by  successive  approximation.  We  substitute  k2  in  place  of 
p2  in  the  right  side  of  the  formula  and  then  make  a  refinement. 

7.2.2.  Free  Vibrations  of  Symmetric  System 

If  there  is  no  system  asymmetry,  then  a  »  0  and  the  governing 
differential  equation  takes  the  form 

in  this  equation  the  nonlinearity  is  represented  by  a  single  term 
with  the  small  parameter  b. 

The  solution  of  this  equation  is  obtained  from  (7.43)  if 
therein  we  set  y  »  0.  Then  BQ  *  B2  *  0.  Therefore,  D^D^O;  Dy-=pfi2p- 
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and  the  solutions  will  be 

?(?>=? oCOs?+flS^-(cos3?-co!i9);  (7. 45) 

> 

;  i 

p*=p +\K-  (7J,6) 

The  vibrations  differ  from  harmonic  vibrations  by  a  small 
quantity  which  is  proportional  to  the  cube  of  the  small  deflection 
qQ.  This  quantity  is  a  third-order  harmonic. 

The  average  circular  frequency  p  is  greater  than  the  harmonic 
oscillator  natural  frequency  k  by  some  magnitude.  The  larger  the 
nonlinearity  coefficient  B,  the  more  the  periodic  vibrations  differ 
from  harmonic  vibrations . 

7.2.3.  Case  of  Negative  Coefficient  B 

The  system  potential  energy  corresponding  to  a  negative  value 
of  B  ?s  expressed  by  the  function 

(7.47) 

The  potential  energy  and  elastic  force  characteristics  of  the 
system  are  shown  in  Figure  7.8.  The  so-called  soft  springs  used  in 
various  devices  have  such  characteristics. 

Taking  the  derivative  of  n  ar.d  equating  it  to  zero,  we  find  the 
displacements  q  for  which  the  potential  energy  has  minimal  and 
maximal  values. 

The  potential  energy  has  a  minimum  for  q  **  0.  In  the  region 
of  this  minimum  the  subject  system  may  have  periodic  motion.  For  a 
displacement  reaching  the  magnitude 

’--"TT 
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Figure  7.8.  Nonlinear 
"soft"  characteristic. 


B  in  these  expressions. 


the  potential  energy  has  a  maximum.  This 
is  the  limit  of  the  stable  periodic  motion. 

If  the  vibration  amplitude  is  signif¬ 
icantly  less  than  these  limits,  (7.45)  and 
(7.46)  can  be  used  to  find  the  displacement 
function  and  the  frequency  function, 
altering  the  signs  of  the  terms  containing 
Then  we  obtain 


q(pt)=q0c<x  •  '  9o  (cos  3/>'  -  cos  />/);  (7-48) 

•  (7.49) 


Formula  (7.49)  shows  that,  for  elastic  systems  having  a  soft 
characteristic,  increase  of  the  free  vibration  amplitudes  is  accom¬ 
plished  by  reduction  of  the  frequency,  i.e.,  increase  of  the  vibration 
period. 


Figure  7.9  shows  the  vibration  period  as  a  function  of  vibration 
amplitude,  expressed  as  a  fraction  of  its  maximal  value.  The 
increase  of  the  vibration  period  because  of  the  presence  of  the  soft 
nonlinearity  of  the  system  for  amplitudes  significantly  less  than 
the  stability  limit  lies  in  the  range  of  10* . 


7.3.  Forced  Vibrations  of  Nonlinear 
System  Subject  to  Harmonic  Force 


The  equations  of  forced  vibrations  of  nonlinear  systems  must 
be  examined  in  their  complete  form,  and  we  must  seek  directly  the 
general  solutions  satisfying  both  the  equations  themselves  and  the 
boundary  and  Initial  conditions.  Here  the  superpositioning  method 
for  finding  the  general  solution  is  not  applicable  because  of  the 
system  nonlinearity.  Specifically,  if  the  disturbing  force,  i.e., 
the  right  side  of  the  equation,  is  represented  in  the  form  of  a 
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Fourier  series  expansion,  then  in  view  of  the  nonlinearity  we  cannot 
write  the  general  solution  in  the  form  of  a  sum  consisting  of 
individual  particular  solutions  obtained  independently  for  each 
separate  harmonic  of  the  exciting  force.  An  integrated  solution  must 
be  sought. 

The  exact  solutions  of  nonlinear  equations  cannot  be  obtained; 
therefore,  the  solutions  are  constructed  in  the  form  of  approxima¬ 
tions.  The  solution  methods  are  based  on  the  general  principles  of 
mechanics.  The  variational  methods  based  on  the  Ostrogradskiy- 
Hamllton  general  principle  of  possible  displacements  are  quite 
effective.  These  include  the  Ritz  and  Bubnov-Galerkin  methods. 

7.3.1.  Bubnov-Galerkin  Method 

We  examine  the  equation  of  motion  in  the  form 

mq+cq+b4*’~H  cos  ut.  (7.50) 


By  the  substitution 


(7.50)  is  put  into  the  form 


*»* 


(7.51) 


The  Galerkin  variational  equation  for  the  subject  problem 
will  have  the  form 


j  ("V* + h  cos  ?)  = 0. 


(7.52) 


The  minimizing  function  is  written  in  the  form  of  a  linear 
sum  of  functions,  termed  basis  functions 


1-1 


(7.53) 
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Each  of  the  functions  must  be 
periodic,  a  multiple  of  the  forced 
vibration  period,  must  satisfy  the  initial 
conditions,  and  must  correspond  as 
exactly  as  possible  to  the  assumed 
solution  form.  Moreover,  we  must  bear 
in  mind  that  we  should  not  try  to  use 
a  large  number  of  basis  functions, 
since  this  leads  to  the  necessity  of 
solva.ng  a  complex  system  of  nonlinear 
algebraic  equations . 

The  parameter  is  found  by 
substituting  the  minimizing  function  into  the  Galerkin  integral  and 
then  solving. 

We  compose  a  minimizing  function  of  two  terms 

9=a,cosf-fcf,coa3r.  (7.51*) 

here  we  have  selected  functions  of  odd  order.  Functions  of  even 
order  are  excluded. 


Hmax 


Figure  ''.9.  Increase  of 
vibration  period  with 
increase  of  vibration 
amplitude  for  a  "soft” 
characteristic. 


Substituting  (7.54)  into  (7.52),  we  obtain  the  Bubnov-Qalerkin 
variational  equations  in  the  form 

at 

Jl  “  ^  (°iCO*  ? + 9a,  cos  3?) + **  (a,  co*  <?  -}- 

+«jCO*3f coa  ? -fa,  cos  3  if—h  cm  ?)(&*,  cos  «-f 
4-8o2co*3?)</t=0. 

By  virtue  of  the  independence  of  the  variations  of  the  parameters 
and  Og,  this  equation  breaks  down  into  two  equations  which  are 
written  in  the  form 

+{*(«iCM»+oJcM3?),j  CMf  d^-0; 

(Equation  continued  on  next  page) 
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.(<  ••  •  1  I  i  L9  '  A  4%  —  aaa  A  a  t 

^  ilC^* “ wv*l“ «|COff wr;«2W»afT 

+P(a,  cos  <?-|-  a,  cos  3?)*}  cos3?</?=0. 


Integration  of  the  equations  and  substitution  of  the  limits 
leads  to  two  algebraic  equations 


a,(*l-«W  -“(a? +ajaj-f  2a,aJ)— A =0; 
o2(**-^+?  -|-(aj+3aja2+3o»)=0. 


(7.55) 


The  solution  of  these  equations  yields  the  parameters  a1  and 

a2>  The  magnitude  of  the  parameters  and  their  relationship  depend 

on  the  amplitude  and  frequency  of  the  forced  vibrations,  on  the 

2 

magnitude  of  the  coefficients  k  and  6. 


If  we  take  as  tt-o  minimizing  function  only  a  single  term 

9=o,  cos  f,  (7.56) 


after  substituting  this  term  into  the  variational  equation  we  obtain 

(7.57) 

Equation  (7.57)  permits  determining  in  the  first  approximation 
the  amplitude  of  the  nonlinear  forced  vibrations.  The  solution 
of  (7.57)  can  be  represented  graphically.  To  do  this  we  write  the 
equation  as 


o«**+-j-P«J=A+**i.  (7.58) 

and  plot  the  functions  expressed  by  the  left  and  right  sides  of 

(7.58)  (Figure  7.10a).  The  left  side  of  (7.58)  yields  a  third-order 

2 

curve,  whose  parameters  are  k  and  6.  This  curve  is  not  the  elastic 
characteristic  of  the  system, but  is  close  to  it  (the  elastic 
characteristic  has  the  equation  k  q  +  Bq°). 

The  right  side  of  (7.58)  is  a  straight  line  which  intersects 
the  ordinate  axis  at  the  point  with  coordinate  h  and  has  the  slope 
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Figure  7.10.  Forced  vibration  amplitude 
versus  nonlinear  system  vibration  frequency. 

2  2 

w  .  The  larger  u  ,  the  steeper  the  straight  line;  in  the  limit  it 
approaches  ir/2. 

The  point  of  intersection  of  the  curve  and  line  described 
above  yields  the  amplitude  of  the  forced  vibrations.  For  a  low 
frequency  u  of  the  forced  vibrations,  there  is  only  a  single  point 
of  intersection,  i.e.,  the  ar  >,*tude  of  the  forced  vibrations  is 
uniquely  defined  (the  other  tv-  oots  of  the  equation  are  imaginary). 
For  some  value  of  the  frequency  u  there  appear  three  points  of  inter¬ 
section  —  one  for  a  positive  value  of  the  amplitude  a1  and  two  for 
a  negative  value.  For  a  given  frequency  w,  the  system  can  vibrate  only 
with  one  of  these  three  amplitude  values.  The  stable  vibrations  are 
those  for  which  the  system  energy  is  minimal,  i.e.,  vibrations  with 
the  smallest  amplitude. 

Figure  7- 10, b  shows  the  forced  vibration  amplitude  as  a  function 
of  the  disturbing  force  frequency.  The  curves  shown  in  the  figure 
can  be  constructed  either  directly  from  (7.57)  or  by  graphical 
construction.  The  arrows  on  the  curves  show  the  nature  of  the 
amplitude  variation  with  increase  of  the  frequency. 

An  abrupt  amplitude  change  takes  place  at  a  quite  definite 
value  of  the  frequency,  which  we  shall  term  the  critical  frequency. 
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At  the  critical  frequency,  both  the  magnitude  and  sign  of  the  ampli¬ 
tude  change  abruptly.  This  means  that  the  vibrations  are  in  phase 
opposition  with  the  disturbing  force.  Thus,  for  excitation  of  the 
system  by  frequencies  below  the  critical  value,  the  vibrations  are 
in-phase  with  the  exciting  force  and  their  amplitude  increases  with 
increase  of  the  frequency.  For  excitation  of  the  system  by  frequen¬ 
cies  above  the  critical  value,  the  vibrations  take  place  in  phase 
opposition  with  the  force  and  as  the  frequency  increases  the  vibration 
amplitudes  decrease,  approaching  zero  in  the  limit. 

This  dependence  of  the  vibration  amplitudes  on  the  excitation 
frequency  is  confirmed  well  by  experiments .  The  only  experimental 
difference  is  the  instability  of  the  moment  of  system  transition 
from  the  subcritical  regime  to  the  supercritical  regime  and  vice 
versa.  As  a  rule  there  is  some  lag  —  with  increasing  vibration 
frequency  the  transition  takes  place  at  the  frequency  w'>  a 
(Figure  7.11),  while  with  decreasing  frequency  the  transition  from 
supercritical  to  subcritical  regimes  takes  place  at  the  frequency 

o'*  <  to  * « 


We  note  that  the  amplitude-frequency  characteristic  plotted 
using  (7.57)  is  not  exact  for  frequencies  close  to  zero.  For  u  =  0 
the  static  force  h  causes  elastic  defromation  and  is  balanced  only 
by  the  elastic  force,  which  corresponds  to  the  equilibrium  equation 

0jA*-f^=A.  (7.59) 

This  equality  differs  from  (7*57)  in  the  coefficient  multiply¬ 
ing  p. 


A  significant  change  in  the  amplitude-frequency  chars  ■'t eristic 
takes  place  with  change  of  the  amplitude  of  the  disturbing  force. 

Figure  7.12  shows  the  characteristics  for  different  magnitudes 
of  the  disturbing  force  amplitudes.  The  curves  for  the  subcritical 
and  supercritical  regimes  are  plotted  without  account  for  the  sign. 
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Figure  7.11.  Experimental  curve  Figure  7.12.  Vibration  charac- 
of  passage  through  critical  teristics  of  nonlinear  system 

regime.  as  a  function  of  perturbing 

force  amplitude. 

Setting  h  *  0,  we  can  u3e  (7.57)  to  construct  the  dependence 
of  the  amplitudes  on  the  vibration  frequency  (dashed  curve) 

tf-f-j-po*,-.* 

This  will  be  the  characteristic  of  the  nonlinear  free  vibrations. 
All  the  curves  located  to  the  left  of  the  dashed  curve  correspond 
to  subcritical  regimes;  the  curves  lying  to  the  right  of  the  dashed 
curve  correspond  to  the  supercritical  vibration  regimes,  where  the 
vibrations  are  in  phase  opposition  with  the  force. 

As  the  disturbing  force  amplitude  increases,  the  curves  shift 
away  from  the  dashed  curve;  at  the  same  time  the  critical  frequency 
Increases.  This  shows  that  in  the  nonlinear  system  there  is  no 
stable  value  of  the  critical  frequency,  upon  reaching  which  the 
system  transitions  into  the  phase-opposition  vibration  regime.  The 
critical  frequency  depends  on  the  amplitude  value  of  the  disturbing 
force . 


According  to  (7.46)  the  frequency  of  the  nonlinear  free 
vibrations  is 


*+7-W-y- 

This  equality  makes  it  possible  to  write  (7.58)  in  the  form 
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(7.60) 


«iP,=sA+«A i,. 

Hence,  we  obtain  the  very  important  conclusion:  the  forced 
vibration  amplitude  of  a  nonlinear  system  for  small  disturbing  force 
amplitude  (h  0)  is  equal  to  the  free  vibration  amplitude  for  the 
frequency  p  «  u. 

For  the  calculation  of  forced  vibrations,  this  conclusion  makes 
it  possible  to  use  (7.^6),  derived  to  calculate  free  vibrations 
of  nonlinear  systems,  and  avoids  the  necessity  for  solving  the 
equations  with  right  sides  in  chese  cases. 
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CHAPTER  8 


VIBRATIONS  ON  ELASTIC  SUPPORTS 
WITH  BACKLASH 


8.1.  Differential  Equations  of  Motion 

The  displacement  of  a  mass  on  a  horizontal  shaft  resting  on 
elastic  supports  with  backlash  (Figure  8.1)  Is  determined  by  the 
magnitude  of  this  backlash  and  by  the  elastic  deformations  of  the 
supports  and  the  shaft  itself. 


Let  us  examine  the  general  case  of  free  vibrations  when  the 
weight  force  acts  on  the  mass.  This  arrangement  can  be  replaced  by 
the  system  shown  in  Figure  8.2.  We  assume  the  stiffness  of  the 
pendulum's  elastic  support  to  be  linear  and  axisymmetrlc.  The 
pendulum  length  l  is  equal  to  half  the  total  backlash.  We  represent 
the  pendulum  as  a  filament  which  does  not  absorb  compressive  forces. 
The  pendulum  can  execute  circular  or  oscillatory  motions. 


The  characteristic  of  the  elastic  system  is  shown  in  Figure 


The  system  potential  energy  is  defined  by  the  formula 
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Figure  8.1.  Horizontal  shaft  on  elastic 
supports  with  backlash. 


n-if«+o+«fWi-co8,)-Jg.  C8.i) 

where  c  is  the  support  stiffness  coefficient; 

x0,  yQ  are  the  suspension  point  displacements  owing  to  support 
elastic  deformation. 


We  have  the  obvious  connection  between  the  coordinates  xQ,  yQ 
of  the  suspension  point  and  the  coordinates  x,  y  of  the  mass  center 


x^xt+ico*?, ) 


(8.2) 


The  potential  energy  is  referred  to  the  position  xQ  *  yQ  *  $  *  0. 


The  system  kinetic  energy  is  • 

7*— J- *»(*+$*).  (8.3) 

Substituting  the  expressions  for  the  potential  and  kinetic 
energies  into  the  Lagrange  equation,  we  obtain  the  differential 
equations  of  motion 


where 


J(«slnf —  y9co»  f — /f— g[t\n  f  «■(), 


(8.4) 
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Multiplying  the  first  equation  by  sin  ♦  ,  the  second  by  cos  4, 
and  subtracting  the  second  from  the  first*  we  obtain 

*•  *1“  f— &co*  f- $ +*»(*,  tin  f- y»cot  f) -f  iffl?  *  0; 

Substracting  from  this  expression  the  third  Equation  (7.4),  we  obtain 
the  condition 


x0slnf— y«cosf«0,  or  (8.5) 

This  condition  shows  that  the  displacement  of  the  suspension 
point  always  coincides  with  the  direction  of  the  pendulum  motion, 
i.e.,  4*0.  This  reduces  the  problem  to  the  requirement  for 
solution  of  the  first  two  Equation  (8.4),  vfhich  we  represent  in  a 
different  form  by  excluding  the  angle  4. 

We  differentiate  the  equalities  (8.2)  twice  and  substitute 
the  resulting  expressions  into  (8.4),  after  which  we  obtain 

\  (8.6) 

*+**-<*  1 

which  is  the  simplest  form  of  tne  differential  equations  of  motion 
of  a  pendulum  on  an  elastic  suspension,  where  the  displacements  of 
the  suspension  and  of  the  mass  m  are  connected  with  the  position  of 
the  pendulum  by  the  condition  (8.5) 

H.X.t,.  (8.7) 

* 

Equations  (8.6)  in  projections  on  the  moving  axes  £  and  n 
(Figure  8.3)  have  the  form 

(8.8) 

ta+0f+#.+f»tot-0;.  (8.9) 
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Figure  8.2.  General  scheme  of 
vibrations  of  shaft  on  elastic 
supports  with  backlash. 


Figure  8.3.  Illustrating  deri¬ 
vation  of  vibration  equations 
in  moving  axes. 


The  first  equation  is  the  condition  for  equilibrium  of  the 
radial  forces,  and  the  second  is  the  condition  for  equilibrium  of 
the  forces  perpendicular  to  the  pendulum  axis,  applied  to  the  mass 
m. 


Before  solving  the  resulting  equations,  we  note  that  the  shaft 
resting  on  elastic  supports  with  backlash  may  execute  pendulous 
oscillations  or  may  execute  continuous  circular  motion. 

There  is  a  discontinuous  form  of  motion  between  the  first  and 
second  forms  of  motion.  This  is  the  result  of  the  existence  of 
backlash  in  the  supports  and  by  the  flexible  filament  of  the  pendulum. 
When  the  filament  tension  reaches  zero  and  changes  its  sign,  the 
connection  is  lost  between  the  moving  mass  and  the  supporting  system, 
the  mass  travels  freely  for  some  tine  with  subsequent  impact  restor¬ 
ation  of  the  connection.  The  conditions  under  which  this  motion 
develops  are  defined  later. 

t 

8.2.  Free  Pendulous  Vibrations  of  Shaft  on 
Rigid  Supports  with  Backlash 

Setting  rQ  ■  0,  we  obtain  two  equations  from  (8.8)  and  (8.9) 
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/f’-flcosr^Oi 


<*  i 

\  1 


(8.10) 


where  l  Is  the  radial  clearance  for  the  ahaft  and  the  length  for 
the  pendulum. 

The  first  Equation  (8.10)  yields  the  boundaries  of  stable 
motion  In  the  presence  of  backlash.  It  defines  the  magnitude  of  the 
pendulum  string  tension  or  the  force  created  by  the  shaft  on  the 
support.  This  equation  can  be  written  in  the  more  general  form 

Pa>mJf*-{-Mfcosf>Ql 

where  P  Is  the  force  acting  on  the  support.  Hence,  we  obtain  the 
condition 


(8.11) 


If  the  shaft  performs  oscillatory  motion  In  the  supports.  In 
the  extreme  position  i  »  0.  Then  the  condition  for  unseparated 
motion  takes  the  form 


eosf><* 


(8.12) 


this  means  tl\at  unseparated  motion  Is  maintained  for  vibration 
amplitudes  In  the  range  +  w/2. 

If  the  vibration  amplitudes  are  greater  than  w/2,  contact 
between  the  shaft  and  the  journal  is  lost  and  the  shaft  will  move 
freely  for  some  time. 


If  the  shaft  performs  oircular  motion,  the  following  condition 
must  be  satisfied  for  the  upper  point  +  »  w 


(8.13) 
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i.e.,  for  unseparated  motion  the  angular  velocity  of  the  precessions! 
motion  of  the  shaft  at  any  moment  of  time  must  be  greater  than  the 
circular  frequency  of  the  pendulous  oscillations. 

Equating  the  pendulum  energy  for  the  upper  and  lower  points 

\mP$mim+2rnql=±mP%^  (8.1/*) 

we  obtain  with  account  for  (8.13) 

(8.15) 

i.e.,  for  the  existence  of  circular  motion  of  the  pendulum  its 
maximal  angular  velocity  must  exceed  by  more  than  a  factor  of  two 
the  circular  frequency  of  the  pendulous  oscillations. 

The  second  Equation  (8.10)  ia  the  conventional  pendulum  equa¬ 
tion.  For  small  vibration  amplitudes,  when  we  can  take  sin  <{>**<(», 
the  equation  becomes  linear 


i  ry-?— 0, 


(8.16) 


having  the  solution 

r^v^co**/,  where  k—  /f- 

For  large  amplitudes  the  second  Equation  (8.10)  for  the  system 
vibrations  is  nonlinear.  To  solve  this  equation,  sin  <j»  is  replaced 
by  its  power  series  expansion 

«In?— «,+«,? +«aT»-f«y+  ... 

The  power  series  coefficients  in  the  region  $  *  0  are  found 

by  sequential  differentiation 

(sin  ?)'=*  cos  <?=<»,  +2oj»-f  3«sf*; 

(sin9)'=,_s!n*=2aj-f6aJf; 

(sin  9)*=  —  co*t=*=6a^ 
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Substituting  herein  +  •  0,  we  obtain 


«,—<>;  a,-l;  a,~0;  a, —  --7-. 

0 


Then,  to  within  the  third  term  of  the  expansion,  we  obtain 


(8.17) 


the  expansion  yields  adequate  accuracy  for  vibration  amplitudes 
up  to  +  »/3. 


The  second  Equation  (8.10)  takes  the  form 


(8.18) 


The  solution  of  this  equation  can  be  obtained  by  the  Krylov 
method.  To  this  end,  without  reducing  the  equation  to  characteristic 
time,  we  write  the  solution  in  expansion  form 


(8.19) 


We  also  represent  the  nonlinear  vibration  frequency  in  the  form 
of  a  sum 


(8.20) 


Substituting  this  expression  into  the  differential  Equation 
(8.18),  we  obtain 

Collecting  terms  with  the  same  power  of  A,  we  obtain  a  system 
of  recurrence  differential  equations 
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* 


A 


+-J"  P*^}. 


(8.21) 


The  solutions  of  all  the  equations  must  satisfy  the  initial 
conditions 


b(0)=0;  tj(0i)=05 
fe(0)=0;  fc(0)=0. 


be 


Accordingly,  the  solution  of  the  first  Equation  (8.21)  will 


h-coipt.  (8.23) 

To  avoid  obtaining  a  secular  term,  in  the  solution  of  the 
second  Equation  (8.21)  we  must  set  h^  *  0  and  the  initial  conditions 
lead  to  the  solution 


t*“0L 


(8.24) 


The  third  Equation  (8.21),  after  substituting  therein  the 
preceding  solutions,  takes  the  form 

^+/^=Mosp/+'^cosV. 

Using  the  substitution 

cos*  pt  =*• -i-  (cos  Zpt + 3  cos  pt). 


we  obtain 

^+/^=(*s+y  P1)  cospt+±p*co*3pn 


As  before,  here  we  must  set 

*s+*|"P*®=0;  hence  AJ— — 


(8.25) 


(8.26) 
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Then 


k-C,co*^+C,itn^-^co«3*. 


In  accordance  with  the  initial  conditions  (8.22) 


C,- 0; 


then 


(8.27) 

The  general  solution  of  (8.18),  to  within  the  first  two  terms 
of  the  expansion,  is  written  in  the  form  of  the  sum 

f*eAco$pt+~(co»#-cotj>0.  (8.28) 

The  frequency  of  the  nonlinear  vibrations  is  found  from  the 
equality  formulated  in  acoordanee  with  (8.20) 

L.  '  *  *  (8.29) 

Hence,  we  see  that  nonlinearity  of  the  system  leads  to  reduction  of 
the  vibration  frequency.  However,  we  note  that  this  frequency 
change  is  very  slight.  For  example,  for  A  ■  */4 

i.e.,  a  frequency  reduction  of  about  Jig  for  very  large  amplitude  of 
the  pendulous  oscillations. 

8.3.  Forced  Pendulous,  Vibrations,  of 
Shaft  on  Elastic  Supports  with  Backlash 

As  before,  in  examining  free  vibrations  we  replace  the  shaft 
resting  on  elastio  supports  with  clearance  by  a  pendulum  with  elastic 
filament . 
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Forced  vibrations  of  a  shaft  in  a  support  arise  under  the 
action  of  an  unbalanced  force.  Therefore,  we  examine  vibrations  of 
the  pendulum  under  the  action  of  a  circular  force,  represented  by 
the  vector  H  rotating  with  the  constant  angular  velocity  «  (Figure 
8.4). 


Figure  8.4.  Forced  oscilla¬ 
tions  of  pendulum  under 
the  action  of  circular 
vector. 


The  basic  equations  are  (8.8) 
and  (8.9),  which  are  complemented 
by  a  right  side 

('■o+0?+2?r0+£sfn?=Asln(ui— ?);  (8.30) 


7g_(r0+/)  cos<p=-A cosH-?).  ( 8 . 3 1 ) 


We  represent  the  length  of  the 
elastic  pendulum  in  motion  in  the 
form  of  the  sum 


r»+tfU+l 


(8.32) 


where  lQ  is  the  pendulum  length  in  the  static  state 


5st  is  the  elongation  under  the  action  of  the  weight  force 

(8.33) 

l  is  the  filament  length  or  support  backlash; 

C  is  a  variable  which  is  a  function  of  4. 

We  substitute  (8.32)  .into  (8. 30)  and  (8.31);  we  then  expand 
the  right  sides  as  the  sine  and  cosine  of  the  difference  of  the 
angles  and  replace  sin  4  and  cos  4  by  their  expansions  in  powers 
of  4 
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cow**! — 

After  this,  the  equations  take  the  form 

-*[(l — g-  ^coi«#J? 

t-  C4+0^+i^+yi^- 
“*[(1"Tf*)  COi,Kt+[i-  t  »*)  •*>-<]* 

Assuming  that  the  ratios  k/u  and  p/«  are  not  Integers,  we  seek 
the  solution  of  (8*34)  and  (8.35)  by  the  Small  parameter  method, 
representing  them  In  the  form  of  sums 

****,+*4*fcj 

Mti-M**. 

We  substitute  Into  (8.3*1)  and  (8*35) 

(4-Mi,  -f 

“■  I1  + 

*  .  .  ,'1co*wj;  . 

+H-(4+vU, +**)(** +^*f -M*W  -f- 

We  collect  terms  with  the  same  powers  of  A,  taking  as  the 
small  parameter  A  »  h, 

(8-36) 

4fc+*V~ (8.37) 
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¥  I  m9 t  —  f>nm  iJ* 

*iTf  n— 


(8.?8} 


(8.38) 


We  formulate  the  solutions,  satisfying  the  periodicity  condi¬ 


tions 


♦/(0) -=*’$<  ^y); 
Uo)»i/(~). 


We  finally  obtain  for  (8.36) 


$,=fijsln< 


(8.40) 


(8.41) 


(8.42) 


where 


1  *-!*■»  '#<**—»>  * 

We  note  that  the  pendulum  natural  vibration  frequency  k  is 
calculated  here  from  the  formula 


where  we  take  as  the  pendulum  length  the  filament  length  with  account 
for  its  stretching  by  the  weight  force.  For  the  elastic  support 
with  backlash,  this  will  be  the  sum  of  the  magnitudes  of  the  backlash 
and  elastic  deformation  of  the  support  under  the  action  of  the 
weight  force. 


For  (8.38) 


t, -61  cos  mt, 


(8.43) 


FTD-HC-2 3-780-70 


where 


i 


FTD-HC-23-780-70 


412 


9 = at  H  sin  <*i -f sin  2W; 

(8.46) 

{ = bxh  COS  mi  •{-  A*  (ftj  -f  bt  cos  2«rf). 

(8.47) 

The  forced  vibrations  of  the  elastic  pendulum  are  performed  in 
the  form  of  motions  along  closed  trajectories.  If  u  is  smaller  than 
k,  the  trajectories  will  be  elongated  in  the  direction  of  the 
oscillation  arc  (Figure  8.5a).  The  larger  h  and  the  closer  w  to  the 
frequency  k  of  the  pendulous  oscillations,  the  larger  the  oscillation 
arc.  We  note  that  (8.46)  and  (8.47)  for  the  pendulum  motion  are 
valid  within  the  limits  of  accuracy  of  the  replacement  of  sin  4  and 
cos  t  by  their  expansions,  which  were  used  in  solving  the  differential 
equations.  In  practice  these  formulas  can  be  used  for  pendulum 
deflection  angles  which  do  not  exceed  0. 8-0.9  radians. 

The  natural  frequency  k  of  the 
pendulum  longitudinal  oscillations  is 
larger  than  k.  For  u  close  to  p,  the 
oscillation  trajectory  is  elongated 
along  the  pendulum  (see  Figure  8.5b). 

For  forced  oscillation  frequencies 
significantly  higher  than  p,  the 
trajectory  contracts  into  a  circle  of 
small  radius,  which  approaches  zero 
with  unbounded  Increase  of  u. 


Figure  8.5.  TraJ  ectories 
of  pendulous  forced  oscil¬ 
lations  for  different 
ratios  w/k  and  u/p. 


The  motion  trajectory  remains  continuous  only  if  the  condition 
of  positive  elongation  of  the  filament  is  satisfied  —  when  the 
amplitude  of  the  pendulum  longitudinal  oscillations  is  less  than  the 
static  elongation  of  the  string  by  the  weight  force.  This  condition 
is  defined  by  the  following  inequalities 

V=-£^<*ct  for  *<Pi  | 


M-  for  ">* 


(8.48) 
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^SM»UWPiU<iW  ’fV,' 


s5h 

wv* 

V. 


: 


t- 

i- 

5 


where 


from  which  we  obtain 


* 

(8.49) 


The  inequality  (8.49)  makes  it  possible  to  find  for  a  given 
frequency  u  the  limiting  value  of  the  disturbance  force  for  which 
separated  motion  occurs,  or  from  the  magnitude  of  the  force  h  to  find 
the  frequency  for  which  separation  occurs. 


If  the  disturbing  force  is  the  centrifugal  force,  then 

.  • 


* 

I 


where  e  is  the  mass  eccentricity  relative  to  the  axis  of  rotation. 


Inequality  (8.49)  takes  the  form 


(8.50) 


from  which  we  obtain  the  angular  velocity  limits  for  unseparated 
pendulous  vibrations  under  the  Influence  of  the  centrifugal  force. 
Inequality  (£.50)  shows  that  for  high-precision  rotor  balancing, 
when  e  is  close  to  zero,  separation  occurs  only  for  angular  velocities 
close  to  p. 


8.4.  Circular  Forced  Vibrations 

Circular  vibrations  of .the  pendulum- shaft  can  occur  in  two 
cases : 

(.1)  if  the  circular  vector  acting  oh  the  pendulum  mass  is 
larger  than  the  weight  force.  Then  circular  motion  occurs  Immediately, 


i 
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as  soon  as  the  force  begins  to  act; 


(2)  if  the  circular  vector  is  smaller  than  the  weight  force. 
Then  circular  motion  is  possible  only  if  the  pendulum  is  brought 
into  the  circular  trajectory  by  some  outside  impulse,  and  the 
circular  frequency  of  the  force  is  no  less  than  some  value  which 
depends  on  the  magnitude  of  the  force. 

In  accordance  with  (8.6),  the  circular  vibration  differential 
equations  can  be  written  in  the  form 

jc-j-e*jr0— — Acosm/:  ) 

I  (8-51) 

In  accordance  with  (8.6),  the  right  sides  of  the  equations  are 
the  projections  on  the  x,y  axes  of  the  excitation  H,  rotating  with 
the  angular  velocity  u.  As  a  result  of  the  effect  of  the  weight 
force,  the  direction  of  the  vector  H  does  not  coincide  with  the 
direction  of  the  pendulum  deflection.  The  connection  between  the 
angles  is  defined  by  the  equality 


"  <p  *■  oj^—o.  (8.52) 

* 

#  * 

The  coordinates  x,  xQ  and  y,  yQ  are  connected  with  one  another  by 

the  formulas 


jr0=x— /co*f;  \ 
ito=--y-/«ln<r.  I 


(8.53) 


Substituting  (8.52)  and  (8.53)  into  (8.51)  and  replacing  the 
angle  *  by  the  difference,  we  obtain  the  differential  equations  in  the 
form 

Je-)-pajc--^/(cosWcosa-filnWsina)--ir=sAcos< 
i + — W  (»ta co«  a — cos  mt  sin  a) =■  *.»ln  mt. 

For  circular  motion  the  angle  a  is  small;  therefore,  we  replace 
cos  a  ■  1,  sin  a  *  a.  The  angle  0  is  a  periodic  function.  In  the 
first  approximation  it  can  be  represented  by  the  relation 
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a** A  sin  ui. 


This  relation  corresponds  to  motion  of  the  mass  center  m  along 
a  circle  whose  center  is  shifted  relative  to  the  coordinate  origin 
by  the  distance  ag.  In  reality  the  trajectory  of  this  point  will 
not  be  a  true  circle.  After  the  indicated  simplifications  and 
certain  transformations,  the  equations  take  the  form 


+i.*M(f-cos2-0; 

y+flf-ik+ptQtin*- 

We  take  the  solutions  of  the  equations  in  the  form 

«t-f  ajCOJ^+ejCOsW;  \ 
y— »,  tin  sin  2*.  j 


(8.54) 


(8.55) 


We  substitute  these  solutions  Into  (8.54)  and  collect  coefficients 
with  the  same  trigonometric  multipliers  into  individual  algebraic 
equalities.  Solving  the  resulting  equalities,  we  find  the  formulas 
for  the  coefficients 


(8.56) 


On  the  basis  of  approximate  geometric  relationships  (see  Figure 
8.6),  the  amplitude  of  the  angular  nonuniformity  can  be  taken  as 
the  ratio 


Then  the  formulas  for-  the  coefficients  aQ  and  a2  take  the  form 


(8.57) 


a +/</•+«*  ’ 
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&=*.  I _ , 

>*-<«*  2 *  +  /(*»+«»> 


(8.58) 


This  solution  is  valid  for  well-known 
particular  cases. 

If  there  is  no  backlash,  1  ■  0.  Then 


0j 


_  SI— x 


We  have  obtained  the  exact  solution 
for  an  elastic  suspension  without  backlash. 
Under  the  action  of  the  force  h,  the  mass 
center  moves  along  a  circle  of  radius  a^, 
whose  center  is  shifted  under  the  action 
of  the  weight  force  downward  by  the  magnitude  of  the  static  defor¬ 
mation  aQ  ■  xgt.  If  u  <  p,  a1  will  have  the  same  sign  as  the  direc¬ 
tion  of  the  force  h;  if  u  >  p,  a1  and  h  will  have  different  signs. 


Figure  8.6.  Circular 
motion  of  shaft  in 
bearing  with  back¬ 
lash  at  subcritical 
and  supercritical 
rotation  speeds. 


If  there  Is  no  weight  force,  we  must  set  g  *  0  in  (8.57)  and 


(8.58).  Then  an  ■  a. 


0; 


1  /j— * 


This  is  the  exact  solution  for  the  elastic  system  with  backlash. 

As  the  disturbing  force  we  usually  consider  the  centrifugal  force 

2 

owing  to  unbalance.  For  this  force  h  ■  eu  ,  where  e  Is  the  eccen¬ 
tricity  of  the  mass  center. 


Then 


.  *-*  +  *!. 
*■ 


(8.59) 


in  view  of  the  presence  of  the  backlash  l,  the  radius  a1  of  the  mass 
center  trajectory  must  be  a  positive  quantity.  Otherwise  contact 
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between  the  shaft  and  the  support  is  lost.  Therefore,  (8.59)  is 
valid  for  «  <  p. 

For  velocities  «  >  p  the  eccentricity  direction  is  established 
opposite  the  radius  a^.  Then  (8^59)  takes  the  form 

«,,.=gfcbS.;  (8.60) 

Hence,  we  see  that  a^  will  be  positive  if  the  eccentricity  e  is 
greater  than  the  clearance  l.  If  l  >  e,  the  shaft  will  rotate  about 
its  mass  center  and  the  elastic  support  will  not  take  part  in  the 
operation. 

In  the.  general  case  the  following  condition  must  be  satisfied 
for  unseparated  circular  motions 

for 


this  means  that  the  Journal  is  force  *  against  the  supporting  surface 
at  the  upper  point.  For  the  pendulum  this  means  that  it  is  loaded  by 
a  tensile  force. 

For  this  situation,  according  to  (ft. 53)  dnd  (8.55) 

sa-*-H—«r  (8.62) 

Calculating  using  (8.56),  (8.57),  (8.58)  the  coefficients  appear¬ 
ing  in  (8.62),  we  then  find  the  value  of  the  velocities  for  which 
circular  motion  is  disrupted. 

If  the  unbalance  is  small,  olrcular  motion  is  possible  if  w/p  is 
larger  than  0.35-0.4. 
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Moreover,  the  unstable  regime  shows  up  for  velocities  lying  in 
the  range  (0.5-0. 8).  The  exact  bounds  are  found  from  (8.62)  as  a 
function  of  the  clearance,  support  stiffness,  and  magnitude  of  the 
unbalanced  force. 

In  the  region  w  >  p  circular  motion  develops  if  the  eccentricity 
e  is  larger  than  the  magnitudeoof  the  clearance,  i.e.,  for  very 
large  shaft  unbalance. 
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CHAPTER  9 


FORCED  VIBRATIONS  OF  ROTOR  ON  NONLINEAR  SUPPORTS 
SUBJECT  TO  CIRCULAR  DISTURBANCE  AND  WEIGHT  FORCE 


Let  us  examine  a  weightless  shaft  with  a  single  mass  m  located 
arbitrarily  with  respect  to  the  supports  (Figure  9.1).  The  system 
stiffness  at  the  point  where  the  masr  3  located  is  defined  by  a 
nonlinear  characteristic,  which  tak6s  nto  account  both  the  E’iffness 
of  the  3haft  itself  and  the  stiffness  of  the  nonlinear  supports. 

Let  us  assume  that  the  elastic  characteristic  is  axisymmetric. 
and  is  defined  by  the  function 


R-cr+br*. 


(9.1) 


Figure  9.1.  Illustrating 
derivation  of  vibration  equa¬ 
tions  of  shaft  on  nonlinear 
supports 
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The  shaft  will  perform 
periodic  vibrations  under  the 
influence  of  the  circular  distur- 
ance  H.  Because  of  the  effect  of 
the  weight  force*  the  mass  motion 
trajectory  will  not  be  strictly 
circular,  but  will  depend  on  the 
relationship  between  the  weight 
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force  and  the  circular  force,  the  elastic  characteristic  of  the 
system,  and  the  disturbance  frequency. 

**  I 

We  write  the  mass  equation  of  motion  in  vector  form 

— mi->(c'+bi*)z+HeIM+nmg-0,  (9.2) 

where  z  is  the  vector  defining  the  position  of  the  mass  center  m 

(9*3) 

r,  e  are  the  polar  coordinates  of  the  point  m,  which  in  the 
general  case  are  time  functions ; 

n  is  the  static  overload  coefficient. 

The  direction  of  the  weight  force  is  taken  as  the  reference  for 
measuring  vector  position  angles. 

The  exact  solution  of  (9*2)  is  not  known.  We  shall  seek  its 
approximate  solution. 

9.1.  Construction  of  General  Solution  in  the 
First  Approximation  by  the  Bubnov-Qalerkln  Method 

We  represent  (9<2)  in  projections  on  the  coordinate  axes 

—  mx— (c+6r*)ic-f  H. cos  at -\-n  mg  (9.4) 

— my— (c-fir*)y+//stanrf=0.  (9*5) 

We  use  the  Bubnov-Qalerkin  method  and  write  the  variational 
-  equations ' in  the  form 

— A  cosw>/ — 8lx</^=s0;  (9.6) 
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‘  [y *  (**+ ?'*)  v-h  sin  ly  dt »  o. 


(9.7) 


where 


**— rs  P-4?  *=— ;  7*=—. 


(9.8) 


We  restrict  ourselves  to  the  first  approximation  and  take 
minimizing  functions  of  the  fora 


y=fll«!nW.  j 


(9.9) 


In  accordance  with  these  functions,  the  motion  trajectory  of 
the  point  m  is  Represented  in  the  form  of  an  ellipse  (Figure  9*2), 
whose  center  is  shifted  relative  to  the  x  axis  by  the  amount  AQ.  The 
ellipse  semiaxes  are  and  B^. 


The  radius  ol'  displacement  of  the  point  m  equals 


r5=x* 


(9.10) 


J 

Substituting  (9.9)  and  the  value  of  r  into  the  variational 
equations  (9*6)  and  (9*7) ,  we  obtain  these  equations  in  the  form 

|  { -  Aj^co*  -f  [**+?(  -f  co*  W  -f 

(9-11) 

•f-»A|Coe«04«a; 


l-#y«fnw^i**+p(4+i,icotfw+i2M»co«-<  + 

^*ta»W)lS,*l«W-A*inW)slflW<a=«0.  (9.12) 


•  Integrating  the  first  equation  initially  with  respect  to  the 
first  variation  and  then  with  respeot  to  the  second,  we  obtain 
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h  . 

A>[**-hP  -V‘\  +■ y  B\ )]  -  W  (9.13) 

* 

. 

X 

« 

Figure  9.2.  Trajec¬ 
tory  of  periodic 
vibrations  in  the 
first  approximation. 

Integrating  the  second  equation,  we 

obtain 

(9.15) 

The  resulting  equations  relate  the  static  deflection  AQ,  vibra¬ 
tion  amplitudes  A1  and  B1,  with  the  weight  force  and  the  circular 
disturbance  force. 


We  shall  apply  the  resulting  equations  to  certain  particular 
cases: 

(a)  no  system  nonlinearity,  i.e.,  6*0.  Then  (9.13),  (9.. 1*0, 
(9.15)  become  independent  and  yield  the  conventional  linear  theory 
solutions 


i4°“*r==',‘7*:  (9.16) 

in  this  ca?e  the  motion  trajectory  is  a  circle  with  center  shifted 
relative  to  the  coordinate  origin; 

(b)  no  circular  vector,  i.e.,  h  *  0.  Then,  in  accordance  with 
(■9.1*0  and  (9.15)  -  0;  Bj.  *  0. 

Prom  (9.13)  we  find 

.  (9-17) 

The  displacement  AQ,  defined  by  (9.17),  is  the  st  tic  deflection 
of  the  shaft  and  supports  under  the  action  of  the  static  force. 


FTD-HC-23-7 80-70 


H23 


9.2.  Rotor  Vibrations  In  Absenoe  of  Weight1- Fofroe 


If  no  weight  force  acts,  ng  ■  0.  Then,  according  to  (9.13) 
A0  ■  0,  i.e.,  there  is  np  static*  defbrma'tion.  In  accordance  with 
(9.1*0  and  (9.15) 


their  values  are  found  from  either  (9.14)  or  (9.15) 

(9.18) 

The  motion  trajectory  of  the  mass  m  under  the  action  of  the 
circular  force  fc  is  a  circle  of  radius  with  center  at  the  coordi 
nate  origin. 

We  rewrite  (9*18)  in  the  form 

(9.19) 

We  shall  consider  the  circular  disturbance  vector  to  be  the 
centrifugal  force  owing  to  unbalance.  In  this  case 

*-** 


where  e  is  the  displacement  of  the  mass  center  m  from  the  shaft  axis 
owing  to  imbalance. 

Substituting  this  expression  tor  h  into  (9*19)*  we  obtain 

(*+MD*.-(*+*i>*  (9.20) 

This  is  the  equation  of  static  equilibrium  of  the  rotating  system. 

The  left  side  of  (9.20)  is  the  system  elasticity  force,  and 
the  right  side  is  the  centrifugal  force  per  unit  mass. 
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Equation  (0.20)  is  easily  solved  graphically,  for  which  we  plot 
the  function  A^,  corresponding  to  the  left  side  of  the  equation,  and 
the  straight  lines  corresponding  to  the  right  side  (Figure  9.3).  The 
points  of  intersection  of  these  functions  yield. the  solution  of  the 
equation  in  question.  The  slope  of  the  straight  lines  is  proportional 
to  w2.  For  all  values  of  u2  the  straight  lines  pass  through  a  common* 
point  with  coordinate  minus  e.  For  small  values  of  w  the  equation  has 
a  single  solution,  yielding  the  radius  of  the  circle.  The  larger 

u,  the  larger  Ay  For  some  value  of  id  the  straight  line  becomes  tangent 
to  the  curve,  after  which  three  solutions  appear. 


Figure  9.3.  Graphical  con¬ 
struction  of  deflection 
curve  of  shaft  on  nonlinear 
supports  subject  to  un¬ 
balance  . 


Figure  9.4.  Shaft 
deflection  as  a  function 
of  rotation  speed. 


Figure  9.4  shows  the  solutions 
of  the  equation  as  a  function  of  u>. 

The  roots  corresponding  to  the  second 
branch  of  the  curve  have  a  negative 
sign,  i.e.,  the  shaft  axis  shift  is 
in  the  direction  opposite  that  of 
the  static  eccentricity  e. 

The  shaft  motion  in  the  super¬ 
critical  region  is  characterized  by 
the  fact  that  the  radius  Ax  decreases 
with  increase  of  the  angular  velocity 
u,  approaching  a  value  equal  to  e. 

In  this  case  the  mass  tends  to  move 
to  the  axis  of  rotation.  The  upper 
part  of  curve  2  shows  the  unstable 
equilibrium  state  positions. 

The  transition  from  the  subcriti- 
cal  regime  1  to  the  supercritical 
regime  2  takes  place  in  the  form  of 
rapid  restructuring  of  the  system 
with  marked  reduction  of  the  vibration 
amplitudes.  The  moment  of  transition 
depends  on  the  magnitude  cfthe  initial 
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Figure  9.5.  Critical  spaed  of 
shaft  on  nonlinear  supports  as 
a  function  of  initial  unbalance. 


unbalance,  i.e.,  on  the  eccen¬ 
tricity  e.  The  larger  e,  the 
higher  the  critical  speed 
(Figure  9.5).  The  curves  show 
that  a  large  unbalance  hinders 
transition  of  the  shaft  into 
the  supercritical  regime,  extend¬ 
ing  its  operation  in  the  sub- 
critical  regime  with  large 
amplitudes . 


9.3.  General  C^se  of  Action  of  Unbalanced 
Force  and  Static  Overload  Force 

*  V 

*'  P 

In  the  case  of  combined  action  of  a  circular  force  h;  *  eu  and 
the  static  force  ng,  the  static  displacement  AQ  and  the  amplitudes 
and  B1  are  Interrelated.  They  are  determined  by  solying  the 
nonlinear  system  of  Equations  (9*13),  (9-110  and  (9.15).! 


We  write  (9.13),  (9.1*0  and  (9.15)  in.the  form 


(9.21) 


Av 


Bx> 


**+>(a4+'f  ^+-7^)— * 

•  • 


v.  7  *  - 

rff-  •' 


(9-22) 


(9-23) 


The  quantities  Aq,  A-,  Bj  can  be  calculated  by  trial  and  error 
or  by  successive  approximations.  For  example,  setting  initially 
8  ■  0  we  find  from  the  formulas  the  approximate  values  of  Aq,  -a^, 

Then  we  repeat  the  calculation,  now  with  account  for  the  nonlinearity 
and  we  refine  the  values  found  for  the  unknowns. 
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The  equations  show  that  the  center-cf-gravity  motion  trajectory 
is  an  ellipse  (see  Figure  9.2).  The  ellipse  axes  depend  on  the 
magnitude  of  the  static  force  —  the  larger  the  force,  the  larger  the 
shift  Aq  of  the  center  of  the  ellipse,  but  the  smaller  the  dimensions 
of  the  ellipse.  With  increase  of  the  stati'c  force*  the  horizontal 
and  vertical  amplitudes  of  the  vibrations  decrease. 

The  reverse  phenomenon  shows  up  in  the  fact  that  increase  of 
the  vibration  amplitudes  because  of  increase  of  the  unbalance  reduces 
the  static  deflection. 

What  we  have  said  is  valid  for  values  of  the  velocity  «  lying  far 
from  the  critical  speed,  at  which  there  is  a  restructuring  of  the 
system  from  the  subcritical  regime  into  the  supercritical  regime 
or  vice  versa. 

The  region  of  transition  from  the  subcritical  to  the  supercritical 
regime  is  a  typical  characteristic  of  the  nonlinear  system  (Figure 
9.6). 


Comparison  of  the  charac¬ 
teristics  for  different  overload 
coefficients  n  indicates  a  very 
important  property  of  the  non¬ 
linear  system:  the  critical 
speed  of  this  system  depends  on 
the  magnitude  of  the  static 
force.  Increase  of  the  static 
force  leads  to  increase  of  the 
critical  speed. 


Figure  9.6.  Vibration  amplitude  A  variable  static  force 

and  critical  speed  as  a  function  .  „ 

of  static  overload  force  magnitude.  can  be  the  cause  for  the  appear¬ 
ance  at  different  moments  of 

time  of  large  vibrations  at  the  same  rotational  speed.  For  example, 
if  an  unbalanced  shaft  subject  to  a  weight  force  has  supercritical 
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speed,  then  if  overload  forces  develop  its  rotational  speed  becomes 
subcritical.  There  is  a  corresponding  sharp  increase  of  :the  ampli¬ 
tude  of  the  circular  motion  and  along  with  this  an  increase  of  the 
centrifugal  force.  This  process  affects  the  condition  of  turbo¬ 
machinery  casings,  where  the  vibrations  increase  markedly  in  this 
time  segment. 


CHAPTER  10 


FREE  VIBRATIONS  OF  DISSIPATIVE  SYSTEMS 


The  vibrations  of  dissipative  systems  have  a  decaying  nature 
because  of  energy  absorption  by  the  friction  forces  if  energy  is 
not  supplied  from  outside.  In  this  case  the  vibratory  motion  is  not 
strictly  harmonic,  and  the  nature  of  the  decay  depends  on  the  law 
of  the  resistance  forces  acting. 

The  differential  equation  of  damped  vibrations  for  a  nonlinear 
resistance  law  is  written  in  general  form  as 

jj+^?+/{f  i)“0>  (10.1) 

where  f(q,  q)  —  is  the  resistance  function.  Usually  this  function 
contains  a  small  parameter  in  the  form  of  the 
friction  or  loss  coefficient. 

The  equation  cannot  be  integrated  in  the  general  case  of  a  non¬ 
linear  resistance  function.  An  idea  of  the  nature  of  the  vibrations 
can  be  obtained  with  the  aid  of  the  phase  plane. 

The  construction  of  the  phase  trajectory  does  not  necessarily 
require  solution  of  the  differential  equation,  and  can  be  carried 
out  by  transformations  of  the  differential  equation  and  graphical 
construction. 


There  are  several  methods  for  plotting  the  phase  trajectories 
for  a  given  differential  equation.  Usually  the  Isocline  method 
and  the  Lienard  method  are  described  in  handbooks  on  nonlinear 
vibrations.  We  shall  -r'-'cuss  here  the  so-called  delta  method. 


10.1.  Delta  Method  for  Plotting  Phase  Trajectories 

The  delta  method  is  the  most  general,  and  is  quite  simple  and 
easily  visualized  (see  C 30 3  and  [23]).  It  is  applicable  for  the 
general  forms  of  nonlinear  aquations  in  which  the  nonlinear  part  is 
represented  by  the  function  f(q,  q). 

We  reduce  (10.1)  to  characteristic  time  by  the  substitution 


||+*+-y/<f.  #)-0L 

Denoting 


we  write  the  equation  as 

-If +*(?.«* 

dividing  by  (10.2),  we  obtain 


(10.2) 

(10.3) 


-  (io.i») 

44  * 

For  a  email  time  interval  we  can  consider  the  function  6  con¬ 
stant.  Then  (10.4)  can  be  integrated  and  yields 


•Hfa +Kv,  ejy-cotut-*#*.  (10.5) 

This  is  the  equation  of  a  circle  of  radius  r,  plotted  in  the  coor¬ 
dinates  v,  q,  with  center  lying  on  the  q  axis  at  the  point  M, 
shifted  along  the  q  axis  by  the  distance  -6  (Figure  10.1) 
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The  initial  point  for  the  construction  of  the  phase  trajectory 
is  given  by  the  initial  condit ions 

0;  *«»-?.;  4(0) —fo 

The  last  equality  corresponds  to 

These  same  values  are  used  with  (10.3)  to  calculate  the  value 
of  6,  which  yields  the  initial  position  of  the  center  of  curvature 
-  ooint  Mq. 

iting  on  the  phase  tra- 
,  ■»'  ;he  initial  point,  we 

dr..  _rom  this  point  a  short  ari 
of  radius  rQ  with  center  at  the 

point  Mq  in  the  clockwise  direc¬ 
tion.  The  end  of  this  small  arc 
gives  the  new  coordinates  q^  and 

v^.  Using  these  coordinates  and 

(10.3) »  we  find  the  new  position 
M1  of  the  center,  from  which  we 
continue  the  construction  of  the 
trajectory  in  the  form  of  the 
next  small  arc  of  radius  r^.  Such  constructions  make  it  possible  to 

construct  quite  accurately  the  entire  phase  trajectory. 

For  a  dissipative  system  the  phase  trajectory  will  be  a  con¬ 
volute  spiral  with  focus  at  the  coordinate  origin.  The  condition 
for  convolutionality  of  the  spiral  is  coincidence  of  the  signs 
of  6  and  v. 

We  shall  examine  the  construction  of  the  phase  trajectories 
by  the  delta  method  for  some  friction  laws. 


Figure  10.1.  Delta  method 
of  constructing  phase 
trajectory 
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10.2.  Linear  Friction  Law 


The  equation  of  motion  ^or  a  linear  friction  law  is 

#+*»*+2/«4-0; 

here  the  friction  force  function  is 

f(j)-2n4—2nk9. 


(10.6) 


In  accordance  with  (10.3) 


i.e.,  the  function  6  Is  proportional  to  v» 

To  construct  the  phase  trajectory  we  draw  in  the  q,  v  coor¬ 
dinates  the  auxiliary  function  S(v)  in  the  form  of  a  straight  line 
with  slope  -2n/k  ^Pilflire  10.2)*  Taking  as  the  initial  conditions 
q(0)  *  qQ,  vQ  *  0;t  we  obtain 

6q  ■  0,  r  »  qQ»  i.e.,  the  ini* 

tial  segment  is  represented  by 
an  arc  with  center  at  the  co* 
ordinate  origin.  To  determine 
the  position  of  the  center  of 
the  arc  of  the  next  segment, 
we  draw  from  the  point  q^ 

a  straight  line  parallel  to 
the  abscissa  axis  till  it 
intersects  the  straight ,  line 
representing  the  function 
j(v).  The  perpendicular  Figure  10.2.  Phase  trajectory 

dropped  from  the  point  of  in-  construetionjortte  Viscous 

tersectlon  to  the  q  axis  yields 
the  new  center  Mj_.  The  follow¬ 
ing  centers  Mg,  M^,  and  so  on,  are  found  in  the  same  way  in  the 

course  of  the  entire  trajectory  construction  process.  Use  of  the 


'iiftiSK 

IWkWA 


auxiliary  line  6(v)  makes  it  possible  to  avoid  the  necessity  for 
making  any  calculations  in  the  plotting  process  and  permits  selecting 
any  sufficiently  small  segments  of  the  arcs  being  plotted. 

10. 3 •  Combined  Action  of  Viscous  and  Coulomb 
Friction  Forces 

The  differential  equation  is  written  in  the  form 

i+*!x+2fli±/?«0,  (10.7) 

where  R  —  is  the  friction  force  per  unit  mass.  The  sign  of  R  is 
selected  as  a  function  of  the  motion  direction.  A  plus 
sign  is  used  for  motion  in  the  positive  direction  and  a 
mint-.e  sign  for  motion  in  opposite  direction. 

The  function  6  is  represented  here  by  the  expression 

«(*)=  ~(2nx  ±R); 
replacing  x  *  kv,  we  obtain 

(10.8) 

Let  us  first  plot  the  function  6(v)  (Figure  10.3).  This 
function  has  a  piecewise  linear  form.  The  segment  on  the  upper  half 
of  the  plane  is  used  for  positive  values  of  v;  the  segment  on  the 
lower  half  of  the  plane  is  used  for  negative  values. 

We  take  the, initial  point  x  »  xQ,  vQ  =  0.  The  center  of  the 

initial  segment  circle  is  the  point  MQ. 

The  construction  is  continued  by  the  method  outlined  above, 
in  accordance  with  which  the  auxiliary  function  is  used  to  determine 
the  position  of  the  centers  of  the  curve  segments.  Upon  reaching 
the  point  xQ,  the  center  is  shifted  to  the  point  0’  and  the  plotting 

of  the  upper  segment  of  the  phase  trajectory  is  continued. 
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The  phase  trajectory  terminates  on  the  x  axis,  when  &he 
describing  point  reaches  the  region  lying  within  the  zone  RCT/k2 * 
where  the  vibrations  terminate. 


10.4.  Quadratic  Friction  Force  Law 


The  equation  of  motion  has  the  form 

*+**x±|ii*-0i 


(10.9) 


in  this  equation  the  "minus"  sign  is -used  for  a  negative  velocity  x. 
The  delta  function  for  (10.9)  has  the  form 

|(*)at  ±  y  jMf*— (10.10) 

where  y,  the  loss  coefficient t  is  a  small  quantity. 
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Figure  1C,. 3*  Phase  trajectory 
construction  with  combined 
action  of  viscous  and  Coulomb 
friction  forces 


Figure  10.4.  Phase  trajectory 
for  quadratic  friction  loss 


The  delta  function  is  represented  on  the  figure  by  segments  of 
parabolas  with  account  for  the  sign  (Figure  10.4.).  The  initial 
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center  is  located  at  the  coordinate  origin.  The  curve  is  plotted 
in  the  usual  way. 

The  phase  trajectory  is  a  converging  spiral,  asymptotically 
approaching  the  focus  —  the  coordinate  origin.  The  amplitude 
decrease  is  large  for  large  amplitudes  and  nearly  zero  near  the 
focus . 

The  phase  trajectory  defines  the  nature  of  the  motion  com¬ 
pletely  —  it  gives  the  value  of  the  velocities  for  any  position  of 
the  system,  although  it  does  not  yield  the  time  dependence  of  the 
motion  parameters. 

The  delta  method  described  above  makes  possible  graphical  con¬ 
struction  of  the  phase  trajectories  for  any  friction  force  velocity 
dependence . 

If  the  delta  function  has  q  and  q  as  its  arguments ,  it  is  not 
possible  to  construct  it  in  the  form  of  the  auxiliary  curve.  Then 
the  positions  of  the  centers  of  curvature  of  the  segments  are  found 
by  calculation  using  (10. 3) * 
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CHAPTER  11 


l 


SELF-EXCITED  VIBRATIONS 


11.1.  Methods  for  Studying  Self->Exclted 
Vlbratlona  of  Systems 

A  necessary  condition  for  the  existence  of  stable  periodic 
vibrations  of  an  elastic  system  is  equality  of  the  energy  supplied 
to  the  system  from  the  vibration  exciter  and  the  energy  lost  as  a 
result  of  the  action  of  various  absorbers. 

The  principal  energy  absorbers  are  the  various  forms  of  fric¬ 
tion,  such  as:  internal  friction  In  the  system,  in  the  material, 
and  between  individual  parts  of  the  system;  external  friction  in 
couplings  or  special  devices  of  the  system  (for  example,  friction 
in  supports,  guides,  special  braking  devices,  dampers). 

Energy  removal  can  also  take  place  as  a  result  of  interaction 
of  the  vibrating  system  with  the  surrounding  medium  (for  example, 
blade  vibrations  in  a  liquid  or  air  medium;  performance  of  compres¬ 
sion  or  displacement  work. in  the  vibration  process,  and  so  on).  In 
all  cases  of  Interaction  with  the  surrounding  medium,  those  factors 
are  Important  which  change  in  the  course  of  the  vibration  period 
and  depend  on  the  velocity  and  amplitude  of  the  vibrations.  The 
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mathematical  expression  for  the  interaction  must  reflect  as  exactly 
as  possible  the  principles  involved,  although  the  numerical  quanti¬ 
ties  characterizing  this  interaction  may  be  very  small. 

The  energy  input  sources  in  the  self-excited  systems  are  ex¬ 
ternal  steady-state  factors  —  for  example,  the  weight  force,  ini- 
form  stream,  constant  velocity,  constant  flowrate  of  a  liquid  or 
gas,'  and  so  on.  But  in  all  these  cases  it  is  mandatory  that  there 
be  interaction  between  the  system  and  these  "constant”  factors.  This 
interaction  is  expressed  in  the  fact  that  the  energy  input  to  the 
system  and  the  forces  which  arise  in  this  interaction  are  controlled 
by  the  system  vibrations. 

In  the  self-excited  systems  the  energy  balance  is  not  the  same 
over  different  segments  of  the  period,  having  a  positive  value  at 
certain  moments  of  time  and  a  negative  value  at  other  moments .  The 
energy  balance  is  equal  to  zero  on  the  whole  during  a  period  for 
steady-state  self-excited  vibrations. 

Self-excited  vibrations  can  occur  only  under  definite  conditions 
An  nonlinear  systems.  In  many  cases  the  mechanism  of  self-excited 
vibration  onset  is  very  complex  and  is  a  peculiarity  of  the  system 
itself. 

The  differential  equation  of  motion  of  a  system  with  a  single 
degree  of  freedom,  capable  of  performing  self-excited  vibrations, 
in  the  general  case  has  the  form 

mi+c<r+rtq,  q)=fO.  (11.1) 

The  excitation  and  resistance  forces  are  concealed  in  the  non¬ 
linear  term  of  this  equation,  which  includes  the  small  parameter  y. 
The  exact  solution  of  the  equation  is  not  possible  in  general. 
Therefore  the  study  of  the  system  properties  and  the  determination 
of  the  conditions  for  onset  of  self-excited  vibrations  is  made  with 
the  aid  of  the  phase  planes. 
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11.1.1.  Graphic  Method  for  Constructing  Limit  Cycles  —  the  Delta 
Method 

To  construct  the  phase  trajectory* we  shall  use  the  delta  method. 
Making  transformations  of  (11.1)  similar  to  those  of  Section  10. 1, 
we  obtain  the  equation 

o)J*-con«t»r*,  (11.2) 

where 

■  j-i  '  (11.3) 

(♦.€).  (11.4) 

We  recall  that  the  centers  of  curvature  of  the  phase  trajectory 
always  lie  on  the  q  axis;  their  position  is  defined  by  the  function  6. 

.For  harmonic  vibrations  y»0,  6*»0,  and  the  phase  trajectory 
is  a  circle.  If  6  is  positive*  the  centers  of  curvature  lie  to  the  < 
left  of  the  coordinate  origin* and  the  phase  trajectory  segments  for 
these  centers  are  represented  by  converging  spirals  in  the  upper 
half  of  the  phase  plane  and  diverging  spirals  in  the  lower  half 
(Figure  11.1).  If  6  is  negative*  the  centers  of  curvature  lie  to 
the  right  of  the  coordinate  origin  and  the  phase  trajectories  are 
represented  by  outward  spirals  in  the  upper  half  of  the  phase  plane 
and  by  Inward  spirals  in  the  lower  half.  We  emphasize  that  in  those 
regions  in  which  the  signs  of  $  and  v  are  the  same  the  phase  trajec¬ 
tory  converges,  while  —  where  their  signs  are  different  —  the 
trajectory  spirals  outward. 

Assuming  6  equal  to  sero*  we  obtain  the  equation  of  the  curve 
which  divides  the  phase  plane  into  regions  which  differ  in  the  sign 
of  $.  This  facilitates  the  use  of  the  rule  presented  above  for 
determining  the  nature  of  the  phase  trajectory. 

As  an  example  we  consider  the  Rayleigh  equation 

(H-5) 
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This  equation  defines  the  periodic  vibtations  of  a  system  with 
a  single  degree  of  freedom  subject  to  the  action  of  a  nonlinear 
force  which  is  a  function  only  of  the  velocity.  Certain  practical 
problems  reduce  to  such  an*  equation. 


According  to  (11.4),  the  delta  function  of  the  Rayleigh  equa¬ 
tion  has  the  form 


*(c)=»-i-|i(AV-l)t>;  (11.6) 

equating  it  to  zero,  we  obtain 
w-i-jT*  (11.7) 

The  first  solution  yields 
the  abscissa  axis,  lying  at  an 
equal  distance  on  both  sides  of 
the  axis.  These  lines  divide 
the  phase  plane  into  four  re¬ 
gions,  in  which  6  alternately 
takes  positive  and  negative 
signs  (Figure  11.2). 


According  to  (11.6),  in  the 

regions  v  >  ^  and  -  £  <  v  <  0 

the  sign  of  6  is  positive.  In 

regions  0  <  v  c  ^  and  v  <  -  ^ 

the  sign  of  6  is  negative.  In 
accordance  with  the  general  rule 

in  region  -  ^  <  v  <  ^  the  phase 

trajectories  spiral- outward.  Con¬ 
sequently  the  coordinate  origin, 
i.e.,  the  position  qQ  ■  0;  qQ  *  0, 


Figure  11.2.  Limit  cycle 
of  Rayleigh  equation  and 
transition  phase  trajec¬ 
tories 


is  a  point  of  unstable  equilibrium.  If  an  initial  impulse  disturbs 
the  system  from  this  position,  it  begins  to  perform  vibrations  with 
increase  of  the  amplitudes.  In  the  course  of  time  the  amplitudes 


grow  so  much  that  the  phase  trajectory  diverges  beyond  the  limits 
of  the  bounds  +  £  .  ' 

The  regions  v  >  ^  and  v  <  -  ^  yield  converging  phase  trajec¬ 
tories.  Therefore,  the  increase  of  the  seif-excited  vibration  ampli¬ 
tudes  is  slowed.  The  amplitudes  will  approach  some  definite  value, 
and  the  phase  trajectory  will  approach  a  closed  curve.  This  limit¬ 
ing  form  of  periodic  motion  is  stable,  and  its  phase  trajectory  is 
called  a  limit  cycle. 

If  we  examine  the  beginning  of  a  motion  with  large  amplitudes, 
the  phase  trajectory  will  pass  through  zones  of  stable  and  unstable 
motion.  In  this  case  the  stability  tendency  will  be  dominant  and 
the  phase  trajectory  for  the  cycle  will  be  a  converging  curve.  As 
the.  amplitudes  decrease,  the  action  of  the  forces  in  the  retardation 
segments  is  balanced  by  the  action  of  the  forces  in  the  perturbation 
segments,  and  the  phase  trajectory  approaches  the  limit  cycle.  The 
process  . f  self-excited  vibration  approach  to  the  limit  cycle  is 
termed  the  transition  proceds. 

The  cransition  phase  trajectories  for  the  Rayleigh  equation, 
starting  fr  m  small  and  large  values  of  qQ,  approach  the  same  limit 

•j 

cycle,  which  can  be  represented  by  a  circle  of  radius 

The  Van  der  Pol  equation  is  still  another  example  of  self- 
excited  vibratory  systems 

(11.8) 

The  delta  function  of  (11.8)  will  be 

(«•-!>*.  (11.9) 

Equating  it  to  zero,  we  obtain 

,  o-0;f-±t.  (11.10) 

These  roots  divide  the  phase  plane  into  several  zones  with 
respect  to  the  values  of  the  delta  function  (Figure  11.3).  Compar¬ 
ing  the  signs  of  «  and  v,  we  cotae  to  the  conclusion  that  the  center 
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Figure  11.3.  Limit  cycle  and  transition  trajectories 
of  Van  der  Pol  equation 


strip,  lying  in  the  limits  q  *  +  1,  where  5  and  v  have  opposite 
signs,  is  the  instability  zone  of  the  periodic  motion.  Beyond  the 
limits  q  ■  +  1  there  lie  regions  with  domination  of  the  friction 
forces,  in  which. the  phase  trajectories  have  a  decaying  form.  Con¬ 
sequently,  the  system  has  a  limit  cycle,  which  the  phase  trajec¬ 
tories  approach  from  both  small  and  large  amplitudes. 

Figure  11.3  shows  the  transition  phase  trajectories  for  the 
Van  der  Pol  equation.  The  limit  cycle  is  a  nearly  circular  closed 
curve.  The  system  represented  by  the  Van  der  Pol  equation  is  self- 
oscillatory  and  does  not  have  a  stable  rest  position. 


11.1.2.  Van  der  Pol  Averaging  Method 

The  study  of  the  prpperties  of  self-excited  oscillatory  systems 
and  finding  the  limit  cycles  by  graphical  construction  of  the  phase 
trajectories  makes  it  difficult  to  obtain  generalizing  conclusions. 
Therefore  the  analytic  methods  for  studying  phase  trajectories,  the 


vibration  transition  processes',  and  finding  the  limit  cycles  are  of 
great  theoretical  and  practical  Interest. 

One  such  method  is  that  of  Van  der  Pol.  The  essence  of  this 
method  lies  in  the  fact  that  the  phase  trajectory  is  represented  in 
coordinate  axes  rotating  with  an  angular  velocity  equal  to  the  cir¬ 
cular  frequency  of  the  self-excited  vibrations.  After  this  the 
nature  of  the  phase  trajectories  is  used  to-  establish  the  limit 
cycle  existence  conditions  and  parameters. 

We  take  an  equation  of  general  form  with  small  nonlinear  term 

$+***+  |if fa  f)  -0.  (11.11) 


For  convenience  we  use  the  substitution  »  kt  to  reduce 
(11.11)  to  characteristic  time 


where  the  prime  denotes  derivative  with  respect  to  <). 
Denoting 


(11.12) 


(11.13) 


we  obtain 

«*  •fr-j’  /.(ft  »)-o.  (ii.i4) 

Equalities  (11. 1$)  and  (11.14)  are  the  differential  equations 
of  the  phase  trajectory  in  the  q,  v  coordinates. 

We  transform  these  equations  into  polar  coordinates,  taking 
(Figure  11.4) 

9«fteost;9-r.ftsint;,  (11.15) 


R  and  0  are  variables  and  are  time  functions j  therefore 

r 

cMt-Wafet;  1 
«&*•+** coe#.  J 


(11.16) 


Substituting  (11.15)  and  (11.16)  into  (11.13)  and  (11.14),  we 
obtain  these  equations  in  polar  coordinates 


f 


♦ 


4 


FTD-HC-2 3-780-70 


442 


R'  t in  0 -f- RV  co*  9  ma  R  cot 

0). 

We  solve  these  equations  for  the  derivatives,  which  leads  to 
the  following  equalities 

f(R,  9)c°s  #; 

RV=R+P~  /(/?,  6)  sin  6. 

We  introduce  the  £,  5  axe3, 
rotating  uniformly  with  the  angu¬ 
lar  velocity  k.  The  position  of 
these  axes  at  the  time  t  is  de¬ 
fined  by  the  angle  <|>  »  kt  (see 
Figure  11.4).  Then 

•-*++.  (11.18) 

where  ip  is  the  polar  coordinate 
of  the  describing  point  in  the 
moving  axes. 

To  transform  (11.17)  into 
equations  in  the  moving  axe3,  we  , 
replace  0  in  accordance  with  (11.18) 

6'=l+*\ 

Substitution  of  8  and  6’  into  (11.17)  yields 

R'=—?  -/(/?,  ?,  *)COS(?+*);  (11.19) 

'  ¥ ***-»  XiR*  ?.  $) s,“(? +«•  (11.20) 

This  is  the  equation  .of  the  phase  trajectories  in  the  5  and  c 
moving  axes. 

For  the  harmonic  oscillator  y  ■  0.  •  Therefore  R’  *  0;  t|)'  *  0; 


Figure  11.4.  Polar  coor¬ 
dinates  of  phase  trajectory 
describing  point  in  moving 
coordinate  axes 


(11.17) 


hence  R  *  const;  iji  *  const. 


This  means  that  in  the  £»  c  axes  the  describing  point  is 
stationary.  Its  position  is  defined  by  the  constant  coordinates 
R  and  ij/,  which  are  given  by  the  initial'  position. In  the  stationary' 
axes  this  describing  point  will  yield  a  circle,  which  corresponds  to 
harmonic  vibrations. 

Integration  of  (11.19)  and  (11.20)  in  the  limits  -  <p2  yields 

the  increment  of  the  polar  coe.r\_.:rtes  R  and  t|>  during  the  time  the 
axes  rotate  through  the  angle  ~  Exect  integration  is  possible 

only  in  rare  particular  cases ;  therefore*  the  exact  integral  is  re¬ 
placed  by  its  approximate  value. 

We  obtain  the  approximate  value  of  the  integrals  under  the 
assumption  that  the  variation  cf  R  and  p  is  small  in  the  limits  of 
integration  and  these  quantities  can  be  considered  constants. 

•The  validity  of  the  assumptions  made  follows  from  the  Equalities 
(11.19)  and  (11.20)  themselves,  in  which  the  coefficient  y  is  always 
small  and  the  derivatives  ft'  ahd  t|»*  are  not  large.  This  can  be  seen 
by  plotting  the  phase  trajectory  graphically.  This  is  particularly 
valid  with  approach  to  the  limit  cycle*  when  the  phase  trajectory 
parameters  change  only  slightly  even  after  several  cycles. 

Integration  of  (11.19)  ahd  (11.20)  in  the  limits  of  the 
variation  period  yieldB  the  following  expressions  for  the  coordi¬ 
nate  increments 


-a J *  ?)co*  (f rfr, 

■  \  . 

.wher»7R'rand  y  are  considered  oonstaht  parameters  in  the  integration; 


(11.21) 

(11.22) 


f(R,  a)  —  is  a  function  which  is  formulated  on  the  basis  of  the 
governing  differential  equation  by  .successive  coo.  i- 
nate  replacement 


m  vW(tf*in»,  **«*!)- 


(11.23) 
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Equation  (11.21)  yields  the  vibration  amplitude  variation  law 
during  the  period.  Equation  (11.22)  yields  the  frequency  correc¬ 
tion.  If  Af  is  positive,  this  means  that  the  describing  point 
described  the  arc  2it  +  Aip  during  the  period  of  integration  $  *  2tr, 
i.e.,  the  vibration  circular  frequency  is  higher  than  k 

P=s*(1+to);  (11.24) 

if  Aip  is  negative,  the  circular  vibration  frequency  is  lower  than  k. 
The  limit  cycle  is  found  from  the  condition 

A#-0.  (11.25) 

In  accordance  with  this  condition,  the  integral  (11.21)  yields 
the  equation 


V  •  J /(/?,  1».  ?)cos(?+<p)</<?=0.  (11.26) 

Hence  we  find  the  radius  of  the  limit  cycle  circle. 

The, form  of  the  limit  cycle  phase  trajectory,  representable  in 
the  form  of  a  circle  of  radius  R,  d?  ffers  from  the  more  exact  phase 
trajectory  form  indicated  previously.  Thus,  the  circle  Is  the  limit 
cycle  phase  trajectory  in  the  first  approximation. 

The  limit  cycle  Is  stable  if  the  phase  trajectories  approach 
it  from  within  and  without,  and  is  unstable  if  the  phase  trajec¬ 
tories  recede  from  it.  Stable  limit  cycles  correspond  to  self- 
excited  vibrations. 

The  question  of  limit  cycle  stability  is  easily  resolved  with 
the  aid  of  (11.21).  If  for  R  =  R_  -  e  (where  Ra  Is  the  limit  cycle 

radius  and  e  is  a  small  quantity)  we  obtain  AR  >  0,  while  for 
R  *  R„  +  e  we  obtain  AR  <  0,  then  the  limit  cycle  is  stable,  since 

CL 

the  phase  trajectories  converge.  If  for  R  =  R  -  e  we  obtain  AR  <  0 
while  for  R  *  R_  +  e  we  obtain  AR  >  0,  then  the  limit  cycle  Is 

9- 

unstable. 
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In  connection  with  the  fact  that  (11.21)  and  (11.22)  show  the 
phase  trajectory  changes  near  the  limit  cycles,  they  have  been 
called  the  transition  equations. 

We  shall  present  some  examples  of  phase  trajectory  analysis. 

Linear  damped  oscillator 
Its  differential  equation  will  be 

o. 

The  defining  function  for  this  equation  will  be 

f(4)  (OS  8  =W?cos  (9+t); 

we  a abstitute  it  into  (11.21)  and  (11.22) 


tf=~\*Rco*to+Vdr, 

£ 


Integrating,  considering  R  and  ^  constants,  we  obtain 


*Ri 


(11.27) 


This  result  indicates  that  In  the  rotating  axes  the  describing 
point  N  moves  toward  the  center.  In  the  stationary  phase  plane  It 
yields  a  converging  logarithmic  spiral.  Self-excited  oscillations 
cannot  arise  in  such  a  system,  since  its  stable  state  is  the  static 
equilibrium  position.  This  is  Indicated  by  the  fact  that  the  co¬ 
ordinate  origin  is  the  focus  of  the  phase  trajectory. 


The  Rayleigh  equation'  is  written  as 


FTD-HC-2 3-7 80-70 


The  defining  function  of  this  equation  will  be 


ft 


t 


f  (?)=(?'“  D* =(**»*-  l)At>= 

=  [fc^COS2  (9  -f  W  —  1 1  */?  cos  (9  -f  $>). 

Substitution  into  (11.21)  and  (11.22)  yields 

u 

A/?=  —  H  —  ^  [fe2A?cos5(?-f  $)—  l]^cos*(?+$)rf9; 


h 

A$— l **/?*  cos?  (9  f  $) ~  1  ]  kR  s!n  (9  4. $»)  cos  (9 -{-$)  d?. 

0 


Integration  for  constant  R  and  \|>  offers  no  difficulty  and  leads 
to  the  formulas 


A$=0. 


'11.28) 


Th<s  phase  trajectory  in  the  moving  coordinate  system  is  a 
radial  ray.  The  system  has  a  limit  cycle.  To  find  its  radius  we 
set  AR  in  (11.28)  equal  to  zero 


hence 


/?(.!*/£_  1)^0; 


(11.29) 


This  limit  cycle  is  stable,  while  the  equilibrium  position  for 
R  =  0  is  unstable.  This  is  easily  seen  on  the  basis  of  analysis  of 
(11.28).  Substituting  therein  R  smaller  than  R  ,  we  obtain  AR  with 

a 

a  plus  sign;  substituting  R  larger  than  R_,  we  obtain  AR  with  a 

<* 

minus  sign.  This  means  that  che  phase  trajectories  are  spirals 
which  approach  the  limit  cycle  R„.  Therefore,  the  system  whose 

Cl 

vibrations  are  described  by.  the  Rayleigh  equation  is  self-excited. 

The  Van  uer  Pol  equation  (11.8)  is  also  the  equation  of  a  self 
excited  system.  The  transition  equation  for  this  system  will  have 
"the  form 
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•  ■ 
fa 

I! 


(/?*fln*(f ll*/?sln(f -f ^)cc  (f-f*)rff. 


Integration  of  these  equations  yields 


A$=0. 


(11.30) 


Setting  AR  equal  to  zero,  we  find 

tf-0;  #.-l  (11.31) 

Equations  (11.30)  have  a  focus  at  the  coordinate  origin  and  a 
self-excited  limit  cycle.  In  the  limits  0  <  R  <  2  the  increment  AR 
is  positive.  This  shows  that  the  position  q  *  Oj  q  *  0  is  unstable,  . 
the  system  enters  self-excited  oscillations  and  approaches  the  limit 
cycle  R  *  2 .  If  R  >  2,  then  AR  is  negative,  i.e.,  the  limit  cycle 

a 

is  stable.  Equality  of  Ai|»  to  zero  shows  that  self-excited  oscilla¬ 
tions  take  place  with  the  free  vibration  frequency  k. 


11.2.  Excitation  of  Rotor  Self-Excited  Vibrations 
by  Articulated  Spline  Coupling 

Turbomachine  rotors  are  often  of  composite  construction.  The 
sections  are  coupled  with  the  aid  of  spherical  hinges,  cylindrical 
collars,  or  centering  rings,  and  torque  transmission  from  one  part 
to  another  is  accomplished  with  the  aid  of  spllned  or  sometimes  ' 

pinned  couplings.  The  articulated  spline  couplings  make  it  possible 
to  have  some  misalignment  pf  the  shaft  axes,  which  inevitably  occurs 
during  operation  for  several  reasons.  *> 

The  hinged  support  under  the  action  of  an  axial  force,  the 
cylindrical  centering  ring  when  tightly  seated,  the  splined  couplings 
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when  transmitting  torque,  and  also  the  pin-type  couplings  may  be 
a  source  of  rotor  self-excitation,  as  a  result  of  which  deflections 
of  the  rotor  appear  and  considerable  vibration  develops  at  a  fre¬ 
quency  equal  to  the -Critical  rotor  speed.  The  excitation  is  the 
result  of  the  action  of  the  friction  forces  on  the  supporting  sur¬ 
faces  of  the  couplings . 

To  explain  the  mechanism  of  the  disturbing  force  onset,  we 
shall  examine  a  splined  flange  coupling  (Figure  11.5).  The  shafts 
which  are  connected  by  the  coup¬ 
ling  rotate  with  the  angular 
velocity  u>;  their  axes  intersect 
at  the  small  angle  g.  The 
clearance  in  the  splines  is 
quite  large  and  wedging  of  the 
teeth  doe,.  not  occur  for  the 
small  angle  g.  We  shall  assume 
that  the  force  from  the  torque 
transmitted  by  the  coupling  is 
distributed  uniformly  over  the 
entire  circumference  of  the 
toothed  ring.  As  a  result  of 
shaft  mise  .ignment,  longi¬ 
tudinal  slippage  develops  in 
the  coupling  teeth,  which  leads 
to  the  development  of  friction 
forces  along  the  teeth.  At  the  points  0  and  2  the  teeth  are  in  the 
expreme  positions  —  least  and  most  engaged;  here  the  sliding  velo¬ 
cities  are  zero.  On  the  segment  0-1—2  the  teeth  gage  further 
as  the  shafts  rotate,  while  on  the  segment  2-3-0  they  move 
apart.  The  friction  forces  act  correspondingly:  on  the  left  half 
of  the  circumference  they  have  one  sign,  on  the  right  half  they 
have  the  opposite  sign. 

The  friction  forces  create  a  torque  which  acts  in  the  horizon¬ 
tal  plane  1  -  3»  i.e.,  in  the  plane  perpendicular  to  the  shaft 
misalignment  plane.  If  the  dependence  of  the  friction  forces  on 


a)  b) 


Figure  11.5.  Action  of  friction 
forces  in  splines  with  shaft 
axes  misaligned 
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the  sliding  velocity  in  the  splines  is  known,  the  resultant  bending 
moment  is  easily  calculated  from  the  sliding  velocities,  forces  on 
the  teeth,  and  friction  coefficient. 

Let  us  assume  that  the  dry  friction  law  is  effective  in  the 
splines.  Then  the  moment  is  found  as  the  moment  of  all  the  friction 
forces  relative  to  the  vertical  axis  0-2 


Aff«2  j  fPFf 8ln tufa  »  4fPfpt 


(11.32) 


where  u  —  is  the  friction  coefficient,  independent  of  the  sliding 
velocity; 

P  —  is  the  circumferential  force  per  unit  circumferential 
length: 

After  substituting  this  expression  for  P*  (11.32)  takes  the  form 


(11.33) 


Similar  moments  arise  on  the  hinged  support  under  the  influence 
of  axial  forces,  in  pin-type  couplings,  and  in  other  similar 
couplings . 

The  direction  o'  the  friction  torque  vector  acting  on  each 
half  of  the  coupling  coincides  with  the  direction  of  the  relative 
angular  velocity  vector. 

For  the  left  half  of  the  coupling,  the  relative  velocity  vector 
equals  (see  Figure  11.5a) 


parallel  to  it  is  the  friction  moment  vector  acting  on  the  left 
side  of  the  coupling. 

For  the  right  half  (see  Figure  11.5b) 


% 
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to  it  corresponds  the  moment  vector  acting  on  the  right  side  of  the 
coupling. 

Let  us  examine  the  question  of  the  stability  of  the  rectilinear 
axis  of  a  high-speed  composite  rotor.  In  the  absence  of  misalign¬ 
ment  of  the  axes,  no  additional  moment  will  arise  in  the  articulated 
spline  coupling  and  the  rotor  will  not  have  any  vibration.  We  de¬ 
flect  the  rotor  from  the  rectilinear  position,  forcing  it  to  precess 
with  the  angular  velocity  fi  <  m.  As  a  result  of  rotor  bending, 
misalignment  of  the  shafts  in  the  splined  coupling  develops  and  a 
friction  moment  arises  in  the  plane  perpendicular  to  the  rotor 
bending  plane. 

Figure  11.6  shows  the  inertia  forces  and  friction  moments  in 
the  splined  c-  -ling  in  terms  of  projections  on  the  axes  rotating 
with  the  precessional  velocity  fl. 

In  the  general  case  the  projections  of  the  inertia  force  are 

i  di.3-0 

P,=.m(na>-ri-|S-22E).  J 


The  terms  of  these  formulas  are  respectively  the  centrifugal 
forces,  radial  acceleration  forces,  circumferential  forces  associ¬ 
ated  with  angular  acceleration,  and  the  forces  caused  by  Coriolis 
acceleration. 


The  coordinates  of  the  mass 
m  in  i-he  rotating  axes  are  con¬ 
nected  with  the  inertia  forces 
and  friction  moment  in  the  coup¬ 
ling  by  the  equations 


|==ouP{-o„Af,,;  T 


(11.35) 


Substituting,  herein  the 
expressions  for  the  force  pro¬ 
jections  from  (11.34)  and  then 
multiplying  the  second  equation 


u>>ft 


Figure  11.6.  Interaction  of 
inertia  forces  and  moments 
arising  in  splined  couplings 
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by  i  and  again  combining  the  resulting  expressions ,  we  obtain  the 
equation  in  complex  form 


where 


z=man{Q1z—'z—iz&  — 


(11.36) 


In  view  of  the  smallness  of  the  friction  moment,  we  can  assume 
that  the  shaft  has  a  planar  bending  mode.  In  this  case  the  vector 
Mf  lies  in  the  shaft  bending  plane,  and  its  effect  shows  up  in  the 

plane  perpendicular  to  z. 

Separating  the  real  and  imaginary  parts  in  (11.36),  we  obtain 
the  equations 


*+(**-fi*)*“0;  ] 

rfl+2£fl-*S,Afr-0.  J 


(11.37) 


where 


1 


4*— - 

< 

The  first  equation  (11.37)  is  satisfied  by  the  solutions 

i»»const;  fa-0;  Q *4;  Q— 0.  (11.38) 

Then  the  second  equation,  for  a  constant  value  of  the  friction 
moment  Mf,  yields  the  solution 


(11.39) 


These  solutions  show  that  the  velocity  ft  of  the  disturbed 
precession  equals  k  —  the  shaft  critical  speed.  The  deflection  z 
increases  in  the  course  of  time.  This  means  that  for  a  rotor  angular 
velocity  higher  than  the  critical  value  (w  >  fi)  the  rectilinear  posi¬ 
tion  of  its  axis  is  unstable.  Under  the  influence  of  the  friction 
forces  in  the  articulated  spline  coupling  there  appear  self-excited 
vibrations,  which  lead  to  increase  of  the  deflections,  inertia  forces. 
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loads  on  the  supports,  and  vibration.  In  this  case  the  vibration 
frequency  remains  equal  to  the  critical  speed,  regardless  of  the 
proper  rotational  speed  w.  The  larger  the  friction  forces  in  the 
coupling,  the  greater  the  tendency  to  loss  of  stability. 

If  the  proper  rotational  speed  oj  is  less  than  the  critical 
speed,  the  sign  of  the  friction  force  moment  becomes  negative. 

This  means  that  in  accordance  with  (11.39)  the  precession  damps  out 
under  the  influence  of  the  friction  forces.  Friction  in  the  coup¬ 
lings  improves  the  rotor  stability  for  subcritical  rotational 
velocities . 

The  internal  friction  forces  in  the  material  create  a  similar 
effect  in  the  excitation  of  self-excited  shaft  vibrations  (see  [15]) 

11.3.  Self-Excited  Vibrations  of  Compressor  Blades 

Self-excited  vibrations  of  blades  are  a  frequently  encountered 
and  very  hazardous  problem  of  axial  compressor  rotor  blades.  Their 
appearance  depends  on  the  blade  construction,  the  aerodynamic  char¬ 
acteristics  of  its  profile,  and  on  the  air  or  gas  flow  conditions 
over  the  blade.  Variation  of  the  blade  profile  and  flow  conditions 
along  its  length  have  a  significant  effect  on  the  self-excited 
vibrations.  For  thin  and  light-weight  disk  structures,  interaction 
between  the  blades  on  the  wheel  appears,  Involving  transfer  of 
energy,  from  one  blade  to  another.  Part  of  the  energy  is  absorbed 
by  the  friction  forces  in  the  disk. 

As  a  result  of  the  great  variety  of  different  factors  on  which 
the  self-excited  vibrations  depend,  they  may  have  different  forms 
and  different  nature  of  their  onset.  A  large  number  of  special 
studies  have  been  made  of  self-excited  blade  vibrations.  We  shall 
examine  here  the  simplest  cases. 
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11.3*1.  Plane-Parallel  Self-Excited  Vibrations 

We  shall  examine  plane-parallel  vibrations  of  a  profile  of  unit 
length  under  the  influence  of  a  uniform  approaching  stream  (Figure 
11.7).  The  lift  force  Py  develops  on  the  profile,  applied  at  the 
center  of  pressure 


(11.40) 


The  blade  attachment  is  such  that  it  does  not  permit  rotation 
of  the  profile;  therefore  we  ignore  the  influence  of  the  aerodynamic 
moment . 

The  profile  equilibrium  condition  is  defined  by  the  equation 

«$+**•*„  (11.41) 

where  m  —  is  the  profile  mass  per  unit  length; 

c  —  is  the  bending  stiffness  coefficient  for  the  given 
profile  segment. 

The  lift  coefficient  cv  depends  on  the  angle  of  attack  a, and 

for  each  profile  this  relation  is  represented  in  the  form  of  the 
characteristic  curve  (Figure  11.8).  The  angle  a  is  connected  with 
the  vibratory  motion  curve 


I 


ft— a»+Ae, 


(11.42) 


Figure  11.7.  Illustrating  develop¬ 
ment  of  plane-parallel,  self  induced 
blade  vibrations 
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Figure  11.8.  Variation  of 
profile  lift  coefficient 
during  vibrations 


where  <Sq  —  is  the  incidence  angle  corresponding  to  the  nominal 
value  Pq  of  the  lift  force; 

Aa  —  is  the  angle  change  caused  by  vibration: 

(11.43) 

In  view  of  the  smallness  of  q  in  comparison  with  v,  the  angle 
Ao  is  small;  therefore  the  lift  force  can  be  f ;  and  from  the  formula 


(11.44) 


where 


Equation  (11.41),  reduced  to  characteristic  time,  has  the  form 


(11.45) 


We  make  use  of  the  Van  der  Pol  transition  equations  and  cal¬ 
culate  the  integral  in  (11.21) 


A/?=~  ^  COS  (? -f « j  cos  (<p  -f  1*)  dr. 


after  integration,  we  obtain 


LR= — 1  ^kRn. 
e  da 


(11.46) 


(11.47) 


Formula '•(11. 47)  shows  that  plane-parallel  self-excited  vibra¬ 
tions  cannot  occur  in  the  operating  regimes  corresponding  to  the 
left  segment  of  the  lift  force  curve  for  laminar  flow  over  the  blade, 
Random  external  disturbances  are  damped  out  by  the  aerodynamic 
forces,  and  the  blade  takes  a  stable  equilibrium  position  specified 
by  the  incidence  angle  Oq.. 

If,  because  of  significant  reduction  of  air  flowrate  through 
the  compressor,  the  angle  of  attack  aQ  increases  to  values  exceeding 
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a  (see  Figure  11.8),  then  as  a  result  of  the  change  of  the  sign 

C I 


of  dc  /da  the  sign  of  AR  becomes  positive.  This  means  that  self- 
«y 


excited  vibrations  appear,  for  which  the  amplitudes  will  increase 
without  bound. 


In  practice  this  process  is  accompanied  by  the  formation  of 
vortices  which  separate  from  the  blades,  and  the  self-excitation 
mechanism  changes  its  nature. 

The  friction  forces  in  the  blade  material  make  it  more  resistant 
to  self-excited  vibrations.  The  formula  for  the  amplitude  increase 
for  this  case  will  have  the  form 


A/?*  — -L  Bjj*  AAfa — 


(11.48) 


For  the  appearance  of  self-excited  vibrations,  the  flow  condi¬ 
tions  over  the  blade  must  differ  markedly  from  the  design-conditions, 
in  order  that  the  aerodynamic  excitation  can  overcome  the  resist-^'  -  —  . 
ance  forces. 

More  generax  is  the  case  in  which  the  blade  bending  oscilla¬ 
tions  are  accompanied  by  blade  twisting. 


11.3.2.  Bending-Torsion  Self-Excited  Vibrations 

This  self-excited  vibration  mode  carries  the  general  name  of 
flutter.  Flutter  for  compressor  blades  has  its  significant  peculi¬ 
arities  which  differentiate  it  from  airplane  wing  flutter. 

The  compressor  blade  is  a  beam  fixed  at  one  end.'  Because  of 
the  complexity  of  its  configuration,  blade  bending  vibrations  are 
always  accompanied  by  torsional  vibrations.  This  is  explained  by 
the  fact  that  the  blade  does  not  have  an  elastic  axis  which  is 
common  for  all  sections,  and  the  centers  of  gravity  of  the  sections 
do  not  coincide  with  the  elastic  centers. 

Let  us  examine  a  blade  element  of  unit  length  (Figure  11. 9). 

_  When  located  in  a  steady  airstream,  this  element  experiences  the 
action  of  the  aerodynamic  forces.  We  shall  identify  three  points 
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on  the  profile:  the  center  of 
gravity  s,  the  elastic  center  d* 
and  che  center  of  pressure  a. 

We  note  that  the  location  of  the 
center  of  pressure  is  not  con¬ 
stant.  It  depends  on  the  angle 
of  attack  and  the  flow  velo¬ 
city  v. 

The  displacements  of  the 
subject  element  as  a  result  of 
elastic  deformations  are  con-  • 
nected  with  the  forces  acting 
by  the  well-known  equations 

(Pv4-Pj)=fuy+e,j9;  \ 

(P1^4-.'M/)=e|2y-frn?t  }  (11.^9) 


Figure  11.9.  Illustrating 
bending  torsion  self-induced 
blade  vibrations 


where  y;  <)>  —  are*  respectiveiyj  the  displacement  of  the  center  of 

gravity  and  the  element  rotation  angle  resulting  from 
elastic  deformat: ons ; 

Pjj  Mj —  are* respectively,  the  inertia  forces  and  moment  of  the 
element . 

The  coefficients  ci;L,  c12,  c22  can  be  expressed  with  the  aid 

of  the  principal  stiffness  coefficients  c  and  c, 

P  <P 

*ia=*S!=-**/  *25  =  *?  +  ***,.  (11.50) 

The  forces  acting  are  defined  by  the  ec^alities: 

the  aerodynamic  force 

P,=cJ>  f ; 

the  lift  coefficient 

*,=*,.+5^<?+**).  (11.51) 
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where  c  —  is  the  lift  coefficient  for  the  incidence  angle  an; 
y0  u 

•  Aa  —  is  the  angle  of  attack  change  resulting  from  the 

vibration  velocity 

- JL. 

* 


As  a  result  the  formula  for  the  lift  force  takes  the  form 

(11.52) 


where 


The  inertia  force  and  moment  are 


(11.53) 


where  m  is  che  element  mass ;  J  is  the  element  moment  of 
inertia  about  the  center  of  gravity. 

Substituting  (11.52)  and  (11.53)  into  (11.49)  and  making  minor 
transformations,  we  obtain 

*f +*u»+«wr- A  +$(?-- J-)  di.54) 

(11.55) 

Before  examining  with  the  aid  of  these  equations  the  condi¬ 
tions  for  dynamic  equilibrium  of  the  profile,  let  us  find  its 
static  equilibrium  position  under  the  influence  of  the  air  stream. 
To  do  this  we  set  y  *  y  *  $  ■  0  in  (11 .54)  and  (11.55). 


Then 


where 


(11.56) 


(11.57) 
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hence 


where 


y„  =  P0'jZ^2*.  9et=po_£M£ri3i.f 
a  1 

A-h  c»-h 

|fj,  ea~  c^xf 


(11.58) 


(11.59) 


The  profile  loses  static  stability  at  the  flow  velocity  v, 
when  the  Determinant  (11.59) vanishes 


ct  i  (cjt  -  V)  -  eu  (c  u  -0=0 , 


hence 


4» 

*it*— *i* 


After  substituting  herein  the  notations  of  (11.50),  we  obtain 


e  » 


(11.60) 


According  to  (11.57),  the  critical  value  of  the  coefficient  c 

a 

corresponds  to  the  critical  speed  v  ,  upon  reaching  which  the  blade 

cr 

loses  static  stability.  Obviously,  the  blade  structure  and  its  at¬ 
tachment  must  be  such  that  its  critical  speed  exceeds  considerably 
the  operating  flow  velocities. 

The  bending-torsion  vibrations  of  the  blade  have  dual  coupling. 
As  a  result  of  the  noncoincidence  of  the  center  of  gravity  and  the 
elastic  center  they  have  elastic  coupling,  and  as  a  result  of  non¬ 
coincidence  of  the  center  of  pressure  anc.  center  of  gravity  they 
also  have  aerodynamic  coupling.  The  latter  situation  is  defined  by 
the  right  sides  of  (11. 54)  and  (11.55).  This  is  the  basic  condition 
for  the  possibility  of  onset  of  self-excited  vibrations  of  the 
flutter  type. 

Having  two  degrees  of  freedom,  the  blade  in  question  has  two 
free  vibration  inodes,  which  differ  from  one  another  in  the  relation¬ 
ship  and  sign  of  the  vibration  amplitudes  and  frequencies. 
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In  examining  vibrations  relative  to  the  static  equilibrium 
position,  which  is  established  under  the  influence  of  the  aerody¬ 
namic  force  PQ,  we  discard  this  force  from  (11.54)  and  (11.55)  and 

write  them  in  the  form 


V 

9 

ruy  +(<•»  -  <v<)  ? =  JL. 


(11.61) 

(11.62) 


-ft*. 


The  free  vibration  mode  shape  and  frequency  of  the  blade  in 
the  air  stream  are  defined  by  the  left  sides  of  (11.61)  and  (11.62). 
The  right  sides  of  these  equations  differ  by  the  small  quantity  y/v. 
They  define  the  possibility  of  damping  or  excitation  of  the  vibra¬ 
tions  . 

Setting  the  right  sides  of  (11.61)  and  (11.62)  equal  to  zero, 
we  find  the  frequencies  and  mode  shapes  of  the  blade  free  vibrations. 


The  equations  are  solved  by  tha  substitution 

f  | 

after  which  we  obtain  the  frequency  equation 

kn-my  cu—c. 


u 

*— cjt—lp 


(11.63) 


(11.64) 


Expanding  the  determinant  and  making  the  replacement  c12  *  -ecp, 
we  obtain 

tai-aV*)  (fa  -  Cr«  ~  = ",  (ec,  -f  r,).  (11.65) 

The  relative  blade  stiffness  in  torsion  is  greater  than  that 
in  bending.  Usually 

m  ^  /  * 

Therefore  the  frequencies  .of  the  coupled  bending-torsion  vibrations 
with  forward  location  of  the  center  of  pressure  (x  >  0)  are  separated 
by  the  following  boundaries 
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(11.66) 


■* 


(in  both  cases  the  product  of  the  parentheses  in  the  left  side  of 
(11.65)  yields  a  positive  number,  equal  to  the  right  side  of  the 
equation) . 

With  increase  of  the  flow  velocity,  and  consequently  of  the 
coefficient  c  ,  the  boundary  ol‘  the  second  frequency  shifts  to  the 

cl 

left.  In  practice,  the  effect  of  the  approaching  flow  velocity  on 
the  blade  natural  vibration  frequencies  is  very  slight.  Neverthe¬ 
less,  designs  may  be  encountered  in  which  the  influence  of  the  flow 
may  be  more  significant. 

The  ratio  of  the  bending  and  torsional  vibration  amplitudes, 
in  accordance  with  the  Determinant  (11.64),  is  calculated  from 
the  formulas 


♦  -<l! 


r  -fr n - 

♦  «,i  —  mjfl 


(11.67) 


Using  the  notations  (11.50),  these  formulas  are  conveniently 
written  as 


Y  <  or  Y  +  c« 

•  *Cp  *’  *  en—  mjfl’ 


(11.68) 


2  2 

Substituting  herein  the  values  of  p1  and  p2  found  from  the 

frequency  equat?  ■.  we  obtain  the  amplitude  ratios  and  their  sign. 
In  accordance  with  the  general  rules,  the  bending  and  torsional 
vibrations  for  one  frequency  will  be  in  phase,  while  for  the  other 
frequency  they  will  be  in  phase  opposition  (i.e.,  the  amplitude 
ratio  has  a  minus  sign). 


Now  let  us  examine  the  complete  equations  (11.61)  and  (11.62). 
The  right  sides  of  these  equations  are  respectively  the  external, 
small  in  magnitude,  aerodynamic  force  and  moment,  proportional  to 
the  velocity  of  the  bending  vibrations.  Under  certain  conditions 
these  aerodynamic  forces  may  damp  the  vibrations ,  while  under  other 
conditions  they  will  excite  the  vibrations . 
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Let  us  determine  the  work  of  these  forces  during  a  period, 
assuming  (in  view  of  the  smallness  of  the  forces)  that  the  perturbed 
vibrations  take  place  with  the  frequency  and  in  the  mode  shape  of 
the  natural  vibrations 

■dJLx—  —Ca£~dy=^——  y*dt, 


\  K?p?co»* Pltdt=  «  Y*pt, 


(11.69) 


Formula  (11.69)  shows  that  in  all  cases  the  bending  vibrations 
are  accompanied  by  absorption  of  energy  by  the  aerodynamic  forces 

d ** — c^x  dy  sa — x  &  'fffdti 

substituting  herein  (11.63)  and  integrating,  we  obtain 


&Ia=*  Pttdt=—X  nYftjP/. 


(11.70) 


The  work  of  the  aerodynamic  moment  may  be  positive.  This  means 
that  under  these  conditions  the  aerodynamic  moment  is  an  exciter  of 
self-excited  vibrations . 

Self-excited  vibrations  arise,  and  will  develop  if  the  second 
work  magnitude  is  greater  than  the  first,  i.e.,  if 


At|+AL|>0; 

Substituting  herein  (11.69)  and  (11.70),  we  obtain 


(11.71) 


(11.72) 


The  condition  for  occurrence  of  blade  self-excited  vibrations 
under  operating  flow  conditions  reduces  to  the  Inequality 


£*+K0. 


(11.73) 
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In  the  case  of  a  forward  center  of  pressure  location  (x  >  0), 

\  the  moment  excites  the  out-of-phase  bending-torsion  vibration  mode; 

*  in  the  case  of  an  aft  center  of  pressure  location  (x  <  0),  the  moment 
excites  the  in-phase  vibration  mode.  Here  the  value  of  the  ampli¬ 
tude  ratio  is  important 

Self-excited  vibrations  occur  when  the  vibration  mode  being 
excited  has  sufficiently  large  angular  amplitudes.  This  depends 
on  the  flow  velocity  and  the  displacement  e  of  the  elastic  center. 

An  unfavorable  case  is  that  in  which  e  is  negative,  i.e.,  the  elastic 
center  lies  ahead  of  the  center  of  gravity.  Formula  (11.68)  shows 
that  in  this  case  the  amplitude  ratio 

♦  _  »n  —  mjfl 
Y  e,-«e, 

becomes  sufficiently  large  for  excitation  of  blade  self-excited 
vibrations  as  a  result  of  the  minus  sign  in  the  denominator. 

The  general  conclusion  from  this  analysis  is  that  the  blade 
for  which  the  elastic  center  is  located  between  the  section  center 
of  gravity  and  the  aft-positioned  center  of  pressure  will  be  most 
stable  —  both  statistically  and  with  respect  to  self-excited 
vibrations . 

If  a  blade  is  designed  so  that  the  center  of  gravity  of  the 
section  coincides  with  the  center  of  pressure  (x  =  0),  for  example 
by  special  weighting  of  the  leading  edge,  such  a  blade  will  not  be 
disposed  toward  self-excited  vibrations.  In  accordance  with  (11.70) 
the  work  of  the  aerodynamic  moment  is  zero  for  such  a  blade,  and 
bending  vibrations  are  always  accompanied  by  energy  absorption. 

This  is  also  indicated  by  the  Condition  (11.73). 

If  the  center  of  gravity  and  the  elastic  center  coincide 
(e  *  0),  then  such  a  blade  will  also  not  tend  to  have  self-excited 
vibrations.  For  e  *  0  the  torsional  and  bending  vibrations  become 
independent.  The  bending  vibrations  damp  out  rapidly  under  the 

*  influence  of  aerodynamic  damping,  and  the  torsional  vibrations  (in 
the  absence  of  bending  vibrations)  are  not  excited. 
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This  scheme  describing  the  onset  of  blade  self-excited  vibra¬ 
tions  is  valid  for  the  segment  within  the  limits  of  which  the 
aerodynamic  and  geometric  parameters  remain  unchanged. 

The  conventional  blade  has  a  complex  shape.  The  flow  condi¬ 
tions  and  locations  of  the  centers  of  gravity  and  elastic  centers 
vary  along  the  blade  length.  Therefore  it  may  be  that  individual 
segments  will  operate  with  a  positive  energy  balance,  while  others 
operate  with  a  negative  balance. 

The  overall  energy  balance  for  the  entire  blade  serves  as  the 
criterion  for  the  possibility  of  the  onset  of  self-excited  vibra¬ 
tions.  If  under  any  conditions  the  overall  energy  balance  is 
positive,  this  means  that  the  Dlade  has  a  tendency  toward  self- 
excited  vibrations. 

Using  (11.69)  and  (11. 70),  we  wr^'  the  overall  balance  in 
integral  form 

4 

-aft  J  Kj-f x  ^ yfijj  dl,  (11.74) 

where  Y^  4^  —  are  the  natural  vibration  amplitudes,  variable 
along  the  blade  length; 

v,  cQ,  and  x — are  respectively  ,the  flow  velocity,  aerodynamic 
force-  c6effic’Ie’nt*~Cll  .57 )  ,*'and  c obrdinat e  of  its 
application  —  all  these  quantities  also  vary 
along  the  blade  length. 

The  amplitude  functions  and  for  calculating  the  integral 

are  determined  from  the  blade  free  vibration  mode  with  account  for 
the  action  of  the  aerodynamic  forces  ^nd  also  with  account  for  the 
action  of  the  centrifugal  forces. 

In  view  of  the  complexity  of  the  integrand,  its  calculation 
is  replaced  by  summation  over  segments.  A  positive  value  of  the 

«v  .<r 

Integral  (11.74)  indicates  a  tendency  of  the  blade  toward  self- 
excited  vibrations. 


The  blade  self-excited  vibrati* 


n  mechanisms  are  extremely  com¬ 


plex  and  varied.  Therefore  the  calculation  scheme  examined  above 
and  the  corresponding  criteria  must  be  considered  the  simplest 
scheme,  which  reflects  the  actual  phenomenon  only  in  the  first 
approximation.  In  the  further  refinement  we  must  take  in'o  con¬ 
sideration  friction  forces  in  the  material,  interaction  of  the  tor¬ 
sional  vibrations  with  the  blade  aerodynamics,  interaction  of  the 
vibration  modes  of  the  different  blades  within  the  limits  of  the 
rotor,  and  so  on. 


11.4.  Self-Excited  Vi!  . ^tions  of  Rotor  Turning 
in  Sliding  Bearings 

The  bearing  may  serve  as  the  exciter  of  self-excited  vibra¬ 
tions  of  the  rotor.  If  the  bearings  are  of  the  plane  sliding  type, 
then  in  most  cases  as  a  result  of  high  rotational  speed' and  the 
abundant  lubricant  supply  they  operate  in  the  hydrodynamic  lift 
force  regime. 


General  Equations 

To  clarify  the  excitation 
mechanism  for  self-excited 
vibrations,  we  shall  examine 
the  shaft  motion  in  the  bear¬ 
ing  and  the  equations  of 
equilibrium  of  the  forces 
acting  on  the  shaft  (Figure 
11.10).  In  so  doing  we  as¬ 
sume  that  the  rotor  is  per¬ 
fectly  balanced  and  its  cen¬ 
ter  of  gravity  coincides  with 
the  center  of  the  shaft.  Given: 
shaft  angular  velocity  w,  bearing 


Figure  11.10.  Forces  and 
moments  acting  on  journal 
in  hydrodynamic  bearing 
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radial  clearance  6,  bearing  dimensions  d  and  1;  and  the  absolute 
oil  viscosity  v  is  also  known. 


The  shaft  position  in  the  bearing  is  defined  by  the  angle  a 
and  the  eccentricity  e.  Generally  speaking,  these  quantities  must 
be  considered  variables,  but  for  steady-state  motion  in  the  static 
equilibrium  position  they  are  constants  and  define  the  condition 
of  equilibrium  between  the  weight  force  G  »  mg  and  the  hydrodynamic 
force  P. 

*  • 

Equilibrium  for  unsteady  motion  is  defined  by  the  equations 


mx-G+P,= Gj| 
my+Pg—Q.  | 


(11.75) 


In  projections  on  the  n,  £  moving  axes, these  equations  have  the 


m(e— «jJ) — Q  cot'o -j-  P 
m(2ed-}-<o)+0«Ina— P 


+P  -  v  -=0;  | 

=o:J 


(-11.76) 


The  hydrodynamic  force  P  depends  on  the  shift  e  of  the  center 
of  the  shaft  relative  to  the  center  of  the  bearing  and  the  shaft 
angular  velocity  o>.  Its  magnitude  is  defined  by  the  formula 


(11.77) 


where  x  is  the  relative  eccentricity 


Z  |  ’ 


(11.78) 


here  d  and  l  are  the  bearing  dimensions;  $(x)  in  (11.77)  is  the 
.bearing  loading  coefficient. 

The  loading  coefficient  is  usually  presented  in  graphical  form 
(Pigure  11.11)  as  a  function  of  x  and  bearing  relative  length  l/d. 
For  individual  segments  of  these  curves  it  can  be  expressed  with 
the  aid  of  the  formula 
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Figure  11.11.  Hvdrodynamic 
bearing  loading  coefficient , 


?(x)=-o4~(f^-.  (11.79) 


where  the  coefficients  b^»  t>2 »  t,3> 
and  n  are  determined  by  inspection 
from  the  corresponding  curve  (see 
Figure  11.11). 

Sufficiently  correct  results 
can  also  be  obtained  using  the 
simpler  formula 


?(/)— 


1-1 


(11.80) 


The  direction  of  the  vector  P 
depends  on  the  magnitude  of  the 
relative  eccentricity  x  and  is 
defined  by  the  angle  0 : 


cos»=X- 


(11.81) 


These  formulas  are  analyzed  in  hydrodynamic  lubrication  theory 
and  ure  used  here  without  any  special  analysis  or  refinement. 


The  bearing  lift  force  is  determined  by  the  volume  of  oil  forced 
into  the  oil  wedge  by  the  viscous  friction  forces.  For  the  steady- 
state  stationary  position  of  the  eccentricity  e,  this  volume  is 
equal  to  (Figure  11,12a)  V„„6,  where 

av 


(11.82) 


If  the  angle  a  is  variable  and  the  eccentricity  changes,  the 
average  input  velocity  must  be  calculated  from  the  relative  velocities 
(see  Figure  11.12b) 
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-court  ("~a)r 

b> 


Figure  11.12.  Bearing  operating  zone 
in  the  case  of  stationary  (a)  and 
precessing  (b)  shait. 


Then  the  pumped  oil  volume  will  be 


-i-<«-2ft)rl. 


(11.83) 


If  the  oil  wedge  and  lift  force  are  located  behind  the 

section  hmln;  if  6>j«f  the  oil  wedge  forms  ahead  of  the  section 
h  .  and  the  lift  force  will  hinder  precession  of  the  shaft. 


To  express  the  pumped  oil  volume  in  conventional  form,  we 
formulate  the  equality 


(11.84) 


from  which  we  obtain  the  reduced  velocity 


%***•-«. 


(11.85) 


This  velocity  is  to  be  substituted  into  (11.77)  In  place  of  u 
when  the  force  P  is  determined  for  precessing  shaft  motion;  in  this 
case  (11.77)  takes  the  form 


/>-?&)<—  *)**•(£)* 


(11.86) 


We  note  that  the  lift  force  P  is  found  from  the  absolute  magnl 
tude  of  the  difference  («  -  28).  If  this  difference  is  negative 
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the  angle  0,  which  determines  the  direction  of  the  force,  must  be 
taken  with  a  negative  sign. 


The  vertically  positioned  shaft  or  the  shaft  operating  under 
weightless  conditions  does  not  experience  the  influence  of  gravity 
forces.  Therefore,  (11.76)  take  the  form 


m(i—  t-a*)+Pco**«d;  | 
m(2*a-f  «5»)— PsM=0.  j 


(11.87) 


These  equations  are  satisfied  by  the  steady  precession  conditions 


from  (11.87)  we  obtain 


a*Q**const;  a— 0;  *-*>-0; 


P-meQ*;  slnd-0. 


According  to  (11.81)  and  (11.7?) 

i.e.,  the  shaft  displaces  in  the  bearing  by  the  magnitude  of  the 
radial  clearance.  Thus,  in  accordance  with  Figure  11.11  and  the 

Formula  (11.79),  limf(x)"* 00  and  then  in  accordance  with  (11.86)  we 

,  «-» 

have 

Ksuce,  we  find  the  steady  shaft  precession  rate 

(11.88) 

Shaft  autorotation  is  a  stable  motion.  If  something  leads  to 
reduction  of  the  precession  rate  ft,  the  difference  (u>  -  2ft)  becomes 
positive  and  a  force  appears,  acting  on  the  shaft  in  the  direction 
of  the  precession  (Figure  11.13),  and  restores  the  previous  rate. 
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Conversely,  if  n  increases  under 
the  influence  of  some  external 
factor,  the  difference  (u  -  2Q) 
becomes  negative}  this  means  that 
a  force  develops  from  the  opposite 
side  and  cancels  out  the  excess 
rate. 


'  V  ^  The  autorotation  rate  Q 

increases  in  proportion  to  id. 

Figure  11.13.  Diagram  of  hydro-  When  the  velocity  0  reaches  the 

dynamic  force  action  in  the  critical  value,  the  resonance 

autorot at ional  speed  region.  .  ,  . 

°  phenomenon  occurs,  accompanied 

by  marked  increase  of  3haft  de¬ 
flection  and  the  loads  on  the  supports. 


For  the  simplest  shaft  arrangement  (on  two  supports) 


therefore,  the  resonant  angular  velocity  at  which  the  self-excited 
vibrations  reach  their  maximal  magnitudes  will  be 

When  accounting  for  the  gyroscopic  moment  of  the  disk,  the 
resonant  speed  is  easily  found  from  the  frequency  diagram  (Figure 
11.14). 

Drawing  from  the  coordinate  origin  a  straight  line  with  the 
slope.  0.5,  we  find  the  resonant  angular  velocity  «res  as  the  point 
of  Intersection  of  this  ray  with  the  shaft  frequency  characteristic. 

Self-excited  vibrations  of  the  rotor  terminate  when  the  angular 
velocity  exceeds  *  .  Experiments  show  that  in  this  case  the  shaft 
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Figure  11.14.  Determining  criti¬ 
cal  autorotation  speed. 


centers,  and  every  disturbance 
tending  to  disrupt  the  central 
position  of  the  shaft,  will  be 
damped  out  by  the  hydrodynamic 
forces . 

Self-excited  vibrations  of 
horizontal  shaft.  A  similar 
autorotation  phenomenon  develops 
with  the  shaft  axis  horizontal. 


In  general  hydrodynamic  lubrication  theory,  the  assumption  is 
made  that  static  equilibrium  is  established  in  the  bearing  between 
the  external  forces  and  the  lift  force  of  the  oil  layer.  Accordingly, 
the  shaft  occupies  a  position  which  is  characterized  by  the  magnitude 
of  the  eccentricity  e  and  its  direction  —  the  angle  •  . 


If  the  external  force  is  the  weight,  the  following  equality  is 
established 


G-/>«t<x)«vM.(-£)\ 


(11.89) 


The  relative  eccentricity  x  and  then  the  angle  •  are  easily 
found  from  this  expression  for  given  conditions.  Since  the  weight 
force  is  constant,  with  Increase  of  the  angular  velocity  u  the  eccen¬ 
tricity  e  will  decrease,  while  the  angle  0  will  increase. 


The  static  equilibrium  is  not  absolutely  stable.  At  high  rota¬ 
tional  speeds  self-excited  vibrations  of  the  autorotation  type  can 
develop,  in  which  the  shaft  begins  to  precess  with  velocity  equal  to 
half  the  rotational  velocity. 


The  precession  velocity  is  not  constant}  therefore,  in  (11.76) 
we  make  the  substitution 


we 


(11.90) 
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-V 

It 


8  is  the  deviation  from  the  average  value. 

In  this  case  the  derivatives  ere  transformed  to  the  variable  4 


■  it  •  “  .  J 

*  T! 


(11.91) 


here  nhe  primes  denote  derivatives  ,<rith  respect  to  t. 

After  substitution  and  transformations,  (11.76)  take  the  form 


2e'  (1  «ta  ( ?-f  -—Pstal-O. 


(11.92) 


In  these  equations  the  hydrodynamic  force  P  is  calculated  using 
(11.86),  in  which 


•  _  •  m  .  • 


after  substitution  of  this  value  into  (11.86),  the  latter  takes  the 
form 


p — 2 


The  direction  of  the  force  is  oriented  at  the  angle  •  relative 
to  the  eccentricity  e  (see  Figure  11.10).  Since  the  angle  a,  which 
defines  the  direction  of  e  changes,  the  direction  of  the  force  P  also 
changes . 

The  angle  8  changes  only  slightly  in  the  course  of  a  period. 

The  velocity  &  is  also  small;  therefore  x  approaches  one  and  the 
eccentricity  of  the  Journal  in  the  bearing  is  close  to  the  radial 
clearance  .  As  a  result  of  this,  the  change  of  e  during  the 

period  is  small,  and  in  (11.92)  we  can  neglect  the  derivatives  e’  and 
e".  Then  (11.92)  simplify  and  separate 

FTD-HC-23-780-70  *72 


(11.93) 


m#(l+f,'J*“'+C(co«9—3»ln9)=/>co*  •; 
?a  — ^-(*lnV  +  l»coi9)  +-~  P  sta*. 


(11.9*0 


Equation  (11.93)  for  radial  equilibrium  yields  the  lower  bound 
for  w  for  stable  autorotation.  Since  P  cannot  have  a  negative  value, 
its  minimal  value  equals  zero.  Then  the  minimal  velocity  is  found 
from  the  condition  for  f-a:  : 

me±>Gi 

•.*>2  /?•  ,where*==®.  (11.95) 

For  an  angular  velocity  u  less  than  twice  the  pendulous  frequency, 
separated  precession  may  take  place  in  the  bearing,  accompanied  by 
bouncing  and  unstable  phenomena.  Stable  autorotation  is  not  possible. 

Equation  (11.9*0  for  equilibrium  of  the  external  forces  can  be 
reduced  to  the  transition  equation.  To  do  this  we  write  its  solution 
in  phase  trajectory  polar  coordinates 


p«/?*taV;  \ 

y=tfco«Y.  I  (11.96) 

Differentiating  the  first  equality  and  equating  it  to  the  second, 
and  substituting  the  derivative  of  the  second  equality  into  (11.9*1), 
we  obtain  two  equations 


R"  sin  y + R  y'  co«  y = R  cos  y, 

R'«»y-Rl'»lay=*F(%  n 

where  F (p,  p')  is  the  function  which  is  the  right  side  of  (11.94). 

Solving  these  equations  for  the  derivatives,  we  obtain  the 
formulas 


FTD-HC-2 3-7 80-70 


473 


k-fq,  j'jcoiv+^^vcoir. 
y«^-y^(N  f*Jnt+cot*Y. 

Converting  to  the  phase  plane  rotating  coordinate  axes  by  the 
substitution 


YT*+* 


(11.97) 


we  obtain 


».  y)eo«i»+t)+^ito(t+t)eos(Y+ft; 

¥ - ?')  sin  (f  r  ^ — rin*  (f +9). 


(11.98) 


liquations  (11.98)  show  the  variation  of  the  phase  trajectory 
polar  coordinates  R  and  ♦  within  tha  limits  of  a  period.  Since  this 
change  Is  small,  in  integrating  (11.98)  within  the  limits  of  a  period  , 
we  can  consider  these  coordinates  constant  in  the  right  side.  Then 
we  obtain  the  asymptotic  equations: 


(n.99) 

-  ■ *  S F{f* 

*  (11.100) 

We  express  the  function  ¥)  »  in  accordance  with  (11.94)  in 
polar  coordinates  by  replacing  B  and  B'  usinr*  (11. 96): 


m  n  -  -  J  |rt»»+^«te(f+t)costl- 

--M-y^yl-^Wgeot  (f-H).  (11.101) 

Here  the  oil  layer  lift  force  P  is  represented  by  the  formula 

p— fif  (x)«Kcos  (ftt)* 
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which  was  obtained  f'rom  (11.86)  by  the  replacement 


♦ 


sin  b = |/l  —  x*; 

the  minus  sign  in  the  lift  force  formula  indicates  the  direction  of 
the  circumferential  component  of  the  lift  force. 


Substituting  the  function  F(f,  (f)  (11.101)  into  (11.99)  and 
(11.100)  and  integrating,  we  obtain: 


(11.102) 


»  (11,103) 

Formulas  (11.102)  and  (11.103)  show  that  for  certain  values  of 
R  and  f  the  increments  AR  and  become  equal  to  zero.  These  values 
are  the  parameters  of  the  self-excited  vibration  limit  cycle.  In 
accordance  with  (11.96)  and  (11.97),  the  quantity  R  is  the  amplitude 
angle  0,  and  *  is  the  phase  angle . 

The  limit  cycle  is  stable.  This  can  be  seen  by  taking  distur¬ 
bances  of  R  larger  than  and  smaller  than  the  limiting  value.  In  the 
first  case  AR  and  At|i  become  negative,  .and  in  the  second  they  become 
positive,  which  indicates  return  of  the  system  to  the  limit  state. 

Formulas  (11.102)  and  (11.103)  are  valid  for  sufficiently  large 
values  of  u.  We  recall  that  the  lower  limit  of  the  angular  velocity 
is  defined  by  the  inequality  (11.95)*  For  lower  angular  velocities 
separated  autorotation  appears,  the  deviations  of  the  angle  8  within 
the  limits  of  a  period  become  significant,  and  integration  of  (11.98) 
under  the  assumption  of  slow  change  of  the  parameters  6  and  6'  is 
not  permissible. 
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Just  as  for  the  vertical  shaft,  the  upper  limit  of  the  angular 
velocity  range  within  which  self-^xcitad  vibrations  ean  occur  .is  the 
velocity  equal  to  twice  the  critical  speed. 

Thus,  the  region  of  angular  velocities  for  which  shaft  autorota¬ 
tion  is  possible  in  hydrodynamic  bearings  is  defined  by  the  Inequality 


2  j/-f  <»<>*»« 


(11.104) 


In  this  case  the  autorotation  speed  under  the  influence  of  the 
hydrodynamic  forces  is  equal  to  half  the  shaft  rotation  speed. 

These  conclusions  are  valid  for  the  ideal  case,  in  which  the 
rotor  center  of  gravity  lies  exactly  on  the  axis  of  rotation.  In 
real  structures  there  is  always  some  rotor  unbalance,  which  results 
in  the  appearance  of  centrifugal  forces  owing  to  the  unbalance.  The 
unbalanced  force  vector  rotates  with  the  angular  velocity  of  the  shaft 
and  forces  the  latter  to  precess  with  the  same  velocity,  which  hinders 
the  onset  of  self-excited  vibrations. 

In  this  case  the  possibility  of  self-excited  vibration  onset 
depends  on  the  relationship  between  the  out-of-balance  and  hydro- 
dynamic  forces.  The  rotor  which  is. precisely  balanced  has  more 
tendency  toward  self-excited  vibrations  of  this  type. 

The  equations  of  motion  of  the  Journal  in  bearings  for  the  un¬ 
balanced  rotor  case  are  analogous  to  (11.76),  with  the  addition  of 
the  projections  of  the  unbalanced  forces; 


«(#— «*)*-Cco*a+Pco*|— /Vco*(W— o)=«0;  \ 

Crtn-Pital-W tta(W-a)3>0,  J 


(11.105) 


where  K  is  the  amplitude  of  the  unbalanced  force: 
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a  is  the  rotor  unbalance. 


The  Bubnov-Galerkin  method  can  be  used  to  obtain  the  averaged 
solution  of  these  equations. 

11.4.2.  Case  of  Semidry  Bearing  Friction 


Pendulous  self-excjted  vibrations.  If  bearing  lubrication  is 
insufficient  or  there  is  none  at  all,  pendulous  vibrations  of  the 
rotor  under  the  action  of  the  friction  forces  can  arise.  A  schematic 
of  the  action  of  the  forces  on  the  rotor  journal  is  shown  in  Figure 
11.15.  Here  we  assume  that  there  are  no  unbalanced  forces.  The 
position  of  the  rotor  in  the  support  is  defined  by  the  angle  a,  which 
is  to  be  considered  variable.  The  journal  radial  displacement  equals 
the  radial  clearance  5.  The  angular  velocity  w  is  constant.  As  a 
result  of  shaft  rotation,  the  friction  force  F  acting  on  the  journal 
arises  at  the  point  of  contact.  The  friction  force  F  is  replaced  by 
the  same  force  applied  at  the  center  and  the  moment  F  •  r.  The  moment 
is  overcome  by  the  external  driving  moment  and  is  excluded  from 
further  examination. 


The  rotor  dynamic  equilibrium  conditions  are  defined  by  the 
equations  in  projections  on  the  C,  n  axes: 


m3a*-f  mgco»a=N’,  ) 

F=*N, 

where  ti  is  the  semidry  or  dry  friction  coefficient. 


(11.106) 


The  friction  coefficient  is  a  function  of  the  sliding  velocity 
v  at  the  point  of  contact  (Figure  11. 16).  The  form  of  the  function 
depends  on  the  nature  of  the  lubrication,  the  quality  of  the  rubbing 
surfaces,  the  magnitude  of  the  specific  pressure,  and  so  on.  No 
matter  what  the  characteristics  of  this  function,  the  rest  friction 
coefficient  is  always  greater  than  the  motion  friction  coefficient. 
Therefore,  there  is  always  a  descending  segment  on  the  v  curve  which, 
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Figure  11.15.  Action  of  forces 
ir.  semidry  friction  case. 


Figure  11.16.  Semidry  friction 
coefficient  as  a  function  of 
sliding  velocity. 


as  will  be  shown  later,  is  the  condition  for  the  onset  of  self-excited 
vibrations. 

In  the  absence  of  vibrations  a— 0;  a«0  ,  and  (11.106)  define  the. 
position  of  the  Journal  in  the  bearing: 


tga#*=~m. 


(11.107) 


where  aQ  is  the  angle  defining  the  equilibrium  position  of  the 
the  Journal; 

Uq  is  the  friction  coefficient,  in’ the  equilibrium  position, 
determined  from  the  sliding  velocity  ot—ar.  . 

Ir.  accordance  with  (11.107),  the  equilibrium  position  is  opposite 
that  shown  in  Figure  11.15.  Under  the  action  of  the  friction  force 
the  shaft  rolls  up  onto  the  bearing  surface. 

The  equilibrium  position  may  be  stable  or  unstable.  In  the 
latter  case  there  are  pendulous  vibrations  of  the  Journal  about  the 
equilibrium  position.  The  instability  conditions  are  clarified  with 
the  aid  of  the  complete  equations  (11.106). 
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For  variable  a  the  sliding  velocity  is  defined  by  the  formula 

®^=wr-{-8o,  (11.108) 

which  is  the  sum  of  the  relative  and  reference-frame  velocities  of  the 
point  of  contact. 

In  this  connection,  the  friction  coefficient  y  is  also  variable. 
It  depends  on  the  zero  sliding  velocity  and  may  be  defined  by  both 
the  ascending  and  descending  segments  of  the  y  characteristic  curve. 

In  the  semidry  and  dry  friction  regimes  the  characteristic  is  de¬ 
scending. 

In  the  equilibrium  position  region,  the  dependence  of  y  on  a  can 
be  written  in  series  form 

l»=!»04-a,a-j-a2al-j-flia,+ .  .  .,  (11.109) 


where 


__*!L.  _ _ L  /»  2* 

di'  3  2  <Ja»’  *  6  dk* 


According  to 
with  respect  to  a 


(11.108),  the  connection  between  the  derivatives 
and  with  respect  .to  v  is  defined  by  the  equality 


Therefore,  the  formulas  for  the  series  coefficients  take  the  form: 


<*j— 8— a2=-Ls^; 

do  3  2  Art’  *  6  dtfi 


(11.110) 


The  derivatives  of  y  with  respect  to  v  and  also  the  values  of 
yQ  in  the  equilibrium  region  are  determined  by  the  given  friction 
coefficient  characteristic  curve. 
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Excluding  the  reaction  N  from  (11.106),  we  obtain  the  differen¬ 
tial  equation: 


o  -j-  **«ta  a  ■fK&‘,'f l,coea)«*0, 


ai.in) 


where 


Substituting  into  (11.111)  in  place  of  y  its  expansion  (11.109) 
and  reducing  the  equation  to  characteristic  time  by  the  substitution 
♦  *  kt,  we  obtain 

a"-f  ilna-f  (fc-f  s}*«'  raJ*V*+al*%i'*)(o'l-fcosa)=sO, 
where  the  prime  denotes  derivative  with  respect  to  t. 

We  replace 


a«ao*+«j 


(11.112) 


where  e  is  the  disturbance  with  respect  to  the  equilibrium  position. 

Then  we  obtain 

*' + «!n  (ctp -i.  t) + «,*•» -f  -f 

+  «*#«'*)  [*4  -j-  co*  (a,  -f  *))  *°  0.  (11.113) 

2 

In  the  brackets  the  quantity  e:  is  small  in  comparison  with  the 
quantity  cos(<n+*)  ,  which  differs  very  little  from  one;  therefore, 
the  bracketed  expression  is  taken  at  one.  After  transformations, 
using  (11.107)  and  considering  the  smallness  of  e,  we  write  (11.113) 
in  the  form: 

*#+t (11.114) 
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The  Van  ae  Pol  method  examined  above  can  be  used  to  reduce  this 
equation  to  the  transition  Equations  (11.21)  and  (11.22) 


-±  $  F(Oste(t+»i#?. 


(11.115) 


where  F(e')  is  the  function  denoting  the  right  side  of  (11.114). 


In  the  integration  of  (11.115)  we  replace  e'  in  the  function  P 
by  the  phase  trajectory  parameters: 


*'=*Rc<*to+mrt  «=tf«ln(<p-f-t). 


(11.116) 


Integration  yields: 


d/?=  ~«atkR  (i-f  ; 


A*=0. 


(11.117) 


The  first  equality  indicates  the  existence  of  the  self-excited 
vibration  limit  cycle  and  defines  the  conditions  for  its  existence. 


Equating  AR  to  zero,  we  find  the  two  equilibrium  states: 


«=*  t;2:- 


(11.118) 


In  accordance  with  (11.116)  the  first  solution  yields  e  *  0, 
i.e.,  it  indicates  the  static  equilibrium  position  a’“a»  .  The  second 
solution  indicates  the  amplitude  of  the  limit  cycle. 


The  coefficients  a1  and  a^  of  the  expansion  of  the  function  in 
the  equilibrium  region  usually  have  opposite  signs,  which  corresponds 
to  the  nature  of  this  function  (see  Figure  11.16).  In  this  case  R 

SL 

is  real. 

The  stability  of  the  equilibrium  position  of  the  center  and  of 
the  limit  cycle  depends  on  the  sign  of  the  coefficient  a1«  For  dry 
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friction  is  negative,  which  corresponds  to  the  descending  part  of 
the  tt  characteristic  curve.  Ih  this  case  the  center  position  is 
unstable  and  the  limit  cycle  is  stable.  This  is  easily  seen  from 
(11.117).  Taking  values  of  R  differing  somewhat  from  the  stable 
values,  for  /?*» 0  and  R  <  R  we  obtain  positive  AR,  while  for  R  >  Ra 
we  obtain  negative  AR.  This  means  that  the  system  approaches  the 
self-excited  vibration  state. 

The  condition  AV  »  0  indicates  that  the  self-excited  vibrations 
take  place  with  the  frequency  of  the  pendulous  vibrations : 


The  descending  branch  of  the  v  curve  is  usually  located  in  the 
region  of  small  sliding  velocities.  Therefore,  the  self-excited 
vibration  mode  in  question  can  arise  at  low  angular  velocities. 

« 

C 

The  amplitude  of  the  self-excited  vibrations  depends  on  the 
shaft  angular  velocity  m.  This  dependence  is  defined  by  the  co¬ 
efficients  a^  and  a3*  There  ia  a  specific  relationship  of  these 
coefficients  for  every  point  of  the  a  curve. 

If  a3  ■  0,  or  if  both  a3  and  a^  are  negative,  the  system  does 
not  have  a  stable  position  in  this  region*  Under  the  influence  of 
the  friction  forces  there  will  be  Increasing  oscillations  of  the 
rotor  in  the  support,  and  the  Vibration  amplitudes  will  become  so 
large  that  the  further  behavior  of  the  system  must  be  examined  with 
the  aid  of  other  equations. 

Circular  self-excited  rotor  vibrations  under  the  influence  of 
the  semidry  friction  force  can  arise  as  a  result  of  intense  oscilla¬ 
tion  buildup  or  as  a  result  of  a  random  pulse  which  imparts  to  the 
Journal  a  sufficiently  large  backward  precession  velocity. 

For  a  vertical  shaft  or  a  rotor  operating  under  weightless  con¬ 
ditions,  circular  self-excited  oscillations  are  defined  by  the  equation 
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Figure  11.17.  Forces  causing 
circular  self-induced  vibra¬ 
tions  in  the  semidry  friction 
case. 


which  rjpresents  equality  of  the 
circumi arential  forces  —  the 
inertia  force  and  the  shaft  sliding 
frictic n  force  (Figure  11.17). 

As  note  1  previously,  the  friction 
coeffic  .ent  is  a  function  of  the 
sliding  velocity  v.  Here  the 
sliding  vel>aity  is  defined  by 
the  dif Terence: 

o-rm-h  (11.120) 


As  v  decreases,  the  friction  coefficient  v  Increases.  The 
disturbance  force  is  always  positive  anu  increases  with  increase  of 
a.  This,  in  turn,  indicates  continuous  increase  of  the  backward 
precession  velocity.  The  kinematic  limit  o:?  the  velocity  a  is  the 
condition  of  rolling  without  sliding,  i.e.,  v  *  0.  In  accordance 
with  (11.120)  we  obtain 


p  (11.121) 

This  velocity  cannot  be  achieved  in  practice,  since  long  before 
reaching  it  dynamic  phenomena  arise  which  are  associated  with  rotor 
passage  through  the  critical  speeds.  The  dynamics  of  a  flexible 
rotor  on  supports  with  backlash  was  examined,  in  Chapter  8. 

For  the  horizontal  rotor  the  circular  aelf-excited  vibrations 
are  defined  by  the  equation 

o-fAl*Ino=?(u*  r'.,5cose),  (11.122) 

which  takes  into  account  the  effect  of  the  gravity  force. 
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The  sum  in  the  parentheses  is  proportional  to  the  normal 
pressure  of  the  Journal  on  the  headings  at  the  point  of  contact. 
This  force  is  always  positive  for  circular  motion  of  the  Journal. 

Multiplying  both  sides  of  (11.122)  by  «  and  integrating  the 
left  side,  we  obtain 


m 

& — JP  co«  e *  (a? + A*  cos  o)  da  +( C, 


(11.123) 


Hfmmiit*  where 


c-y  a}-*- 


The  velocity  change  during  a  tingle  period  is  calculated  using 
the  formula 


«P-2J=«2j  j»(o*+JPco*ai<ft*, 


where  QQ  is  the  Initial  value  of  the  precession  rate. 


(11.124) 


Por  circular  motion  the  Integral  has  a  positive  value.  There¬ 
fore  the  backward  precession  which  arises  under  the  influence  of  the 
friction  force  Increases  with  increase  of  the  precession  velocity. 

As  the  precession  velocity  increases,  the  role  of  the  weight  force 
becomes  Insignificant  and  the  limiting  velocity  to  which  the  shaft 
can  be  accelerated  theoretically  under  the  influence  of  the  friction 
force  is  the  kinematic  limit  (11.121). 

Sometimes  long  and  slender  shafts  are  equipped  with  so-called 
false  supports  (Figure  11.18a)  to  permit  passage  through  the  critical 
speed.  The  false  supports  limit  shaft  deflection  at  speeds  close  to 
the  critical  value  and  thus  prevent  the  onset  of  excessively  large 
bending  stresses  in  the  shaft.  The  shaft  does  not  contact  the 
support  at  speeds  far  from  the  critical  value. 


Under  certain  conditions  false  supports  can  be  the  reason  for 
the  onset  of  circular  self-excited  backward-precession  vibrations. 
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Figure  11.18.  Flexible  shaft 
with  additional  support. 


no  ouax J>  auaxjf  ao  vuv 


for  the  onset  of  self-excited 
vibrations  using  the  example  in 
which  the  false  support  is  located 
at  the  midpoint  of  the  span 


The  first  critical  speed  of 
such  a  shaft  is  found  from  the 
well-known  formula 


'  j*  -  /  E!_ 

‘aP  V  m\  (11.125) 

where  EJ  is  the  shaft  stiffness; 

m  is  the  mass  per  unit  length. 

Upon  approach  to  this  speed  the  shaft  begins  to  bend  markedly, 
the  clearance  6  will  be  taken  up,  and  when  the  angular  velocity 
reaches  the  critical  value  the  shaft  will  contact  the  surface  of  the 
center  support.  A  friction  force  directed  opposite  the  motion  will 
arise  at  the  point  of  contact.  From  this  moment  the  shaft  begins  to 
operate  as  a  three-support  shaft.  Further  increase  of  the  angular 
velocity  will  be  accompanied  by  increase  of  the  deflections  (in 
accordance  with  the  scheme  shown  in  Figure  11.18b)  and  increase  of 
the  pressure  on  the  center  support. 


If  the  support  friction  coefficient  is  sufficiently  large  and 
the  shaft  unbalance  is  small,  under  the  influence  of  the  friction 
force  backward  precession  may  develop  with  velocity  equal  to  the 
critical  velocity  of  the  three-3upport  shaft.  For  the  scheme  in 
question  this  angular  velocity  is  defined  by  the  formula 
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After  passage  through  this  speed  the  danger  of  the  appearance 
of  self-excited  vibrations  disappears. 

Such  self-excited  vibrations  can  arise  in  rotors  of  the 
vertical  type:  with  large  clearances  in  the  supports  or  in  the 
presence  of  slotted  and  labyrinth  seals  this  can  occur  if  the  shaft 
comes  into  contact  with  the  casing:;  In  the  presence  of  sleeve  seals 
this  can  occur  if  the  sleeves  have  high  stiffness  and  radial  displace 
ment  of  the  shaft  leads  to  the  appearance  of  a  nonuniform  friction 
force  along  the  circumference  of  the  shaft;  under  the  influence  of 
the  friction  force  in  a  thrust  bearing  or  axial  support  this  can 
occur  if  the  friction  force'  does  not  pass  through  the  center  of 
rotation  of  the  shaft. 
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CHAPTER  12 


PARAMETRIC  VIBRATIONS 


12.1 .  General  Principles 

There  are  systems  whose  vibrations  are  defined  by  linear  differ¬ 
ential  equations  with  variable  coefficients.  For  the  single-mass 
system  this  equation  can  be  written  in  the  general  form 

«W!+M0#+*(0f“  0.  (12.1) 

The  equation  coefficients  are  time  functions  which  are  not 
associated  with  the  position  of  the  system,  and  their  physical  meaning 
depends  on  the  concrete  form  of  the  system  and  the  conditions  of  its 
mot ion . 

If  the  coefficients  vary  periodically,  vibrations  which  are 
termed  parametric  may  develop  under  the  influence  of  the  variable 
parameter. 

Equation  (12.1)  has  the  simplest  solution 

f(0-  o. 
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This  means  that  the  system  hat  an  equilibrium  position,  although 
the  stability  of  the  system  in  this  position  is  not  defined  by  the 
solution. 

The  equilibrium  state  is  unstable  if  the  system  when  disturbed 
from  this  position  begins  to  execute  parametric  vibrations. 

Stable  parametric  vibrations  are  to  be  considered  a  particular 
case.  Usually  they  have  the  form  of  decaying  or  increasing  oscilla¬ 
tions.  In  the  first  case  the  system  approaches  the  equilibrium 
position  in  the  course  of  time,  in  the  second  case  the  oscillations 
increase  without  bound,  i.e.,  the  parametric  resonance  phenomenon 
takes  place. 

In  contrast  with  conventional  resonance  in  linear  systems,  which 
occurs  only  when  the  exciting  force  frequency  coincides  with  the 
natural  vibration  frequency,  parametric  resonance  does  not  require 
coincidence  of  the  parameter  variation  frequency  with  the  natural 
vibration  frequency,  therefore  its  occurrence  possible  over  a 
wide  range  of  disturbing  parameter  frequencies. 

It  is  not  possible  to  find  the  general  solution  of  (12.1)  and 
there  is  no  need  to  do  so,  since  the  parametric  vibration  amplitudes 
vary  in  one  direction  or  the  other  in  the  course  of  time.  It  is  far 
more  important  to  use  the  equation  to  find  the  system  stability  and 
parametric  resonance  zones,  relating  them  with  the  system  physical 
property  coefficients. 

In  many  engineering  problems  the  general  solution  of  (12.1) 
reduces  to  the  Hill  equation 


f+'PWf-O,  (12.2) 

where  *(t)  is  a  periodic  function  with  period  t. 

A  particular  case  of  the  Hill  equation,  but  more  frequently 
encountered,  is  the  Mathieu  equation 


\ 
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$+l&+H<D(0]f-0, 


(12.3) 


i 


where  b  is  a  constant; 

4(t)  Is  the  harmonic  function  sin  t  or  cos  t,  having  a  period 
equal  to  2ir; 

U  is  a  small  parameter  characterizing  the  amplitude  $( t)  or, 
as  we  say,  defining  the  pulsation  intensity. 

The  argument  t  of  the  function  *(t)  is  to  be  considered  in  the 
equation  as  the  characteristic  time,  with  respect  to  which  the  deriva¬ 
tives  are  taken,  and  which  is  the  argument  of  the  sought  solution. 
Reduction  of  differential  equat 3 ons  to  the  characteristic  time  was 
examined  in  the  preceding  chapters  of  the  second  part  of  the  book. 

The  general  solutions  of  the  Hill  and  Mathieu  equations  for  a 
small  parameter  y  have  the  form 


9=euf{t),  (12.4) 

where  f(t)  is  a  periodic  function  with  period  2ir,  equal  to  the 
parameter  period; 

X  is  the  coefficient  which  defines  the  nature  of  the 

parametric  vibrations . •  Positive  values  of  X  characterize 
increase  of  the  amplitudes,  i.e.,  they  indicate  the 
parametric  resonance  case. 


As  a  result  of  the  periodicity  of  the  function  f(t),  the  ampli¬ 
tude  increase  per  period  is  defined  by  the  ratio 


*«> 

The  amplitudes  increase  in  geometric  progression 


(12.5) 


where  n  is  the  number  of  periods  elapsed. 


(12.6) 
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The  vibration  velocities  grow  in  the  same  proportion 

4(t+2an)~s*4(t).  (12.?) 

12,2.  Meissner  Equation 

12.2.1.  General  Method  for  Estimating  System  Stability 

Let  us  determine  the  stability  of  a  system  with  stepwise  stiffness 
parameter  variation  law  (Figure  12.1.). 

For  this  case,  the  Hill  parametric  vibration  equation  (12.2)  has 
the  form 

j+(6±^-a  (12.8) 

Equation  (12.8)  is  reduced  to  the  stiffness  parameter  pulsation 
period  by  the  substitution 

p 

where  u>  is  the  stiffness  parameter  pulsation  frequency;  b  ■  c/m  and 

2  *** 

A  ■  Ac/mw  ;  the  plus  sign  in  (12.8)  corresponds  to  the  -first  half  of 

ten  stiffness  parameter  pulsation  period,  the  minus  sign  corresponds 

to  the  second  half  of  the  period. 

The  reduced  form  of  (12.8)  has  been  studied  in  detail  by  Frof. 
Meissner  and  is  therefore  associated  with  his  name. 


The  stiffness  coefficient  of  (12.8)  keeps  a  constant  value  within 
the  limits  of  each  half-period.  Therefore,  we  can  use  the  solutions 


for  simple  harmonic  oscillations 


<h  tin  pxt -i-Cacoc j  (12 

qi=-Citinpi!~Cicotp^,  J 

Figure  12.1.  Stepped  stiffness 
parameter  variation  law. 
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where 


i 


*?=*+*;  pl—b—n. 


(12.10) 


The  Integration  constants  must  satisfy  the  conditions  for  continuity 
of  the  velocity  and  displacement  functions,  and  also  their  periodicity 


0i(«)=fc(n);  ?i(*)=?2(«);  J  . 

^(2a)=S7,(0);  ^(2a)=^(0).  j  U2.ll) 

Substituting  herein  the  solutions  (12.5),  we  obtain  the  system  of 
equations 

C,  sin  np,  -f  C2  cos  .tpi — Cj  sin  np2 — C4  cos  np% — 0; 

C,p,  cos  npi — Cm  sin  apx — C3p3  cos  ap2-{- 
-j-C4p2slnjtp2=>0, 

CjS— Cjsln  2np1—Ci  cos  2np2 = 0; 

C,pts— Cjp2cos2ap2+C4p2stn2np2=0.  (12 . 12 ) 


The  system  determinant  must  equal  zero.  Formulating  this  deter-, 
minant  and  expanding  it  into  a  row,  we  obtain  the  characteristic 
equation 


s*— 2iA-fl=0, 


(12.13) 


where 


4= cos  npt  cos  ap2 


/>?+*» 

2piPi 


stnapisina/^. 


Solution  of  the  quadratic  Equation  (12.13)  yields 


(12.14) 


a— A  (12.15) 

We  see  that  the  factor  s  depends  on  the  magnitude  of  A.  If  A  is 
positive  and  larger  than  one,  then  one  of  the  roots  s  is  larger  than 
one.  This  is  the  .parametric  resonance  condition,  indicating  increase 
of  the  vibration  amplitudes  after  each  pulsation  period. 
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Several  complete  oscillation  periods  may  fall  in  a  single  para¬ 
meter  pulsation  period.  Therefore,  the  parametric  resonance  vibration 
frequency  for  the  cases  A  >  (+1)  may  be  equal  to  or  a  multiple  of  the 
pulsation  frequency 


p=*n\  n=:,2,3, 

where  n  is  the  multiplicity  number. 


(12.16) 


If  A  »  1,  then  s  ■  1,  and  the  vibrations  are  stable,  since  they 
take  place  with  constant  amplitude..  If  A  is  negative  and  less  than 
minus  one,  then  one  of  the  values  of  s  is  negative  and  numerically 
larger  than  one,  and  the  vibrations  are  correspondingly  unstable. 

This  is  the  second  parametric  resonance  condition.  The  negative  sign 
indicates  that  the  deflections  are  of  alternating  sign.  Therefore, 
daring  one  parameter  pulsation  period  half  of  an  oscillation  period 
is  performed.  This  also  means  that  a  whole  odd  number  of  oscillation 
half-periods  fall  in  a  single  pulsation  period. 

Under  these  conditions,  the  parametric  vibrations  take  place 
with  the  frequency 


L;  1,2,3,.  •  .  (12.17) 

If  A  ■  -1,  then  s  *  -1,  and  we  have  steady-state  parametric 
vibrations  with  the  indicated  frequency. 

When  the  value  of  A  lies  between  +1  and  -1,  the  value  of  s  is 
complex 


#*i4±/Vi-A*.  (12.18) 

The  modulus  of  the  complex  number  equals  one.  ’.'.'his  means  that 
the  vibrations  amplitudes  do  not  have  a  tendency  to  grow  in  this  zone. 
The  condition  A  ••  +1  indicates  the  boundaries  of  the  stable  regions. 
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Utilizing  (12.14)  and  setting  A  equal  to  +1  or  -1,  we  can  plot  the 
boundaries  of  the  stable  zones  in  the  coord,  nates  A  and  b  (Figure  12.2). 
This  diagram  is  called  the  system  stability  map.  The  full  lines 
correspond  to  A  »  +1,  the  dashed  are  for  A  <*■  -1.  The  shaded  regions 
are  the  stability  zones. 


It  can  be  shown  that  parametric  resonance  zones  with  a  frequency 
which  is  a  multiple  of  the  parameter  pulsation  frequency  are  located 
between  the  full  curves.  Between  the  dashed  curves  there  are  zones 
of  parametric  resonance  with  a  frequency  which  is  a  multiple  of  half 
the  parameter  frequency.  The  apexes  of  the  parametric  resonance  zones 
lie  on  the  abscissa  axis.  The  coordinates  of  these  apexes  correspond 
to  the  square  of  the  multiplicity  number 


A=«*  or  A=(/r-yj*.  (12.19) 

These  equalities  are  easily  obtained  using  (12.14).  In  accordance 
with  (12.10),  for  A  *  0,  .  In  this  case,  (12.14)  becomes 

the  equality 

A~cos2nY%l 

Setting  A  «  +1  or  A  ■  -1,  we  obtain  (12.19) 

A 
5 
'« 

J 
2 

I 
0 

-I  0 

Figure  12.2.  Stability  map  of  syscem  with  stepped 
stiffness  parameter  variation. 

p)  number  of  oscillations  per  period  of  stiffness 
parameter  variation. 
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In  practice  the  first  two  instability  regions  —  I  and  II  —  are 
the  most  important,  since  large  vibrations  may  be  expected  correspond¬ 
ing  to  the  parameters  of  these  regions. 

The  magnitude  of  the  coefficient  A,  which  shows  the  parameter 
pulsation  intensity,  has  a  significant  effect  on  the  possibility  of 
parametric  resonance  occurrence.  Inorease  of  A  broadens  the  limits 
of  the  values  of  b  within  which  resonance  occurs. 

The  stability  map  plotted  in  terms  of  dimensionless  parameters 
avoids  the  necessity  to  solve  the  Hill  equation. 

To  resolve  the  question  of  the  stability  of  a  system  with  pulsat¬ 
ing  parameters,  we  need  only  reduce  the  differential  equation  of  the 
system  to  the  standard  form  (12.8)  and  use  the  coefficients  of  this 
equation  together  with  the  stability  map  to  resolve  the  stability 
question. 

12.2.2.  Effect  of  Friction  Forces  on  Parametric  Resonance 

The  action  of  friction  forces  can  lead  to  different  results.  In 
certain  cases  the  friction  forces  may  disrupt  system  stability;  in 
other  cases, the  system  may  be  stabilized  by  the  friction  forces. 

let  us  examine  the  influence  of  friction  forces  on  a  system  with 
pulsating  parameter.  After  introduction  of  viscous  friction  into 
(12.3),  it  takes  the  form} 


#+*•+<*±4)1-0. 


(12.20) 


The  solutions  of  this  equation  for  each  pulsation  half-period 
will  be 


*“1'  (C,  *tn  ^  -f  C,  co* hfy  V  (12.21) 

fc-r-w(C,ita/tf+C4CMP*0. 1 
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/>]=*-S*+A;.  />|=*-?-A.  (12.22) 

f  The  conditions  for  Joining  of  the  segments  (12.11)  lead  to  the 

same  system  of  Equations  (12.12)  and  Formula  (12.14),  with  the  sole 
difference  that  the  values  of  and  p2  are  to  be  taken  in  accordance 
with  (12.22),  accounting  for  the  friction  forces.  Considering  (&— V) 

*  as  the  new  parameter 

bt=b-?,  (12.23) 

we  can  use  the  stability  map  (see  Figure  12.2). 

The  friction  forces  shift  the  stability  boundaries  in  the  direc¬ 
tion  of  the  instability  regions,  narrowing  the  latter.  In  practice 
this  shift  is  negligibly  small. 

The  apexes  of  the  instability  regions  do  not  reach  the  abscissa 
axis  for  the  systems  with  friction.  This  means  that  small  pulsations 
of  the  stiffness  parameter  are  not  capable  of  causing  parametric 
vibrations  in  a  system  with  friction. 

Systems  are  possible  in  which  the  stiffness  parameter  pulsation 
is  represented  by  more  complex  programs  (Figure  12.3a  and  b).  In 
this  case,  the  period  breaks  dcwn  into  unequal  segments.  Analysis  of 
such  systems  and  the  construction  of  their  stability  map  can  be  accom¬ 
plished  using  the  approach  discussed  above.  But  in  this  case,  the 
system  of  equations  for  Joining  of  the  segments  becomes  more  complica¬ 
ted,  and  the  volume  of  calculations  required  to  plot  the  stability 
map  increases  significantly. 

^  12.3.  Mathleu  Equation 

12.3.1.  General  Method  for  Constructing  Stability  Map 

\  . 

We  examine  the  Mathieu  equation  in  the  form 
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Figure  12.3*  Versions  of  stiffness 
variation  laws: 

x  -  fraction  of  half-period* 


i-H*+*cosl)*-0.  (12.24) 

To  plot  the  stability  map  we  must  plot  the  bounding  curves  for  • 
the  conditions  A  *  +1  and  A  *  -1. 

For  the  condition  A  «*  +1  we  write  the  solution  of  (12.24)  in 
Fourier  series  form 

+.4«to3H- .  .  . ;  .  (12.25) 

the  arguments  of  the  functions  of  the  series  terms  are  multiples  of 
the  fundamental  frequency. 

Substituting  the  solution  into  (12.24)  and  equating  the  coeffi¬ 
cients  of  like  trigonometric  functions  to  zero,  we  obtain  the  system 
of  linear  homogeneous  equations 

(12.26) 
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.  _  .  1  -  ~ 

0Bq-+-£*Di=*v, 

yft*i-M*-4)*b+-|-|^-0s 

i.jlflj+(ft_9)5a.f±t»fl4S=0.  (12.27) 

Forming  the  determinants  of  each  group  of  equations  and  equating 
them  to  zero,  we  obtain  two  equations  for  determining  the  multiple 
frequency  boundary  curves. 

The  determinant  of  the  system  (12.26)  has  three  roots,  i.e.,  it 
yields  three  branches;  the  determinant  of  (12.27)  has  four  roots  and 
yields  four  corresponding  branches.  These  branches  are  shown  on  the 
stability  map  (Figure  12. 4)  by  the  full  lines.  The  apexes  of  the 
parametric  resonance  zone,  formed  by  the  full  boundary  lines,  lie  at 
the  values 

1-0;  ft— 1;  ft-4t.  .  . 

As  the  number  of  terms  of 
the  basic  solution  (12.25)  is 
increase,  the  order  of  the  deter¬ 
minant  increases.  At  the  same 
time  there  is  an  increase  of  the 
number  of  branches  defined  and 
the  accuracy  of  their  location  on 
the  stability  map. 

The  resulting  boundary  lines 
can  be  represented  with  accuracy 
which  is  quite  satisfactory  for 
practical  purposes  by  the  follow¬ 
ing  equations,  which  are  obtained 
from  (12.27)  and  (12.26) 


Figure  12.4.  Stability  map  for 
the  Mathieu  equation  —  Ince- 
Strutt  diagram:. 

p  -  number  of  oscillations  per 
period  of  stiffness  parameter 
variation. 
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4-4+Jf^. 


(12.28) 


The  boundary  curves  for  half-multiplicity  (A  »  -1)  are  obtained 
by  writing  the-  solution  of  the  equation  in  Pourier  series  form 


(12.29) 


Substituting  the  solution  (12.29)  into  the  Mathieu  Equation  (12. 24) 
and  collecting  terms  with  the  same  trigonometric  functions,  we  obtain 
two  more  systems  of  equations 


^  t  *v^,T*y  •*)  *f*jr 

(‘-T+T^+T*-* 


(12.30) 


(12.3D 


If  we  restrict  ourselves  to  the  first  equations  of  each  pair, 
dropping  terms  containing  and  we  obtain  the  equations  of  the 
boundary  lines,  beginning  at  the  point  b  «*  1/4 


l  I  »  *1  L  I  I 

’  4  S  4  •# 


(12.32) 


A  more  exact  position. of  the  boundary  curves  is  found  from  the 
formula  based  on  both  pairs  of  equations: 
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Here  the  primes  denote  derivative  with  respect  to  x* 

Equation  (12.36)  without  the  right  side  is  the  Mathieu  equation. 
The  parametric  resonance  Regions  ' „  be  indicated  with  the  aid  of  the 
general  stability  map  (sea  Figure  12. H).  Here  the  governing  parameters 
are 


m3  '  <4  ' 


In  accordance  with  the  stability  map,  for  a  small  value  of  h 
parametric  oscillations  of  the  pendulum  occur  in  the  region  of  the 
following  frequency  ratios 


«v 


I 


1=  i  .to. 

The  complete  Equation  (12.36)  must  be  examined  if  the  parameters 
b  and  p  correspond  to  the  stable  region.  Then  the  forced  oscillations 
of  the  pendulum  may  be  defined  in  series  form 


»=^i«&*z+4te*p2x-M,«ta&+ .  .  . 


(12.37) 


Substituting  this  solution  into  (12.36),  grouping  terms  with  common 
trigonometric  factor,  and  equating  the  resulting  sums  to  zero,  we 
obtain  a  system  of  equations  analogous  to  (12.26),  but  with  a  right 
side 


(*—  -f ~  i 

+(*— 4)/* 

-jT  Mr +(♦’"  9)  +  -jimV*#. 


(12.38) 


The  system  of  Equations  (12.38)  makes  it  possible  to  find  the 
entire  sequence  of  coefficients  of  the  series  (12.37). 
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The  equation  of  the  oscillations  c*  a  pendulous  mass  m,  under 

2  - 

the  influence  of  an  unbalanced  mass  m  rotating  uniformly  around  the 
mass  ra^  (Figure  12.5)  reduces  to  (12.3*0  and  then  to  (12.36). 

The  position  of  each  of  the  masses  is  defined  by  the  coordinates 


jf,=/cos  9;  y,=±/stn?;  j 

JC*=/co$94-rcosW;  |  (12.39) 

jb^/sln?  f  rsln«/.  J 

Diifer'-  avng  each  expression  twice,  we  obtain  the  accelerations, 
which  we  '•  n  the  5,  n  axes,  fixed  with  the  pendulum,  and  as  a 
result  we  ■  the  acceleration  projections 


?i=  —  4*1  cos («/—?);  | 

r«^sin(«l— ?).  j  (12.40) 

Forming  the  sum  of  the  projections  of  the  inertia  forces  and  the 
weight  forces  on  the  n  axis,  we  obtain  the  equation  of  motion  of  the 
pendulum: 


(m,  +  m3)  (fp  -f  £  sin  <?) = mfofi  sin  {*t — <?); 

Dividing  all  the  terms  by  (m^  +  m2)l,  we  obtain 

9-f-**slny—  .  .  4-^sln(^-.?).  (12.41) 

M|  +  A]  I 

This  equation  is  analogous  to  (12.34)  and  reduces  to  the  Mathieu 
equation: 


where 


+(^ + 11  co*  °)  ? — s,n  «• 


(12.42) 


o —mi\  B =~ ; 


(12.43) 


Equation  (12.52)  shows  that  a  mass  which  is  free  to  perform 
pendulous  oscillations  under  the  influence  of  an  unbalanced  force 
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Figure  12.5.  Parametric  pendulous 
oscillations  under  the  action  of 
unbalance. 


Figure  12.6.  Schematic  of  pendu¬ 
lous  parametric  oscillations  of 
shaft  in  journal  with  backlash. 


has  parametric  resonances  in  the  region  of  angular  velocities  <u  which 
are  multiples  of  half  the  pendulous  oscillation  natural  frequency. 
Just  as  in  conventional  systems,  the  primary  resonance  is  equality 
of  the  angular  velocity  to  the  pendulous  oscillation  frequency  — 

<d  *  k. 

This  system  is  realised  in  practice  in  rotors  of  gas  turbine 
engines  and  pump  assemblies.  In  these  cases,  in  which  there  are 
radial  clearances  in  the  rotor  beatings  (Figure  12.6)  the  rotor  can 
execute  pendulous  oscillations  with  the  frequency 


The  parametric  force  arises  as  a  result  of  rotor  unbalance, 
defined  by  the  static  moment  of  its  mass  relative  to  the  center  of 
the  journal. 


In  using  (12.43)  to  determine  the  parameters  of  the  rotor 
system,  we  must  take 


(12.44) 
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where  l  Is  the  radial  clearance  in  the  supports; 
m  is  the  rotor  mass; 

a  is  the  balancing  precision  —  the  static  moment  of  the 
center  of  mass  relative  to  the  axis  of  rotation. 

Parametric  pendulous  oscillations  cannot  develop  with  unbounded 
increase  of  the  amplitudes.  The  nonlinear  properties  of  the  system 
begirt  to  show  up  more  and  more  strongly  with  increase  of  the  amplitudes, 
and  this  limits  the  growth  of  the  amplitudes. 

However,  we  note  that  for  an  angular  velocity  exceeding  the 
pendulous  oscillation  circular  frequency  parametric  oscillations  can 
transition  into  the  circular  motion  which  was  examined  in  the  preceding 
sections. 

12.3.3.  Inverted  Pendulum 

The  inverted  pendulum  is  usually  unstable.  However,  if  the 
support  points  are  imparted  periodic  motion  along  the  vertical,  under 
certain  conditions  the  upper  position  of  the  pendulum  becomes  stable. 

Let  us  write  the  equation  of  motion  of  the  pendulum.  The  posi¬ 
tion  of  its  mass  in  the  x,y  coordinates  (Figure  12.7)  is  defined  by 
the  equalities 

jc==Jf0-{-/cosf;  y=/sfo<p, 

where  xQ  is  a  variable  coordinate  defining  the  motion  of  the  support 
point . 

Differentiating,  we  obtain  the  accelerations: 

/psln?— /f*cosr;  1 

y=/?cos<p— }  (12.45) 

For  harmonic  support  point  motion  law 


FTD-HC-23-78O-7O 


503 


Figure  12.7.  Inverted 
pendulum.  - 


•V-Xcos  «rf;  | 

j^a*  —XtAwt,  i 


(12.46) 


where  X  and  <*>  are  respectively  the 
amplitude  and  frequency  of  the  support 
point  oscillations. 

Projecting  the  accelerations  on  the 
n  axis,  we  write  the  equation  of  equili¬ 
brium  of  the  projections  of  the  inertia 
forces  and  the  weight  force  on  this  axis 

n«/f -f  AVcosy.sin  f ;  (12.47) 

~  mn+mg  stafcaO.  (12.48) 


After  substituting  fj  from  (12.47)  into  (12.48)  and  minor  trans¬ 
formations,  (12.48)  takes  the  form 


f +(—  '+~  e^co«wjthi9<*«0. 


(12.49) 


After  the  substitution  u—mt  this  equation  reduces  to  the  proper 
form  of  the  Mathieu  equation 


*r-H*-fpcoea)f-C*, 


(12.50) 


where 


» _ BL; 

9  «•’ 


*  I  ' 


(12.51) 


The  stability  map  (Figure  12.8)  of  the  inverted  pendulum  shows 
that  a  stable  upper  position  of  the  pendulum  can  be  obtained  for  a 
negative  value  of  the  parameter  b.  To  this  end  it  is  necessary  to 
select  .the  amplitude  X  and  frequency  u  of  the  support  oscillations  so 
that  the  describing  point  lies  in  the  shaded  zone  of  the  stability 
map.  This  requires  satisfaction  of  the  inequality 


J 
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This  inequality  is  easily  obtained  with  the  aid  of  the  equations 
of  the  stability  boundaries  shown  in  the  figure. 

.'Substituting  herein  b  and  u  from  (12.51),  we  obtain  the  stability 
condition: 


V^'<*<(7+3-)-  (12.52) 

The  left  side  of  the  inequality  shows  that  the  amplitudes  of  the 
support  point  oscillations  required  for  stability  of  the  upper  posi¬ 
tion  of  the  pendulum  decrease  with  increase  of  the  support  oscillation 
frequency . 


Figure  12.8.  Stability  map  of 
inverted  pendulum. 


Figure  12.9.  Self-synchronization 
of  unbalanced  mass. 


12.4.  Synchronization  of  Rotational  and  Vibrational  Motions 

Let  us  examine  an  unbalanced  mass  (Figure  12.9)  capable  of  per¬ 
forming  free  rotational  motion,  mounted  on  a  base  which  executes 
harmonic  oscillations 


X~Xzq»mi. 

We  shall  find  the  condit?  ons  under  which  the  mass  under  the  in¬ 
fluence  of  the  harmonic  gicillatiom.  of  the  base  will  perform  stable 
rotational  motion  around  the  restraint  point  O’ . 

The  differential  equation  of  motion  is  obtained  in  the  same  way 
as  for  the  inverted  pendulum  and  will  have  the  form 

(12.53) 

Equation  (12,53)  differs  from  (12.49)  in  the  sign  of  k2  only 
because  the  position  of  the  coordinate  axes  has  been  changed. 

The  rotational  motion  has  on  angular  velocity  which  is  not  con¬ 
stant  within  the  limits  of  the  period.  We  represent  this  motion  in 
the  form  of  the  sum 


(12.54) 

where  i(t)  is  the  deviation  of  the  rotation  angle  from  the  average 
value . 


I  By  substitution  of  the  expression  adopted  for  ♦  into  (12.53)*  we 

reduce  the  equation  to  the  font 

i  * 

;  By  the  substitution  it-pt  we  reduce  this  equation  to  characteristic 

time 


i 

i 

i 

l 


$ 

£ 

tr 
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Assuming  that  i|i  is  not  large,  we  transform  (12.55)  to  the  form: 


^  f* cwo )  ♦c0,a  "  “  (-+T  C0!0)  *!no 


and  we  finally  obtain 


+0* + ^  cos  a + J1  co*  2°)  ^  8lno + >*  sin  2o), 


(32.56) 


where 


.  k*  1  X 

‘=-!  i”TT' 


(12.57) 


We  have  obtained  the  Hill  equation  with  a  right  side. 

The  general  solution  of  this  linear  equation  consists  of  the 
solution  of  the  homogeneous  equation  and  the  particular  solution  of 
the  complete  equation. 

The  solution  of  the  homogeneous  equation  can  be  reduced  to  the 
construction  of  the  stability  map.  The  stability  zones  of  this  map 
show  the  conditions  for  stability  of  the  adopted  solution  (12 . 51* )  as 
the  solution  for  the  rotational  motion  with  small  deviation  from  the 
average  motion. 

To  construct  the  stability  map  we  take  the  solution  in  Fourier 
series  form 


j4,sl»a -j-^cota-f-fijslnai-f-ifjcosax-f  .  .  . 


(12.58) 


As  was  done  previously,  we  substitute  this  solution  into  (12.56) 
without  the  right  side.  We  equate  to  zero  the  sums  of  terms  having 
the  same'  trigonometric  factors.  From  the  coefficients  of  the  two 
resulting  systems  o.f  equations  we  formulate  determinants  which  we 
equate  to  zero;  they  yield  the  equations  of  the  continuous  boundary 
curves  of  the  stability  map  (Figure  12.10). 
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Figure  12.10.  Stability  map  of  synchronized 
rotation. 
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The  construction  of  the  dashed  boundary  curves  is  carried  out 
similarly  on  the  basis  of  the  solution  taken  in  the  form  of  a  Fourier 
series  with  half-arguments 


f-AjCM .  .  (12.59) 

As  is  known,  the  zones  of  parametric  resonance  lie  between  like 
curves,  and  the  stability  zones  lie  between  unlike  curves  (shaded 
regions) . 

The  stability  zones  show  the  parameters  (12.57)  for  which  self¬ 
synchronization  of  the  free  circular  motion  of  the  pendulum  with  the 
harmonic  oscillations  of  the  table  %3  possible. 

If  the  parameters  b  and  u  correspond  to  unstable  zones,  this 
Indicates  that  the  amplitudes  of  the  relative  oscillations  begin  to 
Increase  and  grow  beyond  the  small  oscillation  limit. 

The  stability  map  shown  in  Figure  12.10  is  constructed  for  three 
terms  of  the  Fourier  series.  To  refine  the. position  of  the  boundary 
curves  in  the  region  of  large  values  of  u»  it  is  necessary  to  increase 
the  number  of  terms  of  the  Fourier  series  in  the  solutions  (12.58) 
and  (12.59). 


r 


The  solution  of  the  complete  Equation  (12.56)  yields  the  forced 
vibrations  and  indicates  the  nonuniformity  of  the  circular  motion  in 
the  stability  zone.  This  solution  is  represented  in  Fourier  series 
form  with  arguments  which  are  multiples  of  the  arguments  of  the  right 
side  of  (12.56) 

$=.A|Slna-f  Ajs!n2a-{-.Aasln3a-|-  ...  (12  60) 


Substituting  (12.60)  into  (12.56)  and  collecting  after  transform¬ 
ations  coefficients  with  the  same  trigonometric  factor,  we  obtain  the 
system  of  equations 


(12.61) 


which  yields  the  possibility  of  finding  the  coefficients  A^  of  the 
Fourier  series  and  thereby  defining  completely  the  solution  for 
forced  vibrations  of  the  pendulum  and  the  nonuniformity  of  its 
rotation. 


The  solutions  become  meaningless  for  parameters  lying  on  the 
boundary  of  the  stability  zones,  when  the  determinant  of  the  system 
(12.61)  vanishes.  This  means  that  the  zone  boundaries  themselves 
should  be  considered  part  of  the  instability  zones. 

This  self-synchronization  phenomenon  can'  show  up  in  assemblies 
having  several  rotors  rotating  with  “he  3amt  speed  and  mounted  on  a 
common  elastic  base,  or  jr  coaxial  shafts  which  are  not  mechanically 
coupled  with  one  another.  As  a  result  of  the  vibrations  of  the  common 
i_  base,  taking  place  under  the  influence  of  rotor  unbalance,  the  rotor 

disbalances  gradually  occupy. a  parallel  position  and  will  rotate  in 
synchronism.  As  a  result,  all  the  unbalances  combine,  and  the  dynamic 
load  on  the  supports  increases. 


FTD-HC-2 3-780-70 


509 


The  self-synchronization  property  can  be  utilized  i»  those  cases 
in  which  it  is  necessary  to  synchronize  the  rotation  of  two  objects 
without  the  use  of  mechanical  coupling  for  example,  *n  the  insta  a 
tion  of  vibrators,  one  of  which  is  ariving  and  the  others  are 

synchronized  with  it . 

The  self-synchronization  property  depends  on  the  magnitude  of 
the  friction  forces  acting  in  the  system.  The  friction  forces  narrow 
the  self-synchronization  zones  and  .a so  lead  to  the  appearance  of  a 
phase  shift  in  the  motion  of  the  individual  elements.  The  driven 
element  has  a  phase  lag  from  the  driving  element.  The  phase  shift 
leads  to  energy  transfer  from  one  element  to  another. 

For  example,  in  synchronized  vibrators  the  driving  vibrator  must 
have  a  large  shift  angle  and  be  sufficiently  powerful  to  maintain  the 
required  amplitude  of  the  vibrations,  of  the  cotomon  base. 
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